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Abstract
In this thesis we address various issues of hadronic 퐵 decays, in the Standard Model and
beyond. Concerning the first aspect, we focus on the problem of understanding better
low energy strong interactions in these decays. We consider in particular 퐵 decays into
a charmonium state and a light meson. We develop a complete treatment of low energy
QCD interaction in the context of QCD factorization, treating the charmonia as non-
relativistic bound states. This allows us to demonstrate that, in the heavy-quark limit,
a perturbative treatment of these decays is possible, even in case of decays into 푃 -waves,
which were found to be non-factorizing in previous studies. We achieve this, including
in the analysis the bound state scales of charmonium, which in turn requires to consider
charmonium production through colour-octet operators. Although there are very large
uncertainties, we find reasonable parameter choices, where the main features of the data
– large corrections to (naive) factorization and suppression of the 휒푐2 and ℎ푐 final states
– are reproduced though the suppression of 휒푐2 is not as strong as seen in the data. Our
results also provide an example, where an endpoint divergence in hard spectator-scattering
factorizes and is absorbed into colour-octet operator matrix elements.
The second part of the thesis is devoted to a series of analyses of non-leptonic 퐵 decays
in extensions of the Standard Model. The aim of these studies is twofold: on one hand
we are interested in testing the sensitivity of these decays to new physics; on the other
hand, we look for actual discrepancies between theory predictions and experimental results,
trying to explain them in the context of a new physics model. Concerning the first aspect,
we consider two well-motivated new physics scenarios, in which large deviations from the
Standard Model are expected, i.e. the MSSM with large tan 훽, and a supersymmetric
GUT in which the large neutrino mixing angles give rise to a large mixing between the
right-handed quarks. We find that, in both cases, effects in non-leptonic 퐵 decays are
small, when constraints from other flavour observables, like leptonic 퐵 decays, are taken
into account. Concerning the second issue, we focus on the discrepancies between theory
and experiment, which point to new physics in the electroweak penguin sector of the
theory. We consider a modified 푍0 penguin scenario, where this possibility is realized, and
we fit the couplings of the model from the 퐵 → 휋퐾 decays. We show that, in this class
of models, a sizeable enhancement of the 퐵 → 휙휋, 휙휌 decays is expected, even if this is
reduced, when constraints from semi-leptonic 퐵 decays are considered.
i
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Chapter 1
Introduction
1.1 Non-leptonic 푩 decays: overview
The study of “non-leptonic”, or “hadronic” 퐵 decays usually refers to the analysis of 퐵
decays into lighter mesons, such as pions, kaons, 휂 mesons, 퐷 mesons, etc.. At the quark
level, these decays are driven by the transitions of the 푏 quark inside the 퐵 meson into
lighter quarks, which subsequently are rearranged into mesons by the strong interaction.
In the Standard Model, these transitions occur by means of the electroweak interaction
and they are regulated by the Cabibbo-Kobayashi-Maskawa (CKM) [1, 2] quark mixing
matrix.
These decays represent one of the most interesting phenomena in particle physics,
since they allow us to test nearly all the aspects of the Standard Model, and beyond.
Firstly, they can be used to study the flavour structure of the theory, which is the aspect
of the Standard Model still known with least precision1, and which contains the largest
number of free parameters. The flavour structure of the Standard Model is encoded in the
CKM matrix, and one of the most interesting aspects of this sector is the phenomenon of
CP violation, i.e. the non-invariance of the weak interaction with respect to a combined
charge-conjugation (C) and parity (P) transformation, which is made possible by the
existence of three different quark families with different masses and which has cosmological
implications, since it is a key ingredient for baryogenesis [3]. The actual observation of CP
violation is nontrivial, since it manifests only in processes made up from the interference
of several competing amplitudes, in which weak and strong-interaction phases appear.
This is exactly what happens in case of non-leptonic 퐵 decays. Indeed, one of the biggest
achievement of the 퐵 factories was the observation of CP violation in the 퐵푑 → 퐽/휓퐾푆
decay mode in 2001, [4,5], which represented the first observation of CP violation outside
the kaon system. This particular kind of CP violation originates from the interference
between the 퐵0푑-퐵¯
0
푑 mixing and the 퐵
0
푑 → 퐽/휓퐾푆 , 퐵¯0푑 → 퐽/휓퐾푆 decays, and it is referred
1For comparison, the experimental value of the muon anomalous magnetic moment is known with a
precision of ∼ one part over 10−8, 푎exp휇 = 11659208.0(5.4)(3.3) ⋅ 10
−10 [8–11], and compared with the
theoretical prediction, 푎SM휇 = 11659178.8(0.2)(4.6)(3.5) ⋅ 10
−10 [8], the difference between theory and
experiment is Δ푎휇 = 푎
exp
휇 −푎
SM
휇 = 292(63)(58) ⋅10
−11 ; on the other hand, the CKM matrix element known
with best precision is known up to ∼ one part over 10−4, ∣푉푢푑∣ = 0.97418 ± 0.00027, [8,12].
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Figure 1.1: Global fit of the unitarity triangle, as obtained by the CKMfitter (left) and the UTfit
(right) collaborations.
to as “mixing induced” CP violation; later in 2004, also “direct” CP violation was observed
in the 퐵푑 → 휋∓퐾± decays [6, 7], complementing the picture.
In the Standard Model, field redefinitions can be used to reduce the number of phases in
the quark mixing matrix to only one. The unitarity of the CKMmatrix is used to construct
“unitarity triangles”, encoded for instance in the relation 푉푢푑푉
∗
푢푏 + 푉푐푑푉
∗
푐푏 + 푉푡푑푉
∗
푡푏 = 0.
The angles involved in these unitarity triangles measure the CP violation in the Standard
Model, and they can be extracted from various non-leptonic 퐵 decays. With the standard
choice of phase conventions, one defines the weak phases 훽 = − arg(푉푡푑) and 훾 = arg(푉 ∗푢푏),
as well as 훼 = 180∘ − 훽 − 훾. For instance, the angle 훽 can be extracted in a theoretical
clean way by measuring the time-dependent rates for the 퐵0푑 , 퐵¯
0
푑 → 퐽/휓퐾푆 decays. There
are then various methods of extracting the angles 훾 and 훼 from non-leptonic decays, even
if these measurements are more difficult because of the hadronic dynamics involved in
these decays, so that specific methods have to be developed in order to gain control over
it and reduce hadronic uncertainties as much as possible. As an example, the angle 훾 can
be extracted from the charged decay modes 퐵± → (휋퐾)± and 퐵± → 휋±휋0 [13–20], as
well as from the time-dependent 퐵0푑 , 퐵¯
0
푑 → 휋+휋−, 퐵0푠 , 퐵¯0푠 → 퐾+퐾− modes [21], or from
퐵 → 퐷휋, 퐵 → 퐷퐾 decays [22–33]; the angle 훼 can instead be measured e.g. from the
time dependent CP asymmetry in the decays 퐵0푑 , 퐵¯
0
푑 → 휋+휋−, and in a similar way from
the related 퐵 → 휌휋, 퐵 → 휌휌 decays [34–41]. Thanks to these results and together with
the measurement obtained from semi-leptonic and leptonic 퐵 decays, as well as radiative
decays, meson mixing, kaon and 퐷 physics, we have today a good understanding of the
flavour structure of the Standard Model, which can be summarized with the unitarity
triangle fits obtained by the CKMfitter [42] and UTfit [43] collaborations, shown in picture
1.1. More extensive reviews of the experimental status of non-leptonic 퐵 decays, and more
in general of flavour physics can be found in [44–49].
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Figure 1.2: Running of the strong coupling constant, taken from [52].
Since quarks take also part in the strong interactions, non-leptonic 퐵 decays are dom-
inated by the effects of this force, which is the largest source of uncertainties and prevents
us from reaching the same level of precision obtained in other sectors of the Standard
Model. The reason for this is the phenomenon of confinement [50, 51]: while at high
energy the strong interaction becomes weaker, allowing for a perturbative treatment of
high-energy processes, at the hadronic scale ∼ ΛQCD involved in the 퐵 meson decays the
strong coupling constant 훼s becomes large enough that the perturbative expansion is no
more reliable (see figure 1.2). On one hand, this is an obstacle on the route of extract-
ing the relevant flavour information of the weak transition; on the other hand, it can be
regarded as a good framework in which we can improve our knowledge about the strong
interaction as well.
The effects of the strong interaction have to be taken into account from the high scale
휇EW ≃ 푀푊 = 80.4 GeV, which is the typical energy scale at which the electroweak
transition takes place, down to the scale at which the strong interaction cannot be treated
perturbatively any more, ΛQCD ∼ 500 MeV. The decays of the 퐵 meson in this respect
are special, because the large mass of the decaying meson, 푚퐵 ≃ 5 GeV, introduces an
intermediate scale, at which the strong interaction is still perturbative. QCD interactions
above this scale can be treated perturbatively, and their effects are now well understood.
At the scale 푚푏 the electroweak transitions with exchange of 푊 and 푍 bosons (as well as
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photons with a comparable energy) are almost point-like interactions, and the decaying
meson is described more realistically by a series of effective four-quark operators, in which
the heavy bosons have been integrated out. These operators are multiplied by “effective
coupling constants”, which include the effects of the strong interaction above 푚푏 as a
perturbative expansion in 훼s. The problem of the appearance of large logarithms in the
“fixed order” perturbation theory, related to the presence of the two scales 휇EW ≃ 푀푊
and 푚푏, has been solved by the development of the “renormalization group”-improved
perturbative expansion, which is now a standard textbook topic. Good reviews of this
subject in the context of flavour physics are e.g. [53, 54], to which we refer the reader for
further details.
The main problem one has to face in calculating the decay amplitudes is therefore
the evaluation of the operator matrix elements, which include strong interaction effects
below the scale 푚푏. Various strategies have been developed in the past for this purpose.
For instance, the isospin and flavour symmetries of QCD were considered in order to
relate matrix elements of different decay amplitudes [13, 16, 20, 21, 34, 55, 56, 300]. In
this way it is possible to derive the matrix elements from decays which are easier to
measure experimentally, and then the information can be used to estimate other decay
modes. Even if good precision can be reached, depending on the experimental results and
the accuracy of the flavour symmetries, this method does not allow one to calculate the
matrix elements from first principles, and it is in practice limited to a handful of decays. A
true resolutive approach should therefore address the issue of understanding the structure
of QCD interaction below the scale 푚푏. Given the ultimate non-perturbative nature
of the strong interaction, this means in practice to understand what can be calculated
perturbatively and what cannot. In this respect, properties of the QCD interaction such as
the “colour transparency” [57,58], the presence of different colours (“large 푁푐 hypothesis”
[59]), and the large mass of the decaying meson, which reflects into the production of
light energetic partons, suggest that it should be possible to describe these interactions by
means of a few “universal” non-perturbative objects, while the largest effects of the strong
interaction should occur at the scale 푚푏, and therefore it should be possible to treat them
in a perturbative framework.
The attempts of evaluating the operator matrix elements exploiting these ideas go
under the name of “factorization”, since one tries to factorize the perturbative part of the
interaction from the soft physics. Historically, the first approach was to assume simply
that strong interactions below 푚푏 could be neglected. This assumption, which is referred
to as “naive factorization”, [60–62], has now been overtaken by more elaborate theories,
which implement systematically the ideas mentioned above. These theories are named the
“QCD factorization” approach, [63–68], and the “perturbative QCD” approach, [71–75].
While the underlying goal is in both cases the separation of the soft and hard physics, the
two approaches differ in the implementation of this idea. According to the perturbative
QCD approach, the leading contribution to the amplitude is expected to come solely from
the exchange of hard gluons between the spectator and the quarks of the emission meson2,
(“perturbative hard-scattering”, [69, 70]), while soft gluon exchanges are expected to be
2The meson that does not pick up the spectator quark.
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suppressed by “Sudakov effects”. As a consequence, the operator matrix elements start
at order 훼s, and no form factors are involved in the amplitude. In the QCD factorization
approach, however, the “Sudakov suppression” is not expected to be relevant for realistic
퐵 meson masses, so there are soft gluon exchanges which are of the same order as the
hard ones, and they are parameterized by means of form factors. At the technical level
factorization is achieved performing a systematic expansion of the amplitude in the small
ratio ΛQCD/푚푏, and proving that strong interaction effects are either perturbative, or
they can be included in the definition of non-perturbative parameters, which correspond
to form factors, meson decay constants and light-cone distribution amplitudes. QCD
factorization has been proved at leading order in the ΛQCD/푚푏 expansion, but so far it
fails at the subleading order. Since there are a number of subleading amplitudes which
are numerically important, this constitutes the main limitation of the approach.
Besides this still-ongoing problem, the attempts to explain the strong interaction dy-
namics in non-leptonic (and semi-leptonic) 퐵 decays have also pushed significantly the
development of effective field theories [78], in order to put on solid theoretical grounds the
expansion of the amplitudes in the relevant momentum regions [76,77]. Thanks to this ef-
fort, QCD factorization has now its basis in effective field theories such as the heavy quark
effective field theory [79, 80] and the soft collinear effective field theory [81–88]; analysis
of non-leptonic 퐵 decays within this theory were performed in [89–95]. In recent years it
was realized that the field of application of these theories can be much larger and they are
now being applied to the physics of colliders [96–116], a development that can be seen as
a byproduct of the studies in flavour physics.
Needless to say, non-leptonic 퐵 decays can be useful also for searches for new physics.
Many hints, nowadays, suggest that there should be new physics beyond the Standard
Model, since the latter cannot explain, for instance, the existence of dark matter and
neutrino masses. On the theoretical side, the Higgs boson mass is sensitive to quadratic
corrections, so that it is very unlikely to obtain the predicted small mass of 풪(100 GeV)
for it without invoking some new symmetry, which should protect it from acquiring a large
mass. All these phenomena suggest that the Standard Model is probably only the low en-
ergy approximation of a more fundamental theory. Both the existence of dark matter and
the naturalness problem of the Higgs boson mass suggest that new physics should appear
in the TeV range, and the Large Hadron Collider (LHC) at CERN has been constructed
to test this expectation. Many theories have in the meantime been elaborated, which
are able to accomodate the problems mentioned above. Among these, supersymmetry is
probably the most studied, but many possible extensions of the Standard Model have been
considered, like (supersymmetric) grand unified theories, Higgsless models and models of
extra dimensions, all predicting new particles in the TeV range.
While the direct production of new particles will have to wait until the start of this
machine, we already know many features that the new theory should possess, and in
particular we can constrain its flavour structure, thanks to low energy processes like the
non-leptonic 퐵 decays. The new heavy particles in fact are expected to appear as virtual
intermediate states and they should therefore modify the amplitudes of the processes,
which, in the Standard Model, receive contributions from the exchange of virtual elec-
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troweak gauge bosons only. Thanks to this effect, low energy processes are sensitive to
energies much higher than those reached in collider experiments, so that they allow us to
shed light on energies at which many fundamental phenomena, like the generations of the
hierarchy between fermion masses, or the unification of the known forces, are expected to
have their origin.
The flavour sector of the theories quoted above has been studied intensively in the last
ten years, and the literature in this field is probably 푂(104) papers. Non-leptonic 퐵 decays
were considered too, even if the strong interaction uncertainties limit considerably these
analyses. If, on one hand, this claims for further improvements in the comprehension of
the low-energy QCD interaction involved in these processes, on the other hand, tensions
between the Standard Model prediction and the experimental results were found, raising
our expectations for the next generation of flavour experiments [45,117–120].
1.2 Outline
In this thesis we study aspects of non-leptonic 퐵 decays, both in the Standard Model and
beyond. Concerning the first issue, we focus on the problem of understanding better the
strong interaction dynamics involved in these decays, considering some specific interesting
decay modes, where it was possible to develop a perturbative analysis. Regarding the sec-
ond topic, we study some specific well-motivated scenarios of physics beyond the Standard
Model, looking for possible effects in non-leptonic 퐵 decays.
We felt it was necessary to start our discussion with an exhaustive introduction to
the theory of QCD factorization, which is the method used throughout the thesis for the
analysis of non-leptonic 퐵 decays. This review is presented in chapter 2 and its purpose is
to render the whole thesis self-contained. The first section of this chapter is devoted to a
qualitative analysis of factorization for all types of non-leptonic 퐵 decays, with the aim of
giving a transparent description of the concepts behind the theoretical framework. This
will set the context and the motivation for the study described in chapter 3. In the second
part of chapter 2 we provide a technical introduction to the actual calculation of the decay
amplitudes, in the case of 퐵 decays into two light mesons. On one hand, this is done in
order to illustrate the theoretical methods that will be used in the analysis reported in
chapter 3; on the other hand, it will provide the building blocks of the decay amplitudes
considered in the phenomenological analyses described in chapters 4, 5 and 6.
In chapter 3 we present our work concerning the inspection of the low-energy strong
interaction dynamics of non-leptonic 퐵 decays within the Standard Model. This chapter
is an extension of the study performed in [125] and focusses on the decays of the 퐵
meson into a charmonium state and a light meson. These decay modes are interesting
because of the presence of the quarkonium in the final state, which is best described
in the context of potential non-relativistic QCD [121–124]. As a consequence, the usual
QCD factorization framework has to be reconsidered and extended, in order to include the
formalism necessary to treat the non-relativistic bound states. This work was motivated
by the failure of the standard QCD factorization formalism, already at leading order in the
ΛQCD/푚푏 expansion, when considering 푃 -wave states [191,192]. We find that the proper
1.2 Outline 7
treatment of the non-relativistic bound states requires the introduction of two additional
scales in the evaluation of the matrix element, namely the scale of the inverse Bohr radius
of charmonium, and its binding energy, which are perturbative in the heavy-quark limit.
This, in turn, implies that one has to consider the contribution of colour-octet operators;
the inclusion of their matrix elements to the total amplitude makes the computation of
the latter consistent and restores its finiteness at leading order in the ΛQCD/푚푏 expansion.
In chapter 4, 5 and 6 we present results of our analyses of non-leptonic 퐵 decays in
various extension of the Standard Model. The aim of these studies was twofold: on one
hand, we wanted to test the sensitivity of these decays to new physics; on the other, we
were interested in analysing if it was already possible to derive hints about the nature of
new physics contributing, studying the current deviations of experimental results from the
predictions of the Standard Model.
As of the first point, the analysis is motivated because one has to take into account that
the large QCD uncertainties limit the predictive power of these decays, so that usually one
gets stronger constraints on new physics from other flavour observables, like leptonic, semi-
leptonic and radiative decays, or from kaon physics [45]. In chapters 4 and 5 we considered
therefore two well motivated models, in which large deviations from the Standard Model
are expected, and we looked for possible effects in non-leptonic decays. Because of the
motivation above, an important point of the analysis was the correlation with the decay
amplitudes of other processes, in order to check if one gets more insight from the non-
leptonic decays. In chapter 4 we study the minimal supersymmetric Standard Model [129–
131] with large tan 훽, a minimal flavour violating scenario [132,133] which nevertheless can
exhibit large deviations from the Standard Model [240,248,251], thanks to flavour-changing
neutral-currents mediated by the neutral and charged Higgs bosons, which are enhanced
by powers of tan 훽. This analysis is a result of the work presented in [126], of which
chapter 4 represents a more detailed presentation. In chapter 5 we report an analysis,
still in progress [127], of non-leptonic decays in a grand unified theory [134, 135], namely
the Chang-Masiero-Murayama model [278]. This scenario has the interesting feature of
relating in a realistic way the observed large neutrino mixing angles with the right-handed
quark sector of the theory. Despite the intrinsic interest of the models considered, we
find that in both cases the predicted effects in non-leptonic 퐵 decays are small. In the
large tan 훽 scenario this happens because of the strong constraints one obtains from the
leptonic 퐵 decays, while in case of the Chang-Masiero-Murayama model the constraints
arise mainly from the predicted particle spectrum. Other observables, including flavour
physics in the leptonic sector, give weaker constraints once the bounds from the sparticle
masses are taken into account.
The second type of analysis [128] was motivated by actual discrepancies between theory
and experiment, which were found in recent years. Needless to say, these studies are also
limited by theoretical uncertainties, and the discrepancies found could be accommodated
as well within the Standard Model. Nevertheless, in chapter 6 we pursue the route of
considering these discrepancies effective, according to recent works [300], which found that
these discrepancies point to new physics in the electroweak penguin sector of the theory.
Chapter 6 is an exposition of this still-ongoing work, where we focus more specifically on
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effects in non-leptonic 퐵푠 decays.
The thesis is completed by a number of appendices, which collect some background
material that we felt necessary to include, in order to make the work self contained.
In appendix A we give a short introduction to the effective field theories involved in
the analysis of non-leptonic decays, i.e. the heavy-quark effective field theory, the soft
collinear effective field theory and the non-relativistic QCD. The study of these theories
was necessary to perform the analysis presented in chapter 3. In appendix B we provide
some more details about the minimal supersymmetric Standard Model with large tan 훽.
We describe briefly how the mechanism of tan 훽 enhancement arises, and we provide
the flavour-changing couplings originating through the exchange of Higgs bosons, which
are the starting point for the analysis of chapter 4. Similarly, a brief description of the
grand-unified Chang-Masiero-Murayama model is given in appendix C, where, in light of
the study reported in chapter 5, we provide again expressions for the flavour changing
couplings arising in the model.
Chapter 2
QCD Factorization for
Non-leptonic 푩 Decays
2.1 Introduction
The idea of factorization concerns the separation of physics occurring at different lengths,
or momentum scales, and is a widely applied concept in particle physics. The reduction
of a calculation into a series of single-scale problems simplifies a lot the understanding of
a process, and this is particulary useful when the strong interaction is involved, since it
allows to separate short- from long-distance physics, determining what can be calculated
in perturbation theory and the basic “universal” quantities that need a non-perturbative
treatment.
Here we focus on the factorization of QCD interactions in non-leptonic 퐵 decays,
below the scale 푚푏. QCD effects which involve virtualities above this scale are in fact well
understood and included in the renormalization of the coefficients multiplying the local
operators 푄푖 in the weak effective Hamiltonian [53]. As a consequence, the amplitude for
the decay 퐵 →푀1푀2 is given by
풜(퐵 →푀1푀2) = 퐺퐹√
2
∑
푖
휆푖퐶푖(휇) ⟨푀1푀2∣푄푖∣퐵⟩(휇), (2.1)
where 퐺퐹 is the Fermi constant. Each term in the sum is the product of a Cabibbo-
Kobayashi-Maskawa (CKM) factor 휆푖 times the short-distance coefficient function 퐶푖(휇)
and the matrix elements of the four-fermion operators 푄푖. The most difficult theoretical
problem is the calculation of these matrix elements, or their reduction to simpler non-
perturbative objects.
The “naive factorization” approach recalled in chapter 1 replaces the matrix element
of the four-quark operators by the product of two currents [60–62], for example
⟨휋+휋−∣(푢¯푏)푉−퐴(푑¯푢)푉−퐴∣퐵¯푑⟩ → ⟨휋−∣(푑¯푢)푉−퐴∣0⟩⟨휋+∣(푢¯푏)푉−퐴∣퐵¯푑⟩; (2.2)
this is is the simplest approach, which assumes that the exchange of “non-factorizable”
gluons, i.e. gluons with virtuality equal to or below 푚푏, can be neglected. This however
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Figure 2.1: Graphical representation of the factorization formula, taken from [64]. Only one of
the two form-factor terms is shown for simplicity.
is in general not justified: it does not take into account any physical mechanism for
rescattering in the final state and for the generation of a strong phase shift between
different amplitudes. Moreover, “non-factorizable” corrections must exist, because the
scale dependence of the two sides of (2.2) is different: since “non-factorizable” corrections
at scales larger than 휇 are taken into account in the short distance coefficients of the weak
effective Hamiltonian, it appears arbitrary to leave them out below 휇.
The QCD factorization approach (QCDF) developed by Beneke, Buchalla, Neubert
and Sachrajda in a series of papers starting from the end of the 90s, [63–68], provides
a framework where such effects can be computed systematically. The method relies on
the existence of the intermediate scale 푚푏, and on the concept of “colour transparency”
[57, 58]. The first feature assures that, in the heavy-quark limit, i.e. 푚푏 ≫ ΛQCD, QCD
interactions at the scales 푚푏 can be computed perturbatively; the second idea is essential
in understanding how short- and long-distance effects can be disentangled. The concept
of colour transparency in fact guarantees that the light, energetic meson 푀2, that does
not pick up the spectator quark from the 퐵 meson, escapes the interaction region as a
compact object of small transverse size, which remains invisible to soft-gluon interactions.
Non-perturbative soft effects (i.e., of order ΛQCD) are therefore confined to the 퐵 → 푀1
and the 푀2 subsystems, while interactions between the two occur only at the hard scale
푚푏 and can be computed perturbatively.
This qualitative picture can be translated into a factorization formula, whose pictorial
representation is given in Fig. 2.1, according to which to leading power in ΛQCD/푚푏, but
to all order in 훼s, the matrix elements of the local operators 푄푖 in the effective Hamiltonian
read
⟨푀1푀2∣푄푖∣퐵¯⟩ =
(
퐹퐵→푀1 푇 I푖 ★ 푓푀2Φ푀2 + [푀1 ↔푀2]
)
+푇 II푖 ★ 푓퐵Φ퐵 ★ 푓푀1Φ푀1 ★ 푓푀2Φ푀2 , (2.3)
where Φ푖 are leading twist light-cone distribution amplitudes (LCDA), and 퐹
퐵→푀푖 are
form factors; the star products imply an integration over the light-cone momentum frac-
tions of the constituent quarks inside the mesons. 푇 I,II푖 are hard scattering kernels, calcu-
lable in perturbation theory. 푇 I푖 starts at tree level and, at higher order in 훼s, contains
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“non-factorizable” corrections from hard-gluon exchange or quark loops. Hard, “non-
factorizable” interactions involving the spectator quark are part of 푇 II푖 , which start at
order 훼s. The hard-scattering kernels and the light-cone distribution amplitudes depend
on a factorization scale and scheme, that is not shown explicitly in the notation of (2.3).
It is important to note that the factorization formula does not imply that hadronic 퐵
decays are perturbative in nature. Dominant soft contributions to the decay amplitudes
exist, which cannot be controlled in a hard-scattering approach. However, at leading
power in ΛQCD/푚푏 all these effects are contained in the semileptonic form factors and the
light-cone distribution amplitudes; the advantage of the QCD factorization approach is
that these non-perturbative parameters are simpler in structure than the original matrix
elements, or they are process independent and can be either extracted from experiment,
or calculated with other theoretical methods, like lattice QCD or QCD sum rules.
While at leading order in 훼s the result of naive factorization is recovered, at higher order
in 훼s the kernels 푇
I,II
푖 contain imaginary parts, which determine the strong rescattering
phases of the decay amplitudes. The rescattering phases are therefore either perturbative,
or power suppressed. Currently, both kernels 푇 I,II푖 are known at order 훼
2
s , which means at
two-loops in case of 푇 I푖 [141–145], and at one-loop in case of 푇
II
푖 [136–140].
The factorization formula is derived rigorously in the framework of effective field theo-
ries (EFTs), in particular in soft-collinear effective field theory (SCET) in case of 퐵 decays
into two light mesons. EFTs are a powerful method to deal with problems involving mul-
tiple scales. The short-distance kernels 푇 I,II푖 can be determined by extracting the hard and
hard-collinear momentum regions from quark decay amplitudes, according to the strategy
of expanding Feynman diagrams by regions [76,77]. The calculation is more transparent,
when it is organized as an operator matching calculation in SCET [91,94,136,137]. In par-
ticular, because of the presence of an additional scale
√
푚푏ΛQCD, the kernel 푇
II
푖 factorizes
further according to [91,92]
푇 II푖 = 퐻
II
푖 ★ 퐽, (2.4)
which involves a convolution of the hard scattering kernels 퐻II푖 with a universal jet function
퐽 . In the context of SCET it is possible to give a rigourous operatorial definition of these
quantities, including the form factors and the light-cone distributions amplitudes.
One should note that the factorization formula (2.3) is valid at leading order in
ΛQCD/푚푏. Reliable phenomenological analyses in fact require the inclusion of some sub-
leading terms, which have large normalization factors; e.g., in case of the pion
푟휋휒(휇) =
2푚2휋
푚푏(휇)(푚푢 +푚푑)(휇)
∼ ΛQCD
푚푏
; (2.5)
for realistic 푏 quark masses these “chirally enhanced” terms are not much suppressed
numerically, and have to be included in phenomenological analyses [63, 65, 67]. This is
important, e.g., to obtain the large branching fractions of penguin-dominated decays like
퐵 → 휋퐾, but it causes some conceptual problems. Factorization in fact is not expected
to hold beyond leading power in ΛQCD/푚푏, and indeed some of these chirally enhanced
terms violate it. The violation appears explicitly as an endpoint divergence in the con-
volution integrals of twist-3 distribution amplitudes with the kernels 푇 II푖 ; this implies a
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non-factorizable soft interaction with the spectator quark, while 푀1 is formed in a highly
asymmetric configuration, in which one of the quarks carries almost all the momentum of
the meson. Similar factorization-breaking effects occur in weak annihilation contributions,
which correspond to configurations in which the 푏 quark annihilates with the spectator an-
tiquark of the 퐵 meson, and which are also suppressed by at least one power of ΛQCD/푚푏.
These corrections are usually parameterized in an ad hoc way, and the variation of the cor-
responding parameters introduces a considerable uncertainty in the estimates of branching
ratios and other phenomenological observables. Nevertheless, it has been proven that these
factorization-breaking terms do not render the framework unpredictive; in particular, so
far no indication that these corrections should be outside the range specified by the error
estimate has come from experimental data [67].
Non-leptonic 퐵 decays have a rich phenomenology, because of the large number of final
states and observables. Having an overall understanding of them in the context of QCD
factorization increases our confidence in the reliability of the approach, and sets limits for
it. The colour transparency argument in fact does not apply to all types of non-leptonic
decays, e.g. in case of a heavy meson 푀2, so that there is no factorization for these classes
of decays; similarly, endpoint divergences appear already at leading order in case of the
transverse amplitudes of 퐵 decays into two vector mesons, rendering the calculations of
these decays amplitudes more uncertain. Further developments in the application of QCD
factorization to the phenomenology of non-leptonic 퐵 decays, including decays into final
states containing scalar and axial-vector mesons can be found in [146,147,182–187]
2.2 Aspects of QCD Factorization
In this section we provide a qualitative description of factorization in non-leptonic 퐵
decays, analysing the relevant diagrams contributing to the decays with the method of
expansion by regions [76, 77], according to which the various contributions are separated
into their hard, soft, and collinear part. The qualitative evaluation of these contribu-
tions leads to the power-counting arguments that justify the factorized structure of (2.3),
and motivates the description of the amplitudes in terms of the non-perturbative objects
entering in the factorization formula.
2.2.1 Non-perturbative parameters
We start our discussion with a short description of the non-perturbative parameters en-
tering in the factorization formula, motivating their use in non-leptonic 퐵 decays. In
the following pictures the two lines directed above represent the meson 푀2, that will be
assumed to be a 휋−, for definiteness. The two lines on the left represent the 퐵¯푑 meson,
the lower line being the spectator (푑¯) quark. The two lines on the right represent the
meson 푀1, that will be be assumed to be a 퐷
+ or a 휋+ in case of a heavy or light meson,
respectively. The black square represents the weak decay vertex for 푏 → 푞푢푑 transitions,
with 푞 = 푢, 푐. In order to set notation, we assign momenta 푝퐵 to the 퐵 meson, 푝 to the
meson푀1 and 푞 to the meson푀2, according to Fig. 2.2. One has 푞+ = 푞 ⋅푛− ∼ 푚푏, where
푛± = (1, 0, 0,±1) are light-like vectors defining the directions of the decaying mesons, so
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Figure 2.2: Kinematics and notation.
that 푝 = 푚퐵푛−/2, 푞 = 푚퐵푛+/2 when meson masses are neglected (in which case 푀1 is
light). Moreover, we define the quark and antiquark momenta in the meson 푀2 as
푙푞 = 푢푞 + 푙⊥ −
푙2⊥
2푢푚퐵
푛−, 푙푞¯ = 푢¯푞 − 푙⊥ −
푙2⊥
2푢¯ 푚퐵
푛−, (2.6)
where the notation 푢¯ = 1−푢 is adopted; note that 푞 ∕= 푙푞+푙푞¯, but the off-shellness (푙푞+푙푞¯)2
is of the same order as the light meson mass, which can be neglected at leading power in
1/푚퐵 . A similar decomposition is used for 푀1 in terms of 푣, 푝 and 푙
′
⊥. 푙푠 will denote the
momentum of the spectator quark.
The 푩 →푴1 form factor
We follow here the description given in [64] and the analyses performed in [148, 150].
Further details and references can be found in [149,151–156]. The form factors 퐹퐵→푀푗 (푞
2)
arise in the decomposition of matrix elements of the form
⟨푀(푝)∣푞¯Γ푏∣퐵¯(푝퐵)⟩, (2.7)
where Γ represents any irreducible Dirac matrix. As an example we show here the de-
composition of the matrix element of the vector current in case of a pseudoscalar meson
푀 = 푃 , that is conventionally parameterized in terms of two scalar form factors:
⟨푃 (푝)∣푞¯훾휇푏∣퐵¯(푝퐵)⟩ = 퐹퐵→푃+ (푞2)
(
푝휇퐵 + 푝
휇 − 푚
2
퐵 −푚2푃
푞2
푞휇
)
+퐹퐵→푃0
푚2퐵 −푚2푃
푞2
푞휇, (2.8)
with 푞 = 푝퐵 − 푝; 푚푃 and 푚퐵 are the masses of the pseudoscalar meson 푃 and the 퐵
meson respectively. For 푞2 = 0 the two form factors coincide, 퐹퐵→푃+ (0) = 퐹퐵→푃0 (0).
The evaluation of matrix elements (2.7) requires (at order 훼s) the calculation of the
diagrams appearing in Fig 2.3. The diagrams (a) and (b) represent a soft contribution,
while (c) and (d) can give an hard or a soft contribution, depending on the energy of the
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Figure 2.3: Various contributions to the 퐵 → 푀1 form factor, taken from [148]. The dashed
line represents the weak current. The two lines to the left belong to the 퐵 meson, the ones to the
right to the recoil meson 푀1. (a) Soft contribution; (b) hard vertex renormalization; (c,d) hard
spectator interaction.
exchanged gluon. In order to understand the relevance of the form factor in the factoriza-
tion formula, one has to determine the scaling behaviour of the two types of contributions.
A leading contribution coming solely from the hard gluon exchange would imply that
non-leptonic 퐵 decays could be treated completely in the hard-scattering approach, i.e.
only the second term in the factorization formula would appear. It is possible to show,
however, that this is not the case, i.e. the form factor receives a leading contribution from
the soft gluon exchange too, which does not admit a perturbative treatment. In the case
of a 퐵 → 푀 transition where 푀 is heavy, as if 푀 = 퐷, this is actually the only leading
contribution. The exchange of a hard gluon in fact makes the final spectator quark to have
momentum of order 푚푏 and this has no overlap with a heavy meson (where the spectator
quark is expected to move “softly” around the heavy quark). As a consequence, in the
case of a heavy meson 푀1, like in the 퐵¯푑 → 퐷+휋− decay, only the first term appears
in the factorization formula. In case of 푀1 light, e.g. 푀1 = 휋, the form factor receives
leading contributions from both the exchange of a hard and a soft gluon; a simple power
counting argument [148] shows that the two contributions are of order1
퐹퐵→휋+,0;hard(0) ∼ 훼s
(√
푚푏ΛQCD
)(ΛQCD
푚푏
)3/2
(2.9)
for the hard region, and of order
퐹퐵→휋+,0;soft(0) ∼
(
ΛQCD
푚푏
)3/2
. (2.10)
1We will not deal here with the argument according to which the soft contribution could be suppressed
by a Sudakov form factor, if logarithmic effects in 푚푏 were taken into account. We remind only that this
suppression should be negligible for realistic a 푏 quark mass, 푚푏 ∼ 5GeV.
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for the soft region. Strictly speaking, the first contribution should appear as part of 푇 II푖 ;
however, an unambiguous separation of the two terms above cannot be achieved, because
of the appearance of endpoint divergences in the hard region, in the limit in which the
gluon becomes soft2. The solution adopted here is to bypass the problem, considering
the 퐹퐵→푀푗 (푞
2) appearing in the parametrization of (2.8) and (2.3) as the physical form
factor [64,148,150]. One has therefore to omit the hard contribution to the form factor in
the hard scattering kernels 푇 II푖 . A direct advantage of using a physical form factor is that
they are directly related to measurable quantities, or to the form factors obtained from
lattice QCD or QCD sum rules.
Light-cone distribution amplitudes
We follow the discussion given in [64]; further details on the precise definition of the meson
distribution amplitudes can be found in [148, 150]. Light-cone distribution amplitudes
(LCDAs) play the same role for hard exclusive processes that parton distributions plays
for inclusive ones. The leading-twist distribution amplitudes that appear at leading order
in the ΛQCD/푚푏 expansion are given by two-particle operators with a certain helicity
structure, which is determined by the angular momentum of the meson and the fact that
the spinor of an energetic quark has only two large components [161,162]. As an example,
the leading-twist LCDA of a pseudoscalar and a longitudinally polarized vector mesons
with flavour content 푞¯푞′ read
⟨푃 (푞)∣푞¯(푦)훼푞′(푥)훽 ∣0⟩∣(푥−푦)2=0 =
푖푓푃
4
(푞/훾5)훽훼
∫ 1
0
푑푢 푒푖(푢¯푞푥+푢푞푦)Φ푃 (푢, 휇),
⟨푉∥(푞)∣푞¯(푦)훼푞′(푥)훽 ∣0⟩∣(푥−푦)2=0 = −
푖푓푉
4
푞/훽훼
∫ 1
0
푑푢 푒푖(푢¯푞푥+푢푞푦)Φ∥(푢, 휇), (2.11)
where the equality sign is understood as “equal up to higher-twist terms”. The operator on
the left is a colour singlet. The distribution amplitudes are normalized as
∫ 1
0 푑푢Φ푃 (푢, 휇) =
1. 푓푃 , 푓푉 are decay constants, and they refer to the normalization in which 푓휋 = 131MeV.
In (2.11) a path-ordered exponential is implicitly understood, in order to connect the two
quark fields at different positions and to render the light-cone operators gauge invariant.
The LCDAs are scale dependent. While an exact definition will be given later, their basic
properties can be derived from their asymptotic form, that is defined as the limit in which
the renormalization scale is sent to infinity. In this case one has e.g.
Φ푋(푢, 휇)
휇→∞
= 6푢푢¯, (2.12)
for both 푋 = 푃, 푉∥. The representation of a meson in terms of LCDA assumes that it can
be described entirely by its longitudinal momentum components and that its preferred
configuration corresponds to a state, in which the total momentum of the meson is shared
equally between the valence quarks. As a consequence, the use of LCDAs in non-leptonic
퐵 decays is justified if one can prove that there is no leading contribution in 1/푚푏 from
2Endpoint divergences arise when one calculates the form factor in a light-cone distribution amplitudes
model.
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the endpoint regions 푢 ∼ ΛQCD/푚푏 and 푢¯ ∼ ΛQCD/푚푏, and that one can set 푙⊥ = 0 in
the amplitude. These points have to be investigated in each diagram contributing to the
decay amplitude. It is useful to note here that neglecting transverse momenta requires to
consider them to be of order ΛQCD when comparing terms of different magnitude in the
scattering amplitude. In QCD this is only an approximation, since transverse momenta are
distributed logarithmically up to the hard scale. One can prove however that contributions
that violate the assumption of limited transverse momenta can be absorbed into the meson
LCDAs; the statement that transverse momenta count as ΛQCD is to be understood after
these subtractions have been performed.
The proof of these points requires the knowledge of the power-counting rules for the
LCDAs, which can be derived from their asymptotic form. From (2.12) one derives
Φ(푢) ∼
{
1, generic 푢,
ΛQCD/푚푏 푢, 푢¯ ∼ ΛQCD/푚푏.
(2.13)
Endpoint regions are defined as the regions where 푢(푢¯) is of order ΛQCD/푚푏, such that
the quark(antiquark) momentum is of order ΛQCD. The endpoint region has size of order
ΛQCD/푚푏, so that the endpoint suppression is of order (ΛQCD/푚푏)
2; this suppression
has to be weighted against the potential enhancement of the partonic amplitude when
one of the propagator approaches the mass-shell. In case of the 퐵 meson LCDA3, see
e.g. [164–167], the scaling is different, and it is given by
Φ퐵(휉) ∼
{
푚푏/ΛQCD, 휉 ∼ ΛQCD/푚푏,
0 휉 ∼ 1.
(2.14)
2.2.2 Non-leptonic decay amplitudes
To complete the proof of the factorization formula, one has to evaluate diagram by dia-
gram, checking if the QCD interaction can be separated into the convolution of the hard
scattering kernels with LCDA. According to the illustrative purposes of this section, we
give a qualitative discussion of the lowest order and one-gluon exchange diagrams, follow-
ing [64].
Lowest order
There is a single diagram contributing at lowest order, shown in figure 2.4. The spectator
quark in the퐵 meson is soft and it is absorbed as soft in the meson푀1. Such a contribution
belongs to the first term in the factorization formula, and involves the form factor. The
hard subprocess is just given by the insertion of a four-quark operator and it does not
depend on the longitudinal momentum fraction 푢 of the two quarks that form the meson
푀2. At lowest order therefore 푇
I
푖 is independent of 푢 and the convolution integral reduces
to the normalization condition for the wave-function of the meson푀2. The power counting
for the lowest order diagram gives
풜(퐵¯푑 → 퐷+휋−) ∼ 퐺퐹푚2푏퐹퐵→퐷(0)푓휋 ∼ 퐺퐹푚2푏ΛQCD (2.15)
3the precise definition in terms of matrix element of SCET operators will be given in section 2.3.3
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Figure 2.4: Leading-order contribution to the hard scattering kernel 푇 I푖 (푢). Figures 2.4-2.9 are
taken from [64].
Figure 2.5: Diagrams at order 훼s that need not to be calculated.
in case of a heavy meson 푀1 = 퐷, and
풜(퐵¯푑 → 휋+휋−) ∼ 퐺퐹푚2푏퐹퐵→휋(0)푓휋 ∼ 퐺퐹푚1/2푏 Λ5/2QCD (2.16)
in case of a light meson 푀1 = 휋. Higher-order contribution (in 훼s or ΛQCD/푚푏) must be
compared with these scaling rules.
One-gluon exchange
The lowest order contribution discussed above corresponds to the naive factorization ap-
proximation. Its accuracy can be proven in QCD factorization, if we are able to show
that higher order terms in the 훼s and ΛQCD/푚푏 expansions are either suppressed in one
of these two parameters, or already contained in the definition of the form factor and the
decay constant of 푀2.
Diagrams with one-gluon exchange are shown in figures 2.5 - 2.9. Fig. 2.5 involves only
“factorizable”gluons, since no exchange occurs between the 퐵 → 푀1 and the 푀2 subsys-
tem. It is easy to show that these diagrams need not to be calculated: they renormalize
the form factor (first three), which however is the physical form factor in our conventions,
and the (푢¯푑) light-quark 푉 − 퐴 current (last diagram), which is conserved. In order to
analyse the factorization properties of the decay amplitude we have to focus on the di-
agrams appearing in the successive figures, which contain “non-factorizable” gluons that
connect the 퐵 →푀1 and 푀2 system. These gluons violate the naive factorization ansatz;
the purpose of the factorization formula in (2.3) is precisely to show that their contribu-
tion can be calculated and included as an 훼s correction into the hard scattering kernels
푇 I,II푖 (푢).
The diagrams in figure 2.6 represent a “vertex correction”, and should be included
into the scattering kernel 푇 I푖 . This is proven if (a) the transverse momentum of the quarks
that form 푀2 can be neglected at leading power, i.e. the two momenta in (2.6) can be
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(a) (b) (c) (d)
Figure 2.6: “Non-factorizable” vertex correction.
Figure 2.7: Diagram with a “penguin” contraction. The second diagram represents a contribution
from the chromomagnetic dipole operator in the weak Hamiltonian.
approximated by 푢푞 and 푢¯푞, respectively, and if (b) the contribution from the soft and
collinear gluons is power suppressed. The first condition guarantees that only a convolution
in the longitudinal momentum fraction 푢 appears in the factorization formula (i.e., that
LCDAs can be used), while the second implies that no infrared (collinear) divergences
should appear in the sum of the four diagrams, i.e., that one can treat the contribution
perturbatively.
Neither of the two conditions is satisfied by the diagrams individually, which exhibit
infrared and collinear divergences. However, an explicit calculation shows that all the
divergences cancel in the sum of the four diagrams. This is a technical manifestation of
colour transparency, according to which soft-gluon interactions with the emitted colour-
singlet 푢¯푑 pair are suppressed, because they interact only with the colour dipole moment
of the compact light-quark pair. The argument however applies only if the 푢¯푑 pair is
compact. Factorization would fail if the emitted pion was formed in an highly asymmetric
configuration, in which one of the quark would carry almost all of the pion’s momentum.
Such asymmetric configurations however are suppressed by a probability of (ΛQCD/푚푏)
2,
and would be important only if the hard-scattering amplitude favoured the production of
asymmetric pairs, i.e. if 푇 I푖 ∼ 1/푢2 for 푢→ 0, (푇 I푖 ∼ 1/푢¯2 for 푢→ 1); this is not the case
for the vertex correction.
Since the hard gluons transfer large momentum to the quarks that form the emission
pair, the hard-scattering amplitude results in a nontrivial convolution with the pion dis-
tribution amplitude, implying that “non-factorizable” contributions are not universal, i.e.
they depend on the type of meson 푀2 considered.
The “penguin contraction” diagrams in Fig. 2.7 exist for 퐵¯푑 → 휋+휋− but not for
퐵¯푑 → 퐷+휋−. In order to show that these contributions are part of 푇 I푖 (푢) too, one has to
verify that all the internal lines are hard. This is proven, noting that the quark that goes
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Figure 2.8: “Non-factorizable” spectator interaction.
into the recoil meson 휋+ must be energetic, in order to form an energetic pion, since the
spectator quark is soft; on the other hand, configurations in which the other quark is soft
are power suppressed by the endpoint behaviour of the pion distribution amplitude. This
means that the gluon in Fig. 2.7 must have a large virtuality ∼ 푢¯푚푏. This argument alone
does not guarantee that both the quarks in the loop are hard, but a comparison with
the structure of the vacuum polarization diagram shows that a configuration in which
one quark carries a large momentum, while the other is soft, is power suppressed by
(ΛQCD/푚푏)
2 with respect to the one in which both quarks are hard.
Contributions to the second term in the factorization formula arise because of the
“hard spectator interaction” diagrams in Fig. 2.8. As in case of the vertex correction, a
leading contribution from soft gluon exchange would prevent factorization. The mecha-
nism of colour transparency however guarantees also in this case the cancellation of soft
contributions in the sum of the two diagrams in Fig. 2.8.
More in detail, in case of the 퐵¯ → 퐷+휋− decay, the sum of the two diagrams when
the gluon is soft reads
풜(퐵¯ → 퐷+휋−)h.s.i ∼ 퐺퐹 푓휋푓퐷푓퐵훼s
∫ 1
0
푑휉
휉
Φ퐵(휉)
∫ 1
0
푑휂
휂
Φ퐷(휂)
∫ 1
0
푑푢
푢
Φ휋(푢)
∼ 퐺퐹훼s푚푏Λ2QCD, (2.17)
that is power suppressed with respect to (2.15). Strictly speaking, since the gluon has
virtuality of order 휉휂푚2푏 ∼ Λ2QCD, the analysis in terms of LCDA is not justified, but it
can be used to estimate the size of the soft contribution. Considering now a hard gluon
exchange, this makes the spectator quark energetic. As already discussed for the form
factor, this configuration has no overlap with 푀1 = 퐷, so that in case of an heavy meson
푀1 the second term in the factorization formula is absent. In case of a decay into two
light mesons, such as 퐵¯ → 휋+휋−, one obtains
풜(퐵¯ → 휋+휋−)h.s.i ∼ 퐺퐹 푓2휋푓퐵훼s
∫ 1
0
푑휉
휉
Φ퐵1(휉)
∫ 1
0
푑푣
푣¯
Φ휋(푣)
∫ 1
0
푑푢
푢
Φ휋(푢)
∼
{
퐺퐹훼s푚
1/2
푏 Λ
5/2
QCD, hard gluon,
퐺퐹훼s푚
−1/2
푏 Λ
7/2
QCD, soft gluon.
(2.18)
The soft contribution is suppressed; the hard contribution has the same power counting
as the leading order (2.16), times an additional factor of 훼s, and therefore it has to be
included in 푇 II푖 .
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(a) (b) (c) (d)
Figure 2.9: Annihilation diagrams.
So far we have proven factorization for the vertex, the penguin and the hard specta-
tor interaction corrections, which in the heavy-quark limit are all of the same order in
ΛQCD/푚푏 as the leading contribution, but are suppressed by one power of 훼s. It remains
to analyse the annihilation diagrams in Fig. 2.9, whose hard contribution, if leading,
should contribute to 푇 II푖 , while a soft one would violate factorization. One finds however
that the annihilation diagrams are always suppressed by at least one power of ΛQCD/푚푏.
In case of the 퐵¯ → 휋+휋− decay, this happens because there is only one leading
configuration, in which the gluon has virtuality of order푚2푏 and all the quarks are energetic.
This configuration scales as
퐺퐹 푓
2
휋푓퐵훼s ∼ 퐺퐹훼s푚−1/2푏 Λ
7/2
QCD, (2.19)
which is one power of ΛQCD/푚푏 smaller than (2.16). Other configurations, in which the
gluon has virtuality of order 푚푏ΛQCD, and one of the quarks is soft, give an amplitude that
is enhanced by one power of 푚푏/ΛQCD, but this is overcompensated by a suppression of
order (ΛQCD/푚푏)
2 from the endpoint behaviour of the LCDA, and from the small region
of phase space considered. Configurations with two final-state soft quarks are even more
suppressed.
In case of 퐵¯ → 퐷+휋− decay the power counting is different because the light quark
that goes into the 퐷 meson must be soft. Hence, the virtuality of the gluon cannot be
larger than 푚푏ΛQCD. It can be shown that the contribution to the amplitude is still
suppressed, noting that it scales like
풜(퐵¯ → 퐷+휋−)ann ∼ 퐺퐹 푓휋푓퐷푓퐵훼s
∫ 1
0
푑휉푑휂푑푢Φ퐵(휉)Φ퐷(휂)Φ휋(푢)푇ann(휉, 휂, 푢), (2.20)
where the dimensionless function 푇 ann(휉, 휂, 푢) is a product of propagators and vertices.
The product of decay constants scales like Λ4QCD/푚푏; since 푑휉Φ퐵(휉) and 푑휂Φ퐷(휂) scale
like 1, while 푑푢Φ휋(푢) is never larger than one, 푇
ann(휉, 휂, 푢) should be of order larger than
(푚푏/ΛQCD)
3 to give a contribution scaling like (2.15). Since 푇 ann(휉, 휂, 푢) contains only
two propagators, this can be achieved only if both quarks in which the gluon split are
soft, in which case 푇 ann(휉, 휂, 푢) ∼ (푚푏/ΛQCD)4. But then 푑푢Φ휋(푢) ∼ (ΛQCD/푚푏)2 and
the whole contribution is power suppressed.
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Non-leptonic decays when 푴2 is not light
So far we have analysed the diagrams contributing to non-leptonic 퐵 decays in case of
two light mesons, or a heavy 푀1 and a light 푀2 mesons. It is interesting to consider
also the case in which 푀2 is a quarkonium (“onium”), like a 퐽/휓, or a heavy meson
like a 퐷. While we are going to explain why factorization does not hold for the latter,
the decay into an onium 푀2 and a light meson 푀1 is particularly interesting. In fact,
even if a qualitative power counting analysis confirms factorization for these decays, the
presence of an additional scale makes factorization to work differently, depending on the
onium angular momentum state considered. This point constitutes the motivation for the
analysis performed in chapter 3.
We start considering a decay into a heavy푀2, like in case of 퐵¯푑 → 휋0퐷0, 퐵¯푑 → 퐷+퐷−
decays. Factorization is problematic in this case, because the heavy 퐷 meson has large
overlap with the 퐵¯ → 휋 or 퐵¯ → 퐷 transitions. The “technical” reason is that, in this
case, the cancellation of infrared and collinear divergencies in the diagrams of figures 2.6
and 2.8 does not happen. Explicitly, the coupling of the gluon to the quark-antiquark pair
in the meson 푀2 = 퐷 reads
퐽휆 =
훾휆(푙/푞 + 푘/+푚푐)Γ
2푙푞 ⋅ 푘 + 푘2 −
Γ(푙/푞¯ + 푘/)훾휆
2푙푞¯ ⋅ 푘 + 푘2 , (2.21)
from which one can see that the cancellation of this contribution, for 푘 soft, occurs in case
of a light meson (in which case the 푚푐 term is absent) due to the symmetry between 푙푞
and 푙푞¯, which are dominated by their longitudinal components. In case of a heavy 푀2
however this cancellation cannot happen, because 푙푞 and 푙푞¯ are now asymmetric, since all
the components of the light antiquark momentum 푙푞¯ are soft, i.e. of order ΛQCD/푚푏, while
the zero component of the heavy-quark momentum 푙푞 is of order of 푚푐 ∼ 푚푏. One obtains
퐽휆 ∼ 훿휆0Γ
푘0
− Γ(푙/푞¯ + 푘/)훾휆
2푙푞¯ ⋅ 푘 + 푘2 ∼
1
ΛQCD
, (2.22)
and the soft cancellation does not occur. The emitted 퐷 meson does not factorize from
the rest of the process, and no factorization formula applies in this case. In particular,
this implies that naive factorization itself is not expected to work. There are decays into a
heavy meson that receive contributions from both the configurations in which the 퐷 meson
is either 푀1, or 푀2, as in case of the 퐵
− → 퐷0휋− decay. It is possible to show that,
for this type of decay, the non-factorizing part of the amplitude is power-suppressed with
respect to the factorizing one, and in this sense these decays can be considered factorizable,
since the non-factorizing part constitutes a subleading correction.
The case where푀2 is a heavy quarkonium (퐻) is special, because of the appearance of
additional scales beyond 푚푏, i.e. 푚푐 ∼ 푚푏 →∞, the binding energy 푚푐푣2 and the typical
momentum scale of a 푐 quark inside the meson, 푚푐푣, where 푣 ≪ 1 is the velocity of the
quark.
In case of an onium state the coupling to the gluon analogous to (2.21) is
퐽휆 =
훾휆(푙/푞 + 푘/+푚푐)Γ
(푙푞 + 푘)2 −푚2푐
− Γ(푙/푞¯ + 푘/−푚푐)훾휆
(푙푞¯ + 푘)2 −푚2푐
, (2.23)
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where 푙푞 = 푞/2+푝, 푙푞¯ = 푞/2−푝 in the heavy quark limit, with 푝 = 푚푐푣 ∼ 푚푐훼s representing
the momenta of the charm-anticharm pair inside the onium, of order of the inverse size
of the meson. In this case the quark-antiquark pair is off-shell by an amount of order
훿 ∼ (푚푐훼s)2. When 푘 is soft, 푘 ∼ ΛQCD, the denominators in (2.23) are dominated by the
off-shellness 훿, and the current simplifies to
퐽휆 ∼ 1
훿
(4푝휆Γ + (−푙/푞 +푚푐)훾휆Γ− Γ훾휆(−푙/푞¯ +푚푐)) ∼ 4푝휆Γ
훿
∼ 1
푚푐훼s
. (2.24)
This result is obtained noting that the two terms −푙/푞+푚푐, −푙/푞¯+푚푐 give a contribution of
order푚푐훼
2
푠. (2.24) shows that factorization holds, since the soft contribution is suppressed
with respect to the leading contribution. The naive argument above however does not allow
one to discuss decays into different charmonium angular momentum states. Indeed, it was
found that the estimation above works for 푆-wave states (e.g., a 퐽/휓) [188–190], but not
for 푃 -wave states (e.g., a 휒푐0) [191–194,196,197], motivating for further analysis, which has
been developed in our work [125], reported in chapter 3. The key point is to fully exploit
the presence of the charmonium scales 푚푐푣, 푚푐푣
2. This is realized constructing an effective
field theory in which one scale is integrated out at each step. In this framework, one finds
that gluons decouple at a scale푚푏 in case of 푆-waves, being soft gluon exchange suppressed
by a factor of 훼푠푣
2, while in case of 푃 -waves gluons decouple only at a scale 푚푐푣
2, being
contributions from soft gluon of this energy of the same order as the contributions from
gluons of energy 푚푏.
Non-leptonic decays into two vector mesons
QCD factorization for the decays into two vector meson has been discussed in [176–181].
These decays obey the factorization formula (2.3), but they have a much richer structure
due to their polarization states, so that the decay amplitude can be decomposed into
three helicity amplitudes. A QCD factorization analysis shows that the different helicity
amplitudes have quite different patterns, already at the naive factorization level. At
leading order one finds a hierarchy of helicity amplitudes, given by
풜¯0 : 풜¯− : 풜¯+ = 1 : ΛQCD
푚푏
:
(
ΛQCD
푚푏
)2
, (2.25)
that is a consequence of the left-handedness of the weak interactions and the fact that
QCD interactions conserve helicity. This is particularly interesting in view of the search for
new physics, because different helicity structures of the primary transition could result in
a different helicity hierarchy in the decay amplitudes. Despite this possibility, one should
note that the calculation of the transverse helicity amplitudes in QCD factorization is
more involved than the longitudinal one, the intuitive reason being the fact that they are
already subleading effects.
As a short survey, we point out the main qualitative differences that one finds in
the calculation of the transverse helicity amplitudes with respect to the longitudinal one,
which follows the same pattern as the decay amplitudes into a pseudoscalar and a vector
meson [179]:
2.2 Aspects of QCD Factorization 23
∙ The spectator scattering is divergent even at leading order (in case of a decay into
two pseudoscalar mesons, divergences arise only at subleading order.). Because of
the uncertainties related to the estimate of the divergent contribution, in some cases
one can only estimate the order of magnitude of the transverse amplitudes (e.g. in
case of colour-suppressed tree amplitudes).
∙ The positive helicity amplitude in the Standard Model is even power suppressed
with respect to the negative one. A reliable calculation therefore requires to keep
the transverse momenta of the quarks that are collinear to both mesons non-zero,
and such a calculation has not yet been performed. In general, because of its double
power-suppression, it is consistent to set it to zero in the Standard Model.
∙ The helicity hierarchy in (2.25) is violated at subleading order by electromagnetic
effects [178]. A transverse polarization amplitude in fact can be generated by a
short-distance transition to a vector meson and a photon with small virtuality, which
subsequently converts into a vector meson. This transition is enhanced by a factor
(푚푏/ΛQCD)
2 due to the large photon propagator, resulting in the parametric relation
풜¯0 : 풜¯− : 풜¯+ = 1 : 훼em푚푏
ΛQCD
: 훼em, (2.26)
so that formally the negative helicity amplitude is leading in the heavy-quark limit.
As a consequence, the colour-allowed electroweak penguin amplitude is completely
different from its naive-factorization value.
∙ The weak annihilation contribution to the QCD penguin amplitude in the negative
helicity amplitude is numerically larger than in case of 퐵 → 푃푃 , 푃푉 decays. This is
another additional source of uncertainties in the calculation of the transverse decay
amplitudes.
Non-leading Fock states
A complete proof of the factorization formula requires to analyse the possibility of having
leading contributions from non-leading Fock states, i.e. final states formed by more par-
ticles than the valence quark-antiquark pair described by the LCDAs in (2.3), such as a
quark-antiquark-gluon (푞푞¯푔) state.
It is easy to show that none of these contributions can be of the same order as the
leading term in (2.15), (2.16). Additional valence gluons in the meson 푀2, in fact, must
be collinear and carry a finite fraction of the meson momenta, or they must be soft in case
of the 퐵 meson. In both cases this increases the number of off-shell propagators in a given
diagram, even for the additional soft gluons in the 퐵 meson, because when connected to
the hard scattering amplitudes, the virtuality of the internal propagators is in any case of
order 푚푏ΛQCD.
One is left with the possibility of having a 퐵 meson state formed by additional gluons,
which are absorbed as additional gluons in the meson푀1. There is no suppression for such
contributions, but once more these contributions are adsorbed in the physical form factor.
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One has instead to show the power suppression of diagrams where one of these (soft)
gluons from the soft-overlap goes into the meson 푀2, that would violate factorization.
Such a configuration would be formed by a hard quark-antiquark pair in an octet state,
together with a soft gluon. One can show by means of a non-local “operator product
expansion” that the same cancellation as in case of the vertex correction arises, so that
this contribution is power suppressed too. This covers all possible non-leading Fock state
contributions to the decay amplitude.
2.2.3 Limitations of the factorization formula
So far we have discussed the factorization properties of non-leptonic 퐵 decays, showing
the cases in which the factorization formula in (2.3) is valid or not. An important point
to keep in mind is that the overall description is valid in the heavy-quark limit 푚푏 →∞.
In the real world 푚푏 is fixed to 푚푏 ≃ 5GeV, and “non-factorizable” corrections to (2.3)
are expected to be of order ΛQCD/푚푏. This has to be taken into account, especially if one
wants to perform e.g. new physics analyses, as we will do in chapters 4, 5 and 6. Therefore,
we collect here the relevant cases in which large uncertainties can arise. This is usually
the case when the leading factorizable contribution becomes somehow suppressed, due to
the presence of small parameters.
∙ One of the achievement of QCD factorization is that strong phases are either pertur-
bative, or power suppressed. They are important phenomenologically, because they
correspond to rescattering processes in the final state, and their knowledge allows
the calculation of CP asymmetries. One should note, however, that the perturbative
strong phases arise at order 훼푠. In realistic 퐵 mesons, 훼s is not much larger than
ΛQCD/푚푏, so that non-perturbative strong phases could play an important role, too.
As a result, the calculation of strong phases has to be thought more as an order-
of-magnitude estimate than a precise evaluation; the important point is that strong
phases are predicted to be small, since they are of order 훼s.
∙ Depending on the topology of the transition, the leading-order contribution can
be colour suppressed with respect to the order-훼s one, or viceversa. In the latter
case, that occurs e.g. for 퐵¯푑 → 퐷+휋− and 퐵¯푑 → 휋+휋−, first-order corrections to
naive factorization are small, and often QCD predictions are in good agreement with
experimental results; eventually, second-order corrections may become as important
as the first-order one, even if both are small. However, in the first case, that occurs
e.g. in case of 퐵¯푑 → 퐽/휓퐾¯ and 퐵¯푑 → 휋0휋0, perturbative corrections are large,
and the strong phases become more important. Because of the discussion in the
item above, however, also power-suppressed contributions become more important,
so that larger uncertainties are expected in these decays.
∙ The weak Hamiltonian contains only one large Wilson coefficient, 퐶1 ∼ 1, while all
the other short-distance coefficients, especially the QCD and electroweak penguin,
are considerably smaller. This pattern has to be kept in mind, because there are
decays where power-suppressed contributions come with the larger Wilson coefficient
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퐶1. These decays are annihilation dominated, and in this case factorization is not
expected to be reliable.
∙ Some amplitudes can be suppressed by a small combination of CKMmatrix elements.
This is the case e.g. for the 퐵 → 휋퐾 decays, that receive a large contribution from
the QCD penguin operators, despite the small Wilson coefficients, because this part
of the amplitude is enhanced by a large CKM factor, while the “tree amplitude”
that contains the larger 퐶1 is CKM suppressed.
∙ There are a few cases in which power-suppressed contributions are numerically
enhanced. This is the case, e.g. for contribution of the penguin operator 푄6 =
(푑¯푖푏푗)푉 −퐴(푢¯푗푢푖)푉+퐴 to the decay amplitude of 퐵¯푑 → 휋+휋−, whose leading contri-
bution, corresponding to Fig. 2.4 is
⟨휋+휋−∣(푑¯푖푏푗)푉 −퐴(푢¯푗푢푖)푉+퐴∣퐵¯푑⟩ = 푖푚2푏퐹퐵→휋+ (0)푓휋 ×
2휇휋
푚푏
, (2.27)
which is formally a ΛQCD/푚푏 power correction compared to (2.16), but it is numer-
ically large, due to the factor
2휇휋 =
2푚2휋
푚푢 +푚푑
= −4⟨푞¯푞⟩
푓2휋
≃ 3GeV, (2.28)
which is much larger than the naive scaling ΛQCD. (⟨푞¯푞⟩ = ⟨0∣푢¯푢∣0⟩ = ⟨0∣푑¯푑∣0⟩ is the
quark condensate.) There would be no problem if those terms could be included in
the factorization formula. However, such terms arise when considering two-particle
twist-3 distribution amplitudes, to which the factor 휇휋 is related. Twist-3 distri-
bution amplitudes have a different endpoint behaviour (they approach a constant),
so that when higher 훼s corrections are considered, the resulting convolution in-
tegrals are divergent. This implies that 훼s corrections to (2.27) are of the type
훼s×logarithmic divergence, and therefore they should be considered as leading. The
non-factorization of these “chirally-enhanced” terms may introduce a substantial
uncertainties in some decay modes.
This concludes our survey of the factorization approach to non-leptonic 퐵 decays. Having
in mind an overall picture about the arguments in favour of factorization and its limitation,
we focus in the rest of the chapter to non-leptonic 퐵 decays into two light mesons.
2.3 Non-leptonic 퐵 decays into two light mesons
Non-leptonic 퐵 decays into two light mesons involve 130 different decay channels. Due to
the large number of final states, it is beyond the scope of this introductory chapter to give
a complete derivation of all the decay amplitudes in QCD factorization. Rather, the aim
of this section is to introduce the quantities in terms of which the decay amplitudes are
expressed, and to explain, in some cases, how they are calculated in QCD factorization.
We will provide the NLO expression for them, including the relevant power-suppressed
contributions. The results described have been derived in the literature in [65–67, 179];
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Figure 2.10: Electroweak transitions at the basis of the four-quark operators in the effective
Hamiltonian.
the explanation on how these quantities are derived will be given following the more
modern approach developed in [136, 137], according to which the evaluation is organized
as a series of matching calculations in the framework of the effective field theories (EFT).
2.3.1 Decay amplitudes
Effective weak Hamiltonian
In Fig. 2.10 we show the electroweak transitions responsible for the 푏-quark decay into
lighter quarks. These involve the electroweak bosons 푊 , 푍 and photons, so that the
typical scale of the momenta exchanged is of order 푀푊 . This is much larger than the
typical hadronic scale, that is of order of the mass of the decaying hadron, i.e. ∼ 푚퐵 . The
true picture of a decaying hadron is therefore described by effective point-like vertices,
which are represented by local four-fermion operators 푄푖 multiplied by short-distance
coefficients 퐶푖, that have to be regarded as effective coupling constants. The derivation
of these effective operators is known as operator product expansion, (OPE); the series of
operators is collected into an effective weak Hamiltonian, which in case of non-leptonic
decays reads
ℋSMeff =
퐺퐹√
2
∑
푝=푢,푐
휆(퐷)푝
(
퐶1푄
푝
1 + 퐶2푄
푝
2 +
10∑
푖=3
퐶푖푄푖 + 퐶7훾푄7훾 + 퐶8푔푄8푔
)
+ h.c., (2.29)
where 휆
(퐷)
푝 = 푉푝푏푉
∗
푝퐷 represents a product of elements of the quark mixing (CKM) matrix,
and 푝 = 푢, 푐, while 퐷 = 푑, 푠 depending on the transition. One obtains the effective Weak
Hamiltonian above using the unitarity relation 휆푢 + 휆푐 + 휆푡 = 0 to eliminate the 휆푡 term
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in favour of 휆푢 and 휆푐. 푄
푝
1,2 are the left-handed current-current operators arising from 푊
exchange, fig 2.10 (a), 푄3,...,6, fig 2.10 (b) and 푄7,...,10, fig 2.10 (c) are QCD and electroweak
penguin operators respectively. 푄7훾 and 푄8푔, fig 2.10 (d) are the electromagnetic and
chromomagnetic dipole operators. Explicitly, the four-quark operators read
푄푝1 = (푝¯푏)푉−퐴(퐷¯푝)푉−퐴 푄
푝
2 = (푝¯푖푏푗)푉−퐴(퐷¯푗푝푖)푉−퐴
푄3 = (퐷¯푏)푉−퐴
∑
푞(푞¯푞)푉−퐴 푄4 = (퐷¯푖푏푗)푉−퐴
∑
푞(푞¯푗푞푖)푉−퐴
푄5 = (퐷¯푏)푉−퐴
∑
푞(푞¯푞)푉+퐴 푄6 = (퐷¯푖푏푗)푉−퐴
∑
푞(푞¯푗푞푖)푉+퐴
푄7 = (퐷¯푏)푉−퐴
∑
푞
3
2푒푞(푞¯푞)푉+퐴 푄8 = (퐷¯푖푏푗)푉−퐴
∑
푞
3
2푒푞(푞¯푗푞푖)푉+퐴
푄9 = (퐷¯푏)푉−퐴
∑
푞
3
2푒푞(푞¯푞)푉−퐴 푄10 = (퐷¯푖푏푗)푉−퐴
∑
푞
3
2푒푞(푞¯푗푞푖)푉−퐴
푄7훾 = − 푒8휋2푚푏퐷¯휎휇휈(1 + 훾5)퐹휇휈푏 푄8푔 = − 푔푠8휋2푚푏퐷¯휎휇휈(1 + 훾5)퐺휇휈푏,
(2.30)
where (푞¯1푞2)푉±퐴 = 푞¯1훾휇(1 ± 훾5)푞2, 푖, 푗 are colour indices, 푒푞 are electric charges of the
quarks in unit of ∣푒∣, and the summation is over 푞 = 푢, 푑, 푠, 푐, 푏. The definition of the dipole
operators corresponds to the sign convention 푖퐷휇 = 푖∂휇 + 푔푠퐴
휇
푎푡푎 for the gauge covariant
derivative. The short-distance coefficients contain effects associated with the electroweak
scale, or above (see section 2.3.2); they are therefore the elements where possible new
physics effects enter. The decay amplitude is obtained taking the matrix element of the
effective Hamiltonian between the initial and final states:
풜 ∼ ⟨푀 ′1푀 ′2∣ℋeff ∣퐵¯⟩. (2.31)
Transition Operators
Depending on the decay considered, different operators appear in the matrix element of
(2.31). According to the QCD factorization formula, their calculation can be organized
by matching the effective Hamiltonian onto two transition operators, such that its matrix
element is given by
⟨푀 ′1푀 ′2∣ℋeff ∣퐵¯⟩ =
∑
푝=푢,푐
휆(퐷)푝 ⟨푀 ′1푀 ′2∣풯 푝퐴 + 풯 푝퐵 ∣퐵¯⟩; (2.32)
the two operators reflect the two terms appearing in the factorization formula, the form
factor and the hard-scattering terms. In the literature [65], the transition operators are
organized in terms of their Dirac and flavour structure. Focusing first on 풯 푝퐴 , one has
풯 푝퐴 = 푎1(푀1푀2)훿푝푢(푝¯푏)푉−퐴 ⊗ (퐷¯푝)푉−퐴 + 푎2(푀1푀2)훿푝푢(퐷¯푏)푉−퐴 ⊗ (푝¯푝)푉−퐴
+푎3(푀1푀2)
∑
푞
(퐷¯푏)푉−퐴 ⊗ (푞¯푞)푉−퐴 + 푎4(푀1푀2)
∑
푞
(푞¯푏)푉−퐴 ⊗ (퐷¯푞)푉−퐴
+푎5(푀1푀2)
∑
푞
(퐷¯푏)푉−퐴 ⊗ (푞¯푞)푉+퐴 + 푎6(푀1푀2)
∑
푞
(−2)(푞¯푏)푆−푃 ⊗ (퐷¯푞)푆+푃
+푎7(푀1푀2)
∑
푞
(퐷¯푏)푉−퐴 ⊗ 3
2
푒푞(푞¯푞)푉+퐴
28 Chapter 2. QCD Factorization for Non-leptonic 푩 Decays
+푎8(푀1푀2)
∑
푞
(−2)(푞¯푏)푆−푃 ⊗ 3
2
푒푞(퐷¯푞)푆+푃
+푎9(푀1푀2)
∑
푞
(퐷¯푏)푉−퐴 ⊗ 3
2
푒푞(푞¯푞)푉−퐴
+푎10(푀1푀2)
∑
푞
(푞¯푏)푉−퐴 ⊗ 3
2
푒푞(퐷¯푞)푉−퐴, (2.33)
where (푞¯1푞2)푆±푃 = 푞¯1(1 ± 훾5)푞2, and a summation over 푞 = 푢, 푑 is implied. The symbol
⊗ indicates that the matrix elements of the operators in 풯 푝퐴 must be evaluated in the
factorized form ⟨푀 ′1푀 ′2∣풯 푝퐴 ∣퐵¯⟩ = ⟨푀 ′1푀 ′2∣푗1⊗ 푗2∣퐵¯⟩ = ⟨푀 ′1∣푗1∣퐵¯⟩⟨푀 ′2∣푗2∣0⟩, as appropriate.
“Non-factorizable” corrections are therefore included in the coefficients 푎푖.
Flavour amplitudes
With the notation employed in (2.33) the terms in the transition operator are in direct
correspondence with the operators appearing in the effective weak Hamiltonian. In order
to treat in a unified way decays into 푃푃 , 푃푉 and 푉 푉 final states, however, it is more
suitable to introduce another notation, whose purpose is to keep track only of the flavour
structure of an operator [67]; the reason for this is that operators with different Dirac-,
but identical flavour-structure, always contribute in the same combination to a particular
set of final states.
Fixing the flavour convention for the meson flavour wave-function as
퐵− ∼ 푢¯푏, 퐵¯푑 ∼ 푑¯푏, 퐵¯푠 ∼ 푠¯푏 (2.34)
for the 퐵 meson states;
휋0 ∼ 1√
2
(푢¯푢− 푑¯푑), 휋− ∼ 푢¯푑, 휋+ ∼ 푑¯푢,
퐾¯0 ∼ 푑¯푠, 퐾0 ∼ 푠¯푑, 퐾− ∼ 푢¯푠, 퐾+ ∼ 푠¯푢, (2.35)
for the non-singlet members of the light nonet of pseudoscalar mesons, with analogous
expressions for the corresponding vector mesons, and assuming
휂푞 ∼ 1√
2
(푢¯푢+ 푑¯푑), 휂푠 ∼ 푠¯푠; (2.36)
in case of flavour-singlet mesons4, the transition operator 풯 푝퐴 can be rewritten in terms of
six flavour topologies, i.e.
풯 푝퐴 = 훿푝푢훼1(푀1푀2)퐴([푞¯푠푝][푝¯퐷]) + 훿푝푢훼2(푀1푀2)퐴([푞¯푠퐷][푝¯푝])
+훼푝3(푀1푀2)
∑
푞
퐴([푞¯푠퐷][푞¯푞]) + 훼
푝
4(푀1푀2)
∑
푞
퐴([푞¯푠푞][푞¯퐷])
4We follow the convention of treating the 휂 meson (and similarly the 휂′, the 휔 and the 휙 mesons) as
a coherent superposition of the flavour component 휂푞, 휂푠; moreover, in case of the 휔 and 휙 mesons ideal
mixing is assumed.
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+훼푝3,EW(푀1푀2)
∑
푞
3
2
푒푞퐴([푞¯푠퐷][푞¯푞]) + 훼
푝
4,EW(푀1푀2)
∑
푞
3
2
푒푞퐴([푞¯푠푞][푞¯퐷]),
(2.37)
where the sum extends now on 푞 = 푢, 푑, 푠, and 푞푠 denotes the spectator antiquark. The
operators 퐴([푞¯푀1푞푀1 ][푞¯푀2푞푀2 ]) also contain an implicit sum over 푞푠 = 푢, 푑, 푠 to cover all
possible퐵-meson final states. The coefficients 훼푝푖 contain the dynamical information, while
the arguments of 퐴 encode the flavour composition of the final state. The utility of this
notation is that the coefficients 훼푖 introduced in (2.37) are in close correspondence with
the “graphical” or “topological” amplitudes defined in the literature: 훼1 (훼2) with the
colour-allowed (colour-suppressed) tree amplitude; 훼푝4 with the QCD penguin amplitude;
훼푝3 with the QCD flavour-singlet penguin amplitude; 훼
푝
3,EW, (훼
푝
4,EW) with the colour-
allowed (colour-suppressed) electroweak penguin amplitude. The matrix elements of these
operators are defined as
⟨푀 ′1푀 ′2∣훼푝푖 (푀1푀2)퐴([. . .][. . .])∣퐵¯⟩ ≡ 푐 훼푝푖 (푀 ′1푀 ′2)퐴푀 ′1푀 ′2 (2.38)
whenever the quark flavours of the first and the second square brackets match those of
푀 ′1 and 푀
′
2, respectively, and
⟨푀 ′1푀 ′2∣훼푝푖 (푀1푀2)퐴([. . .][. . .])∣퐵¯⟩ ≡ 푐 훼푝푖 (푀 ′2푀 ′1)퐴푀 ′2푀 ′1 ,
whenever the quark flavours of the first and the second square brackets match those of
푀 ′2 and 푀
′
1. The factor 푐 denotes a Clebsh-Gordan coefficient 1,±1/
√
2, from the flavour
composition of the mesons. Since the coefficients 훼푖 contain the non-factorizable correc-
tions, the operator 퐴([푞¯푀1푞푀1 ][푞¯푀2푞푀2 ]) are intended to be evaluated in the factorized
form, so that5
퐴푀 ′1푀 ′2 =
퐺퐹√
2
⟨푀 ′1∣(푞¯푠Γ푏)∣퐵¯푞푠⟩⟨푀 ′2∣(푞¯Γ푞′)∣0⟩, (2.39)
i.e. more explicitly,
퐴푀1푀2 = 푖
퐺퐹√
2
⎧⎨⎩
푚2퐵 푓
퐵푀1
+ (0) 푓푀2 , if 푀1푀2 = 푃푃,
−푚2퐵퐴퐵푀10 (0) 푓푀2 , if 푀1푀2 = 푉 푃,
−푚2퐵푓퐵푀1+ (0) 푓푀2 , if 푀1푀2 = 푃푉,
푚2퐵퐴
퐵푀1
0 (0) 푓푀2 , if 푀1푀2 = 푉
0푉 0,
푚퐵푚푉2푓
퐵푀1± (0) 푓푀2 , if 푀1푀2 = 푉 ±푉 ±.
(2.40)
Here 푓±, 퐴0 denote pseudoscalar and vector meson form factors, while 푓푀2 are the longi-
tudinal decay constants, normalized according to
⟨휋−(푞)∣푑¯훾휇훾5푢∣0⟩ = −푖푓휋푞휇, ⟨휌−(푞)∣푑¯훾휇푢∣0⟩ = −푖푓휌푚휌휖∗휇. (2.41)
With this normalization, at leading order the 훼 coefficients are simply given by a combina-
tion of short-distance coefficients. This allows us to recover in (2.40) the helicity hierarchy
5since 푞¯푀1 = 푞¯푠 in (2.39), the flavour structure of the operator 퐴([푞¯푀1푞푀1 ][푞¯푀2푞푀2 ]) is determined
unambiguously from that of the operator in (2.39).
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that was described in par. 2.2.2, (2.25): the further suppression of the positive helicity
amplitude with respect to the negative one follows from the fact that 푓퐵푉1+ (0) ∼ ΛQCD/푚퐵
in the heavy-quark limit [179].
In order to explain the notation we consider e.g. the decay 퐵¯푑 → 휋0휌0, for which
푞푠 = 푑, 퐷 = 푑. The spectator quark can go to either one of the two mesons, so 푀1 can be
휋0 or 휌0, and, for instance,
⟨휋0휌0∣훼푝4(푀1푀2)
∑
푞
퐴([푑¯푞][푞¯푑])∣퐵¯푑⟩ = −1
2
[
훼푝4(휋
0휌0)퐴휋0휌0 + 훼
푝
4(휌
0휋0)퐴휌0휋0
]
; (2.42)
on the other side, according to the flavour definitions in 2.35,
⟨휋0휌0∣훼푝3(푀1푀2)
∑
푞
퐴([푑¯푑][푞¯푞])∣퐵¯푑⟩ = 0, (2.43)
because 푞 = 푢, 푑 contribute equally but with opposite sign for the mesons 휋0 and 휌0.
Since the contributions of the “non-factorizable” corrections is usually given in terms
of the 푎푖 coefficients, we provide here the relation between them and the coefficients 훼푖:
훼1(푀1푀2) = 푎1(푀1푀2),
훼2(푀1푀2) = 푎2(푀1푀2),
훼푝3(푀1푀2) =
{
푎푝3(푀1푀2)− 푎푝5(푀1푀2), if 푀1푀2 = 푃푃, 푉 푃,
푎푝3(푀1푀2) + 푎
푝
5(푀1푀2), if 푀1푀2 = 푃푉, 푉 푉,
훼푝4(푀1푀2) =
{
푎푝4(푀1푀2) + 푟
푀2
휒 푎
푝
6(푀1푀2), if 푀1푀2 = 푃푃,푃푉,
푎푝4(푀1푀2)− 푟푀2휒 푎푝6(푀1푀2), if 푀1푀2 = 푉 푃, 푉 푉,
훼푝3,EW(푀1푀2) =
{
푎푝9(푀1푀2)− 푎푝7(푀1푀2), if 푀1푀2 = 푃푃, 푉 푃,
푎푝9(푀1푀2) + 푎
푝
7(푀1푀2), if 푀1푀2 = 푃푉, 푉 푉,
훼푝4,EW(푀1푀2) =
{
푎푝10(푀1푀2) + 푟
푀2
휒 푎
푝
8(푀1푀2), if 푀1푀2 = 푃푃,푃푉,
푎푝10(푀1푀2)− 푟푀2휒 푎푝8(푀1푀2), if 푀1푀2 = 푉 푃, 푉 푉,
(2.44)
where the ratios 푟푀2휒 are defined e.g. as
푟휋휒(휇) =
2푚2휋
푚푏(휇)2푚푞(휇)
, 푟퐾휒 (휇) =
2푚2퐾
푚푏(휇)(푚푞 +푚푠)(휇)
, (2.45)
or as
푟푉휒 (휇) =
2푚푉
푚푏(휇)
푓⊥푉 (휇)
푓푉
, (2.46)
and the scale-dependent transverse decay constant reads
⟨푉 (푝, 휖∗)∣푞¯휎휇휈푞′∣0⟩ = 푓⊥푉 (푝휇휖∗휈 − 푝휈휖∗휇). (2.47)
It remains to analyse the flavour structure of the transition operator 풯 푃퐵 . Since it
describes hard-scattering interactions where all the six quarks are involved, it has to be of
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the form 퐵([푞¯푀1푞푀1 ][푞¯푀2푞푀2 ][푞¯푠푏]), with possible sum over quarks from penguin operators
or flavour-singlet conversion 푔 → 푞¯푞. We define the matrix elements of the 퐵 operators as
⟨푀 ′1푀 ′2∣퐵([. . .][. . .][. . .])∣퐵¯⟩ ≡ 푐퐵푀 ′1푀 ′2 , (2.48)
with
퐵푀1푀2 = ±푖
퐺퐹√
2
푓퐵푓푀1푓푀2 , (2.49)
whenever the quark flavours of the three brackets match those of 푀1, 푀2 and 퐵¯. The
constant 푐 is the same appearing in (2.38). The upper sign in the definition of 퐵푀1푀2
applies when both mesons are pseudoscalar or vector, while the lower sign in the remaining
two cases.
The most important case of spectator scattering is when the spectator-quark line goes
from the 퐵 meson to the meson 푀1. This transition involves a hard spectator interaction,
in which (at NLO level) a hard gluon is exchanged between the spectator quark and the
quarks of the meson 푀2 (Fig. 2.8), and it is the only spectator interaction appearing at
leading order in the heavy-quark limit. In this case 푞¯푠 = 푞¯푀1 , so that there are six possible
different flavour amplitudes, in direct correspondence with the six 퐴-operators, according
to
퐵([푞¯푠푞푀1 ][푞¯푀2푞푀2 ][푞¯푠푏]) =
퐵푀1푀2
퐴푀1푀2
퐴([푞¯푠푞푀1 ][푞¯푀2푞푀2 ]); (2.50)
It is therefore usual to absorb the spectator contribution into the coefficients 훼푖. In this
way, the operator 풯 푝퐴 contains all the leading-power contributions in the heavy-quark limit;
풯 푝퐵 contains only the power-suppressed weak annihilation contribution, and therefore it
can be parameterized as
풯 푝퐵 = 훿푝푢푏1(푀1푀2)
∑
푞′
퐵([푢¯푞′][푞¯′푢][퐷¯푏]) + 훿푝푢푏2(푀1푀2)
∑
푞′
퐵([푢¯푞′][푞¯′퐷][푢¯푏])
+ 푏푝3(푀1푀2)
∑
푞,푞′
퐵([푞¯푞′][푞¯′퐷][푞¯푏]) + 푏푝4(푀1푀2)
∑
푞,푞′
퐵([푞¯푞′][푞¯′푞][퐷¯푏])
+ 푏푝3,EW(푀1푀2)
∑
푞,푞′
3
2
푒푞퐵([푞¯푞
′][푞¯′퐷][푞¯푏])
+ 푏푝4,EW(푀1푀2)
∑
푞,푞′
3
2
푒푞퐵([푞¯푞
′][푞¯′푞][퐷¯푏])
+ 훿푝푢푏푆1(푀1푀2)
∑
푞′
퐵([푢¯푢][푞¯′푞′][퐷¯푏]) + 훿푝푢푏푆2(푀1푀2)
∑
푞′
퐵([푢¯퐷][푞¯′푞′][푢¯푏])
+ 푏푝푆3(푀1푀2)
∑
푞,푞′
퐵([푞¯퐷][푞¯′푞′][푞¯푏]) + 푏푝푆4(푀1푀2)
∑
푞,푞′
퐵([푞¯푞][푞¯′푞′][퐷¯푏])
+ 푏푝푆3,EW(푀1푀2)
∑
푞,푞′
3
2
푒푞퐵([푞¯퐷][푞¯
′푞′][푞¯푏])
+ 푏푝푆4,EW(푀1푀2)
∑
푞,푞′
3
2
푒푞퐵([푞¯푞][푞¯
′푞′][퐷¯푏]), (2.51)
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where the sum extends over 푞, 푞′ = 푢, 푑, 푠. The sum over 푞′ arises because a quark-
antiquark pair must be created by 푔 → 푞¯′푞 after the spectator quark is annihilated. The
operators with the flavour structure
∑
푞,푞′ 퐵([푞¯푞
′][푞¯′퐷][푞¯푏]) are redundant, because they
are equivalent to
∑
푞,푞′ 퐴([푞¯푠푞][푞¯퐷]), which includes an implicit sum over 푞푠. The six
coefficients with subscript “푆” contribute only to final states containing flavour-singlet
mesons or neutral vector mesons. We will write the amplitudes in terms of
훽푝푖 ≡
퐵푀1푀2
퐴푀1푀2
푏푝푖 (푀1푀2), (2.52)
whenever 퐴푀1푀2 does not vanish; otherwise, we will express them in terms of the original
푏푝푖 (푀1푀2).
To conclude the section we give, as an example, the expression of the amplitude of two
decays, written in the notation described: the Δ퐷 = 1 decay
풜퐵¯0→휋+휌− =
∑
푝
휆(푑)푝
{
퐴휋휌
[
훿푝푢훼1 + 훼
푝
4 + 훼4,EW + 훽
푝
3 + 훽
푝
4 −
1
2
훽푝3,EW −
1
2
훽푝4,EW
]
+퐴휌휋
[
훿푝푢훽1 + 훽
푝
4 + 훽
푝
4,EW
]}
, (2.53)
and the Δ푆 = 1 decay
√
2풜퐵−→휋0퐾− =
∑
푝
휆(푑)푝
{
퐴휋퐾¯
[
훿푝푢(훼1 + 훽2) + 훼
푝
4 + 훼
푝
4,EW + 훽
푝
3,EW
]
+퐴퐾¯휋
[
훿푝푢훼2 +
3
2
훼푝3,EW
]}
. (2.54)
In the phenomenological application of chapters 4, 5 and 6 we will use NLO expressions
for the coefficients 훼 and 훽. In section 2.3.3 we show an example on how they can be
derived using EFTs techniques, while in section 2.3.4 we will provide the NLO result for
them.
2.3.2 Short-distance coefficients
The short-distance coefficients are obtained matching the amplitudes calculated in the
full theory to the amplitudes obtained in the effective theory, described by the weak
Hamiltonian (2.29). The full amplitudes involve the diagrams shown in Fig. 2.10, which
contain the exchange of virtual heavy particles like the 푊 and 푍 bosons, and the top
quark. In extensions of the Standard Model, one has to consider the possibility of having
flavour-changing currents mediated by new heavy particles. This will be the case, indeed,
in the analyses performed in chapters 4 5, and 6. The short distance coefficients depend
on the masses of the exchanged heavy particles and involve virtualities of order ∼푀푊 .
When the QCD interaction is taken into account, the short-distance coefficients acquire
a scale dependence, which match that of the matrix elements of the effective operators.
QCD effects must be evaluated at the hadronic scale ∼ 푚푏, which is still large enough to
allow for a perturbative treatment. Because of the large hierarchy 푚푏 ≪ 푀푊 , however,
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large logarithms ln푀푊 /푚푏 appear, which compensate the smallness of 훼s(푚푏) and spoil
the reliability of the perturbative expansion. The solution is to consider the renormaliza-
tion group improved perturbative expansion, which allows to resum large logarithms of
the type 훼푛s (ln푀푊 /휇)
푛 and 훼푛s (ln푀푊 /휇)
푛−1 to all order in 훼s. The procedure consist in
calculating the short-distance coefficients at the scale 휇 ∼푀푊 , 퐶⃗(푀푊 ), where large log-
arithms do not appear. We calculate then the anomalous dimension of the corresponding
operators, and derive a renormalization group equation for the short-distance coefficients,
whose solution allows us to derive an expression for them at the low scale, according to
퐶⃗(휇) = U(휇,푀푊 )퐶⃗(푀푊 ), where U(휇,푀푊 ) is the “evolution operator”.
Consistency in the perturbative expansion requires all the terms appearing in the decay
amplitude to be homogeneous in the coupling constant 훼s. At LO one has therefore to
consider both the short distance coefficients and the matrix elements of the operators at
leading order in 훼s; at NLO the leading order matrix elements of the operators needs to
be multiplied with the NLO expression of the short-distance coefficients, and vice versa.
At NLO we use the evolution operator adopted in [65], which reads
퐶⃗(휇) =
[
U0 +
훼s(휇)
4휋
JU0 − 훼s(푀푊 )
4휋
U0J+
훼em
4휋
(
4휋
훼s(휇)
R0 +R1
)]
퐶⃗(푀푊 ), (2.55)
where the matrices U0, J, R0, R1 depend on the ratio 훼s(휇)/훼s(푀푊 ) and on the anoma-
lous dimension and 훽 functions. It corresponds to consider some electroweak effects of
order 훼em as leading; in fact, in (2.55) the term U0 + (훼em/훼s)R0 represents the leading
order result, being the remaining ones the NLO contribution.
In the Standard Model, only one short-distance coefficient, 퐶1, is 풪(1), the other
coefficients being significantly smaller: the QCD penguin short distance coefficients are of
order of some per cent, while the electroweak penguin ones are of order of some per mill.
This hierarchy is important in phenomenological analysis, and it has to be kept in mind
in particular when comparing with possible contributions from new physics. In table 2.1
we show the LO and NLO values of the Standard Model short-distance coefficients.
2.3.3 Calculation of the matrix elements in SCET
The purpose of this section is to show how effective field theory techniques can be used
to calculate the flavour amplitudes 훼푖, 훽푖 defined in section 2.3.1. Since this is needed
only as an example, in order to introduce the techniques used later in chapter 3, we will
focus on the general case, leaving out more subtle discussions such as the derivation of the
flavour-singlet QCD penguin amplitude 훼3, the discussion of flavour-singlet final-states,
and higher order corrections in ΛQCD/푚푏. These results are included without derivation
in section 2.3.4.
Power counting
The evaluation of the diagrams containing non-factorizable gluon exchanges can be or-
ganized as a series of matching steps between different effective field theories [91, 93, 94,
136–138, 150]. In this way the evaluation is more transparent, and the structure of the
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NLO 퐶1 퐶2 퐶3 퐶4 퐶5 퐶6
휇 = 푚푏/2 1.137 −0.295 0.021 −0.051 0.010 −0.065
휇 = 푚푏 1.081 −0.190 0.014 −0.036 0.009 −0.042
휇 = 2푚푏 1.045 −0.113 0.009 −0.025 0.007 −0.027
퐶7/훼em 퐶8/훼em 퐶9/훼em 퐶10/훼em 퐶
eff
7훾 퐶
eff
8푔
휇 = 푚푏/2 −0.024 0.096 −1.325 0.331 — —
휇 = 푚푏 −0.011 0.060 −1.254 0.223 — —
휇 = 2푚푏 0.011 0.039 −1.195 0.144 — —
LO 퐶1 퐶2 퐶3 퐶4 퐶5 퐶6
휇 = 푚푏/2 1.185 −0.387 0.018 −0.038 0.010 −0.053
휇 = 푚푏 1.117 −0.268 0.012 −0.027 0.008 −0.034
휇 = 2푚푏 1.074 −0.181 0.008 −0.019 0.006 −0.022
퐶7/훼em 퐶8/훼em 퐶9/훼em 퐶10/훼em 퐶
eff
7훾 퐶
eff
8푔
휇 = 푚푏/2 −0.012 0.045 −1.358 0.418 −0.364 −0.169
휇 = 푚푏 −0.001 0.029 −1.276 0.288 −0.318 −0.151
휇 = 2푚푏 0.018 0.019 −1.212 0.193 −0.281 −0.136
Table 2.1: Wilson coefficients 퐶푖 in the NDR scheme, based on (2.55).
factorization formula naturally emerges. In case of exclusive non-leptonic 퐵 decays two
kinds of short-distance modes are successively integrated out: hard modes, with virtual-
ities of order 푚2푏 , and hard collinear modes, with virtualities of order
√
푚푏ΛQCD. The
first matching step leads from QCD to the so called SCETI, while the second one leads
from SCETI to SCETII. The effective theory SCETII only contains long-distance modes
with virtualities of order ΛQCD. In the 퐵 meson rest frame these are denoted as “soft”
(all momentum component of order ΛQCD) and “collinear” (one momentum components
scales like 푚푏). Fields and operators in the effective theory have a definite power-counting
in terms of the expansion parameter 휆2 ≡ ΛQCD/푚푏. A short introduction to SCETI and
SCETII, with their field content and scaling is given in appendicx A. The purpose of this
section is to show how the operators that contribute at leading order in the ΛQCD/푚푏
expansion can be singled out, following the strategy discussed in [93,150].
Firstly, one needs to single out the operators contributing in SCETI. For this purpose,
fields in the collinear sector defined by the direction of the meson 푀1 (that picks up
the spectator antiquark) and therefore moving in the direction of the vector 푛−, will be
denoted by 휉푐,hc
6; fields moving in the opposite direction, 푛+, belong to the collinear-2
sector (meson 푀2) and will be denoted by 휒푐,hc; the heavy quark field will be labelled by
6we label here the hard-collinear fields in SCETI with the index “hc”, even if this is a bit improper,
since in SCETI no distinction between hard-collinear and collinear-modes is done; this choice reflects the
subsequent matching to SCETII.
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the time-like vector 푣 = (푛− + 푛+)/2, with 푣2 = 1. We will not consider here the flavour
content of these operators (as well as Dirac or Lorentz indices), which can be determined
matching them with the corresponding operators in the effective weak Hamiltonian; we
will focus on this in the next section. In the second matching step, one has to generate
the minimal field content
[푞¯푠 . . . ℎ푣][휉¯푐 . . . 휉푐][휒¯푐 . . . 휒푐] (2.56)
that is necessary to build up the initial and final state quantum numbers (the dots stand
for additional 푞푞¯ pairs or gluons fields of the same kind); we do not consider flavour-singlet
meson in this example. The generation of soft and collinear fields from hard-collinear ones
costs a certain power of the small expansion parameters 휆, which can be read off the
corresponding interaction terms in the SCETI Lagrangian. Examples are
휉hc
휆→ 휉푐,
휉hc
휆2→ 휉푐퐴⊥hc,
퐴⊥hc
휆→ 푞¯푠휉hc,
퐴⊥hc
휆2→ 푞¯푠휉푐. (2.57)
Not considering three-body SCETI operators, which give in the end subleading contribu-
tions, we focus instead on the four-body operator
[휒¯hc휒hc][휉¯hcℎ푣 ] ∼ 휆6, (2.58)
that constitutes a leading contribution to 푇 I푖 . In order to see this, we first analyse its
matching to SCETII operators. The conversion of the hard-collinear quark-antiquark pair
to a collinear one costs twice a power of 휆 (see (2.57)), and the conversion of 휉hc costs a
factor of 휆4, for instance through the chain
휉¯hc
휆2→ 휉¯푐퐴⊥hc 휆
2→ 휉¯푐[푞¯푠휉푐]; (2.59)
these four-quark operators therefore match onto 6-body operators in SCETII, which scale
as 휆12. To understand if these operators can give a leading contribution to the amplitude,
their matrix elements must be compared with the naive factorization result, whose scaling
is ∼ 푓푀2푓퐵푀1+ ∼ 휆5, e.g. in case of 퐵 → 푃푃 transitions. Defining the mesons with respect
to the exact soft-collinear Hamiltonian, so that the meson states are the same as in full
QCD, one has the conventional normalization of hadronic states:
∣퐵(푝퐵)⟩ ∼ 휆−3, ∣푀(푝)⟩ ∼ 휆−2, (2.60)
with 푀 one of the light mesons. The matrix elements of the six-body SCETII operators
scale therefore as 휆5, and constitute a leading contribution to the decay amplitude. In a
similar way one can prove that the five-body operator
[휒¯hc휒hc][휉¯hc퐴
⊥
hcℎ푣 ] ∼ 휆7 (2.61)
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matches onto a leading-power six-quark operator in SCETII, which correspond to the
factorizable hard-spectator diagrams in the QCD factorization approach, and that the
operator
[휉¯hc휒hc][휒¯hc휉hc][푞¯푠ℎ푣 ] (2.62)
matches onto a 6-body operator of order 휆14, and therefore subleading, corresponding to
the 1/푚푏-suppressed annihilation graphs of Fig. 2.9.
Following the same strategy, a complete analysis can be performed, and all the oper-
ators contributing at leading- and higher orders can be singled out. Here we have shown
how the two leading-order operators arise, and we have given an example of a subleading
operator. In the next paragraph we are going to explain in more detail the matching
process for the two leading operators.
From 풎풃 to
√
풎풃ΛQCD: SCETI
We consider only final states containing non-singlet 푃푃 , 푉 푃 , 푃푉 or longitudinally po-
larized 푉 푉 mesons. The Lorentz and Dirac structures of the leading SCETI operators
individuated in (2.58) and (2.61) is fixed by chirality conservation (with respect to the
operators 푄푖 in the effective weak Hamiltonian) and the requirements that the operator
be a Lorentz scalar. It follows that the structure of the collinear-2 sector bilinears can be
only of the type (휒푊푐2)(푡푛−)푛/−(1± 훾5)(푊 †푐2휒)(0); the two operators are then reproduced
multiplying this with an A0- and B1-type current from the 퐵¯ → 푀1 transition [150],
defined in appendix A.1, (A.29). One has a set of four operators of the form
푂I퐿,푅(푡) =
[
(휒¯푊푐2)(푡푛−)
푛/−
2
(1∓ 훾5)(푊 †푐2)휒
] [
퐶˜
(퐴0)
푓+
(휉¯푊퐶1)푛/+(1− 훾5)ℎ푣
− 1
푚푏
∫
푑푠ˆ퐶˜
(퐵1)
푓+
(푠ˆ)(휉¯푊푐1)푛/+[푊
†
푐1푖퐷/⊥푐1푊푐1](푠푛+)(1 + 훾5)ℎ푣
]
,
푂II퐿,푅(푡, 푠) =
[
(휒¯푊푐2)(푡푛−)
푛/−
2
(1∓ 훾5)(푊 †푐2)휒
]
×
[
(휒¯푊푐1)
푛/+
2
[푊 †푐1푖퐷/⊥푐1푊푐1](푠푛+)(1 + 훾5)ℎ푣
]
. (2.63)
The operators 푂I퐿,푅 include the short-distance coefficients 퐶˜
(퐴0)
푓+
, 퐶˜
(퐵1)
푓+
(푠ˆ) such that their
matrix elements are proportional to the form factor 푓퐵푀1+ (0) (퐴
퐵푀1
0 (0) for vector mesons)
in QCD. In (2.63) fields without position argument are at 푥 = 0, and the field products
within the large brackets are colour-singlets. In (2.63) 푊푐 푖 are Wilson lines, as explained
in appendix A. The diagrams corresponding to these operators are shown in Fig. 2.12.
In order to determine the flavour structures of the operators, one has to consider all
the possible contractions of the operators in the effective weak Hamiltonian that give rise
to a given final state. In figure 2.11 we show the various contractions of the effective vertex
with the external quark-lines. Initial and final state mesons are denoted by their flavour
content, so that, for instance, in Fig. 2.11 (a) the 퐵¯ meson has flavour quantum number
[푞¯푠푏], the meson 푀2 is represented by the up-going quark lines, with flavour content [푢¯퐷],
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D(q) u¯(q¯)
b u(D)
Q1,2(3...10)
(a)
u(D) u¯(q¯)
b D(q)
Q1,2(3...10)
(b)
D q¯
b q
Q1,2(3...10)
p(D, b)
(c)
D q¯
b q
Q3...10
q′
(d)
D q¯
b q
Q8g
(e)
D q¯
b q
Q1,2(3...10)
p(D, b)
(f)
D q¯
b q
Q3...10
q′
(g)
D q¯
b q
Q7γ
(h)
D q¯
b q
Q8g
(i)
qq¯
b D
Q1,2(3...10)
p(D, b)
(j)
qq¯
b D
Q3...10
q′
(k)
qq¯
b D
Q7γ
(l)
qq¯
b D
Q8g
(m)
Figure 2.11: The various contractions of the external lines with the weak effective vertex, exclud-
ing the exchange of arbitrarily many gluons. The connected fermion lines indicate the contraction
of the spinor indices. Picture taken from [137].
and the meson푀1 has flavour content [푞¯푠푢]. The picture does not include arbitrarily many
gluons, that may connect the quark lines, or originate from a quark line and connect with
the spectator quark. It is possible to see that many different contractions are possible,
that in the end are in correspondence with the flavour amplitudes introduced so far in
section 2.3.1. A detailed discussion about the various ways a given operator 푄푖 appears in
the contractions is not needed here, and we refer for this to [137]. We note only that the
“right” (a) and “wrong” (b) insertion in the first line of Fig. 2.11 can contribute to any of
the topological amplitudes 훼푖, while the contractions in the second line contributes to 훼
푝
4;
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hv
χ χ¯
ξ
OI(t),
hv
χ χ¯
ξ
Ahc
⊥
OII(t, s)
Figure 2.12: Vertices corresponding to the SCETI operators 푂
I
퐿,푅, 푂
II
퐿,푅.
contractions from (h) to (m) contribute to the electroweak penguin amplitudes. This can
be seen by comparing the flavour labels of Fig. 2.11 with (2.37). In the end, the flavour
structure of the operator in (2.63) can be taken into account adding the following labels
to them:
푂I,II퐿,푅 → 푂I,II퐿,푅([푞¯푠푞푀1 ][푞¯푀2푞푀2 ]), (2.64)
where the labels 푞푀1,2 and 푞¯푀2 give the flavours of the fields 휉¯, 휒¯, and 휒, respectively; the
label 푞¯푠 is redundant, and it is added to match the notation in (2.37). At leading power in
ΛQCD/푚푏 then, the complete weak Hamiltonian in (2.29) can be accounted for in SCETI
(not counting flavour-singlet final states) by
ℋeff = 퐺퐹√
2
∑
푝=푢,푐
휆(퐷)푝
(
훿푝푢{푇 I1 ★ 푂I퐿([푞¯푠푢][푢¯퐷]) +퐻II1 ★ 푂II퐿 ([푞¯푠푢][푢¯퐷])
+푇 I2 ★ 푂
I
퐿([푞¯푠퐷][푢¯푢]) +퐻
II
2 ★ 푂
II
퐿 ([푞¯푠퐷][푢¯푢])}
+
∑
푘=퐿,푅
{
푇 I,푝3푘 ★
∑
푞
푂I푘([푞¯푠퐷][푞¯푞]) +퐻
II,푝
3푘 ★
∑
푞
푂II푘 ([푞¯푠퐷][푞¯푞])
+푇 I,푝3푘,EW ★
∑
푞
3
2
푒푞푂
I
푘([푞¯푠퐷][푞¯푞]) +퐻
II,푝
3푘,EW ★
∑
푞
3
2
푒푞푂
II
푘 ([푞¯푠퐷][푞¯푞])
}
+
∑
푘=퐿,푅
{
푇 I,푝4푘 ★
∑
푞
푂I푘([푞¯푠푞][푞¯퐷]) +퐻
II,푝
4푘 ★
∑
푞
푂II푘 ([푞¯푠푞][푞¯퐷])
+푇 I,푝4푘,EW ★
∑
푞
3
2
푒푞푂
I
푘([푞¯푠푞][푞¯퐷]) +퐻
II,푝
4푘,EW ★
∑
푞
3
2
푒푞푂
II
푘 ([푞¯푠푞][푞¯퐷])
})
, (2.65)
where we employed the notation
푇 I푖푘 ★ 푂
I
푘 =
∫
푑푡ˆ 푇˜ I푖푘(푡ˆ)푂
I
푘(푡), 퐻
II
푖푘 ★ 푂
II
푘 =
∫
푑푡ˆ 푑푠ˆ 퐻˜II푖푘(푡ˆ, 푠ˆ)푂
II
푘 (푡, 푠), (2.66)
where 푡 and 푠 depend on the integration variables via 푠ˆ = 푛+푝푠 = 푚퐵푠, 푡ˆ = 푛−푞푡 = 푚퐵푡.
The sums over 푞 extend over the light quarks 푢, 푑, 푠, as in (2.37). The coefficients
푇 I푖푘(푢) =
∫
푑푡ˆ 푒푖푢푡ˆ 푇˜ I푖푘(푡ˆ), 퐻
II
푖,푘(푢, 푣) =
∫
푑푡ˆ 푑푠ˆ 푒푖(푢푡ˆ+푣¯푠ˆ) 퐻˜II푖푘(푡ˆ, 푠ˆ) (2.67)
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correspond to the hard scattering kernels appearing in the factorization formula. Since no
expansion in 푚푐/푚푏 is performed, these coefficients are functions of the ratio 푠푐 = 푚푐/푚푏,
whenever diagrams with internal charm-quark loops contribute.
The individual terms in (2.65) are in close correspondence with the 훼푖 amplitude pa-
rameters. The precise connection follows by evaluating the matrix elements of (2.65). Be-
cause the SCET Lagrangian contains no leading-power interactions between the collinear-2
and collinear-1 fields, the matrix elements of 푂I푘, 푂
II
푘 fall apart into two factors each. For
a pseudoscalar 푀2 = 푃 ,
⟨푃 ∣(휉¯푊푐2)(푡푛−)푛/−
2
(1± 훾5)(푊 †푐2휒)∣0⟩ = ∓
푖푓푃푚퐵
2
∫ 1
0
푑푢 푒푖푢푡ˆΦ푃 (푢), (2.68)
while for a vector 푀2 = 푉 with polarization vector 휖휇 we have
⟨푉 ∣(휉¯푊푐2)(푡푛−)푛/−
2
(1± 훾5)(푊 †푐2휒)∣0⟩ = −
푖푓푉푚푉
2
푛− ⋅ 휖∗
∫ 1
0
푑푢 푒푖푢푡ˆΦ푉 (푢), (2.69)
such that only the longitudinal polarization state contributes. Here Φ푃 (푢) (Φ푉 (푢)) de-
notes the leading-twist light-cone distribution amplitude of a pseudoscalar (longitudinally
polarized vector) meson. Using [156]
⟨푃 ∣(휉¯푊푐1)푛/+
2
[푊 †푐1푖퐷/⊥푐푊푐1](푠푛+)(1 + 훾5)ℎ푣 ∣퐵¯⟩ = −푚푏푚퐵
∫ 1
0
푑휏 푒푖휏 푠ˆ Ξ푃 (휏), (2.70)
⟨푉 ∣(휉¯푊푐1)푛/+
2
[푊 †푐1푖퐷/⊥푐푊푐1](푠푛+)(1 + 훾5)ℎ푣∣퐵¯⟩ = 푚푏푚푉 (푛+ ⋅ 휖∗)
∫ 1
0
푑휏 푒푖휏 푠ˆ
푚퐵
2푚푉
Ξ∥(휏),
(2.71)
and defining
Ξˆ푀1(푡) =
{
Ξ푃 (휏) 푀1 = 푃,
푚퐵
2푚푉
Ξ∥(휏) 푀1 = 푉,
(2.72)
we can write the matrix elements of the terms in (2.65) as
훼푝푖푘(푀1푀2) =
∫ 1
0
푑푢푇 I,푝푖푘 (푢)Φ푀2(푢)
− 1
2퐹퐵푀1(0)
∫ 1
0
푑푢 푑푣 퐻II,푝푖푘 (푢, 푣) Ξˆ푀1 (1− 푣)Φ푀2(푢) (2.73)
with 퐹퐵푀1(0) = 푓퐵푀1+ (0) when 푀1 = 푃 , and 퐹
퐵푀1(0) = 퐴퐵푀10 (0) for 푀1 = 푉 . The
index 푖 applies to 푖 = 1, 2, 3, 4, 3EW, 4EW, and 푘 = 퐿,푅 except for 푖 = 1, 2, where 푘
is empty (as is 푝). The two coefficients 훼1(푀1푀2), 훼2(푀1푀2) correspond to the “tree”
flavour amplitudes in (2.37), while the four “penguin” amplitudes are given by
훼푝3(푀1푀2) = 훼
푝
3퐿(푀1푀2)∓ 훼푝3푅(푀1푀2),
훼푝4(푀1푀2) = 훼
푝
4퐿(푀1푀2)∓ 훼푝4푅(푀1푀2),
훼푝3,EW(푀1푀2) = 훼
푝
3퐿,EW(푀1푀2)∓ 훼푝3푅,EW(푀1푀2),
훼푝4,EW(푀1푀2) = 훼
푝
4퐿,EW(푀1푀2)∓ 훼푝4푅,EW(푀1푀2), (2.74)
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Figure 2.13: Hard spectator scattering in SCETI.
where the upper (lower) signs correspond to the case 푀2 = 푃 (푉 ). In terms of the am-
plitudes 푎푖, the coefficients 푎3퐿;4퐿;3퐿,EW;4퐿,EW correspond to 푎3;4;5;10 respectively, while
푎3푅;3푅,EW to 푎5;7. The remaining 푎4푅;4푅,EW vanish, while 푎6;8 correspond to power sup-
pressed contributions and therefore do not appear in this derivation.
From
√
풎풃ΛQCD to ΛQCD: SCETII
Hard-collinear momentum regions appear only in the spectator scattering, which convert
the soft spectator antiquark into the collinear antiquark in the meson 푀1. The matching
onto SCETII therefore leaves unchanged the first term on the r.h.s of (2.73), while the
SCETI form factor Ξ푀1 related to the matrix element (2.70), (2.71) must be matched
onto SCETII. This involves the matching of the B-type current appearing in 푂
II
푘 onto
a four-quark SCETII operator, corresponding to the evaluation of the diagram in Fig.
2.13. In the end, the form factor Ξ푀1 is expressed in terms of a jet function 퐽∥(휏 ;푢, 휔),
that represents the matching coefficient of the four-quark SCETII operator, and light-cone
distribution amplitudes, in terms of which the matrix element of the four-quark SCETII
operator is expressed, since it splits into its soft (퐵 meson) and collinear (meson푀1) part,
according to
Ξˆ(휏) =
푚퐵
4푚푏
∫ ∞
0
푑휔
휔
푓ˆ퐵Φ퐵+(휔)
∫ 1
0
푑푤 푓푀1Φ푀1(푤)퐽(휏 ;푤,휔), (2.75)
because no leading soft-collinear interactions appear in the SCETII Lagrangian. In more
detail, the result in (2.75) is obtained defining the matrix element of the bilinear composed
of the collinear quark-antiquark pair that forms the meson 푀1 as in (2.68), (2.69), while
for the soft 푏- and spectator-antiquark bilinear that form the 퐵 meson one has
⟨0∣(푞¯푠푌 )(푡푛−)(푌 †ℎ푣)∣0⟩ = − 푖푓퐵푚퐵
4
(
1 + 푣/
2
[
푛−푣푛/+Φ˜퐵+(푡) + 푛+푣푛/−Φ˜퐵−(푡)
]
훾5
)
,
(2.76)
with
Φ˜퐵±(푡) =
∫ ∞
0
푑휔 푒−푖휔푡 Φ퐵±(휔) (2.77)
the Fourier transform of the 퐵 meson distribution amplitude. This step allows to rewrite
(2.73) in a form similar to the factorization formula
훼푝푖푘(푀1푀2) =
∫ 1
0
푑푢푇 I,푝푖푘 (푢)Φ푀2(푢)−
1
2퐹퐵푀1(0)
∫ ∞
0
푑휔
∫ 1
0
푑푢 푑푣
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⋅푇 II,푝푖푘 (푢, 푣) 푓ˆ퐵Φ퐵+(휔) 푓푀1Φ푀1(푣) 푓푀2Φ푀2(푢), (2.78)
with
푇 II,푝푖푘 (푢, 푣) = −
푚퐵
8푚푏
∫ 1
0
푑푧 퐻II,푝푖푘 (푢, 푧)퐽∥(푧¯; 푣, 휔). (2.79)
The jet function is unique, i.e. all the hard-scattering functions 퐻II,푝푖푘 are convoluted with
the same 퐽∥(푧¯; 푣, 휔). The jet function has been calculated at order 훼2푠 in [153–156]; at
order 훼s, consistently with the NLO results presented below, it reads
퐽∥(푧¯; 푣, 휔) = −
4휋훼s퐶퐹
푁푐
1
푚퐵휔푣¯
훿(푧¯ − 푣¯). (2.80)
To conclude this section, we note that because of the two matching steps, the spectator
scattering involves two scales 휇 ∼ 푚푏, 휇ℎ ∼
√
푚푏ΛQCD, so that large logarithms involving
the ratio of the two scales may appear, and they must be resummed, according to
퐶(휇)퐻퐼퐼(휇) ★ 퐽∥(휇) ★ [푓ˆ푏Φ퐵+](휇) ★ Φ푀1(휇) ★ Φ푀2(휇)
⇒ 퐶(휇)퐻퐼퐼(휇)푈(휇, 휇ℎ) ★ 퐽∥(휇ℎ) ★ [푓ˆ푏Φ퐵+](휇ℎ) ★Φ푀1(휇ℎ) ★Φ푀2(휇ℎ), (2.81)
where 푈(휇, 휇ℎ) is the evolution kernel for the SCETI operator 푂
II. While in the first line
either 퐻퐼퐼(휇) or 퐽∥(휇) contains large logarithms, neither 퐻퐼퐼(휇) or 퐽∥(휇ℎ) does. The
evolution kernel for 푂II factorizes into 푈BL related to the Brodsky-Lepage kernel [69, 70]
in the collinear-2 sector and the evolution kernel 푈∥(휇, 휇ℎ) for a B1-type current. Since
푈BL(휇, 휇ℎ)Φ푀2(휇ℎ) = Φ푀2(휇), we can write the previous expression as
퐶(휇)퐻퐼퐼(휇)푈∥(휇, 휇ℎ) ★ 퐽∥(휇ℎ) ★ [푓ˆ푏Φ퐵+](휇ℎ) ★ Φ푀1(휇ℎ) ★Φ푀2(휇). (2.82)
In our NLO analysis however this feature is not considered, because no distinction is made
between Φ푀2(휇ℎ) and Φ푀2(휇), that is beyond the NLO precision. Moreover, 푈∥(휇, 휇ℎ) is
not calculated, so that we will use
퐶(휇)퐻퐼퐼(휇) ★ 퐽∥(휇ℎ) ★ [푓ˆ푏Φ퐵+](휇ℎ) ★Φ푀1(휇ℎ) ★ Φ푀2(휇ℎ). (2.83)
2.3.4 NLO results for the topological amplitudes
We collect in this section the NLO expression of the topological amplitudes, summarizing
results obtained in [65–67,179]. These expression are needed to calculate the decay ampli-
tudes in the phenomenological analyses of chapter 4, 5 and 6. We provide the expression
of the coefficients 푎푖; results for the topological amplitudes 훼푖 can be obtained using the
relations in (2.44). The results shown in this section rely on the following approximations:
∙ Electroweak penguin effects and electromagnetic corrections. Electromagnetic correc-
tions to the QCD coefficients 훼1, 훼2, 훼
푝
3 and 훼
푝
4 are neglected, since they are much
smaller than the NLO QCD corrections; similarly, corrections of order 훼푠퐶7,...,10
to the same coefficients are neglected, too, because the short-distance coefficients
퐶7,...,10 are proportional to the electromagnetic coupling 훼em. On the other hand,
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since the LO expressions for the electroweak penguin amplitudes 훼푝3,EW, 훼
푝
4,EW in-
volve only 퐶7,...,10, we include in this case corrections of order 훼푠퐶7,...,10; electromag-
netic corrections are included when they are proportional to the large short-distance
coefficients 퐶1,2,7훾 , i.e., we include corrections of order 훼em퐶1,2,7훾 , but we neglect
those proportional to 훼em퐶3,...,10.
∙ Weak annihilation. We neglect weak annihilation mechanisms involving photons
(훾 → 푞¯푞), that were not considered in the flavour structure of (2.51) either. In prac-
tice, only annihilation terms proportional to 훼s퐶푖 are considered, while we neglect
훼em퐶푖 terms. The reason for this is that the latter can never be CKM-enhanced
when one of the large short-distance coefficients 퐶1, 퐶2 is involved. We neglect also
all the singlet weak annihilation contributions except 훽푆3.
The general form of the coefficients 푎푖 at NLO in 훼s reads
푎푝푖 (푀1푀2) =
(
퐶푖 +
퐶푖±1
푁푐
)
푁푖(푀2)
+
퐶푖±1
푁푐
퐶퐹훼s
4휋
[
푉푖(푀2) +
4휋2
푁푐
퐻푖(푀1푀2)
]
+ 푃 푝푖 (푀2), (2.84)
where the upper (lower) signs apply when 푖 is odd (even). The superscript 푝 has to
be omitted for 푖 = 1, 2. The quantities 푁푖(푀2), 푉푖(푀2), 퐻푖(푀1푀2), 푃
푝
푖 (푀2) stands
respectively for the tree-level result, the one loop vertex correction, the spectator scattering
and the penguin contractions. Explicitly, they are given as follows:
Leading order (Fig. 2.4). It is given simply by the normalization of the LCDA Φ푃,푉
or Φ푝,푣; 푃, 푉 refer obviously to pseudoscalar or vector meson. Capital letters refer to
leading-twist LCDA, small letters to twist-3 LCDA. The latter appear only in 푎6,8, in
correspondence with the scalar Dirac structure (푆 −푃 )⊗ (푆 +푃 ), and are responsible for
the vanishing of the leading contribution in case of vector mesons, since
∫ 1
0 푑푥Φ푣(푥) = 0.
One obtains
푁0,−푖 (푀2) =
{
0, for 푖 = 6, 8 and 푀2 = 푉,
1, otherwise,
(2.85)
where we have indicated explicitly, with the superscripts 0,−, the polarization of the
vectors appearing in the final state.
Vertex terms (Fig. 2.6). One has
푉 0푖 (푀2) =
⎧⎨⎩
∫ 1
0 푑푥Φ푀2
[
12 ln 푚푏휇 − 18 + 푔(푥)
]
, for 푖 = 1, . . . , 4, 9, 10,∫ 1
0 푑푥Φ푀2
[
−12 ln 푚푏휇 + 6− 푔(푥¯)
]
, for 푖 = 5, 7,∫ 1
0 푑푥Φ푚2 [−6 + ℎ(푥)] , for 푖 = 6, 8,
(2.86)
in case of 푀2 = 푃 or a longitudinally polarized vector meson 푀2 = 푉 , while
푉 −푖 (푉2) =
⎧⎨⎩
∫ 1
0 푑푥휙푏푉2
[
12 ln 푚푏휇 − 18 + 푔푇 (푥)
]
, for 푖 = 1, . . . , 4, 9, 10,∫ 1
0 푑푥휙푎푉2
[
−12 ln 푚푏휇 + 6− 푔푇 (푥¯)
]
, for 푖 = 5, 7,
0, for 푖 = 6, 8,
(2.87)
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in case of a vector meson 푉2 with negative polarization. (we recall that 푥¯ ≡ 1 − 푥). The
functions 푔(푥), 푔푇 (푥), ℎ(푥) contain the finite corrections from the loop integration, and
read
푔(푥) = 3
(
1− 2푥
푥¯
ln푥− 푖휋
)
+
[
2Li2(푥)− ln2 푥+ 2 ln푥
푥¯
− (3 + 2푖휋) ln 푥− (푥↔ 푥¯)
]
,
푔푇 (푥) = 푔(푥) +
ln푥
푥¯
,
ℎ(푥) = 2Li2(푥)− ln2 푥− (1 + 2푖휋) ln 푥− (푥↔ 푥¯). (2.88)
Φ푀 , Φ푚, 휙푎, 휙푏 are LCDA that will be defined in par. 2.3.5. The constants −18, 6,−6 are
scheme dependent, and correspond to the use of the NDR scheme for 훾5. This constant
does not appear in 푎6,8 in case of vector mesons, as expected, because there is no tree level
contribution that could cause a scheme dependence at NLO.
Penguin terms (ig. 2.7). At order 훼s corrections are present only for 푖 = 4, 6. For 푖 = 4
we have
푃 0,푝4 (푀2) =
퐶퐹훼푠
4휋푁푐
{
퐶1
[
4
3
log
푚푏
휇
+
2
3
−퐺푀2(푠푝)
]
+퐶3
[
8
3
log
푚푏
휇
+
4
3
−퐺푀2(0) −퐺푀2(1)
]
+(퐶4 + 퐶6)
[
4푛푓
3
log
푚푏
휇
− (푛푓 − 2)퐺푀2(0)
−퐺푀2(푠푐)−퐺푀2(1)
]
− 2퐶푒푓푓8푔
∫ 1
0
푑푥
1− 푥Φ푀2(푥)
}
, (2.89)
if 푀2 is a pseudoscalar or a longitudinally polarized vector meson, while
푃−,푝4 (푉2) =
퐶퐹훼푠
4휋푁푐
{
퐶1
[
4
3
log
푚푏
휇
+
2
3
−퐺−푉2(푠푝)
]
+퐶3
[
8
3
log
푚푏
휇
+
4
3
−퐺−푉2(0)−퐺−푉2(1)
]
+(퐶4 + 퐶6)
[
4푛푓
3
log
푚푏
휇
− (푛푓 − 2)퐺−푉2(0)
−퐺−푀2(푠푐)−퐺−푀2(1)
]}
, (2.90)
in case of a vector meson with transverse polarizations. 푛푓 = 5 indicates the number of
light fermions, while 푠푢 = 0, 푠푐 = (푚푐/푚푏)
2 represent the mass ratios involved in the
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evaluation of the penguin diagrams. The functions 퐺푀2(푠), 퐺
−
푉2
(푠) are given by
퐺푀2(푠) =
∫ 1
0
푑푥퐺(푠 − 푖휖, 푥¯)Φ푀2(푥),
퐺−푉2(푠) =
∫ 1
0
푑푥퐺(푠 − 푖휖, 푥¯)휙푏푉2 (푥), (2.91)
where
퐺(푠, 푥¯) = −4
∫ 1
0
푑푢푢푢¯ ln[푠− 푢푢¯ 푥]
=
2(12푠 + 5푥− 3푥 ln 푠)
9푥
− 4
√
4푠− 푥(2푠 + 푥)
3푥3/2
arctan
√
푥
4푠− 푥. (2.92)
For 푖 = 6 the result is
푃 푝6 (푀2) =
퐶퐹훼푠
4휋푁푐
{
퐶1
[
4
3
log
푚푏
휇
+
2
3
− 퐺ˆ푀2(푠푝)
]
+퐶3
[
8
3
log
푚푏
휇
+
4
3
− 퐺ˆ푀2(0) − 퐺ˆ푀2(1)
]
+(퐶4 + 퐶6)
[
4푛푓
3
log
푚푏
휇
− (푛푓 − 2)퐺ˆ푀2(0)
− 퐺ˆ푀2(푠푐)− 퐺ˆ푀2(1)
]
− 2퐶푒푓푓8푔
}
, (2.93)
if 푀2 is a pseudoscalar meson, and
푃 0,푝6 (푉2) = −
퐶퐹훼푠
4휋푁푐
{
퐶1퐺ˆ푀2(푠푝) + 퐶3
[
퐺ˆ푀2(0) + 퐺ˆ푀2(1)
]
+(퐶4 + 퐶6)
[
(푛푓 − 2)퐺ˆ푀2(0) + 퐺ˆ푀2(푠푐) + 퐺ˆ푀2(1)
]}
, (2.94)
if 푀2 is a longitudinally polarized vector meson; 푃
−,푝
6 (푀2) = 0 for transversely polarized
vector mesons. In this case
퐺ˆ푀2(푠) =
∫ 1
0
푑푥퐺(푠− 푖휖, 푥¯)Φ푚2(푥). (2.95)
It remains to consider electromagnetic penguin corrections, according to the approx-
imation discussed at the beginning of the paragraph. These corrections appears for
푖 = 8, 10, and considering only the contribution of 퐶1,2,7훾 they read
푃 푝8 (푀2) =
훼em
4휋푁푐
{
(퐶1 +푁푐퐶2)
[
4
3
log
푚푏
휇
+
2
3
− 퐺ˆ푀2(푠푝)
]
− 3퐶eff7훾
}
, (2.96)
if 푀2 is a pseudoscalar meson, and
푃 0,푝8 (푉2) = −
훼em
4휋푁푐
{
(퐶1 +푁푐퐶2) 퐺ˆ푀2(푠푝)
}
, (2.97)
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Figure 2.14: Additional contributions to the penguin terms when 푀2 = 휌
0, 휔, 휙, taken from [67].
Wavy lines denote a photon.
for a longitudinally polarized vector meson, while 푃−,푝8 (푀2) = 0 for transversely polarized
vector mesons. Then
푃 0,푝10 (푀2) =
훼em
4휋푁푐
{
(퐶1 +푁푐퐶2)
[
4
3
log
푚푏
휇
+
2
3
− 퐺ˆ푀2(푠푝)
]
− 3퐶eff7훾
∫ 1
0
푑푥
1− 푥Φ푀2(푥)
}
,
for 푀2 pseudoscalar and longitudinally polarized vector meson and
푃−,푝10 (푀2) =
훼em
4휋푁푐
{
(퐶1 +푁푐퐶2)
[
4
3
log
푚푏
휇
+
2
3
− 퐺ˆ±푀2(푠푝)
]}
, (2.98)
for transversely polarized vector mesons.
It is interesting to discuss at this point another contribution, which corresponds to
the exchange of a photon, as in Fig. 2.14, with the subsequent production of a 푞¯푞 pair.
Such diagrams can contribute only to final states with a neutral vector meson 푉2. It is
beyond the purpose of this introduction to discuss in detail the conceptual issues behind
the transition; however, it is interesting to note that, while in case of 푃푉 , or longitudinally
polarized 푉 푉 final states these contributions are very small, in case of a final states 푉 푉
with transversely polarized vector mesons they give rise to an enhanced contribution [178],
that is at the origin of the modified hierarchy (2.26) among the helicity amplitudes. In case
of 푃푉 , or longitudinally polarized 푉 푉 final states the additional contribution is usually
included in an ad-hoc term
Δ훼푝3,EW(푀1푉 ) =
2훼em
27휋
{
4(퐶1 +푁푐퐶2)
(
1
2
− 훿푝푐 ln 휇
푚푐
− 훿푝푢 ln 휇
휈
)
− 9퐶eff7훾
}
; (2.99)
In case of 푉 푉 final states with negative polarization the new contribution is written as
푃−,푝7 (푉2) = 푃
−,푝
9 (푉2) = −
훼em
3휋
퐶eff7훾
푚퐵푚푏
푚2푉2
+
2훼em
27휋
(퐶1 +푁푐퐶2)
[
훿푝푐 ln
푚2푐
휇2
+ 훿푝푢 ln
휈2
휇2
+ 1
]
, (2.100)
where the appearance of the (푚푏/ΛQCD)
2 enhancement proportional to 퐶eff7훾 is evident,
due to the factor 푚퐵푚푏/푚
2
푉2
.
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Hard spectator terms (Fig. 2.8). The correction from hard gluon exchange between 푀2
and the spectator quark is given by
퐻푖(푀1푀2) = +
퐵푀1푀2
퐴푀1푀2
푚퐵
휆퐵
∫ 1
0
푑푥푑푦
[
Φ푀2(푥)Φ푀1(푦)
푥¯푦¯
+ 푟푀1휒
Φ푀2(푥)Φ푚1(푦)
푥푦¯
]
, (2.101)
for 푖 = 1, . . . , 4, 9, 10,
퐻푖(푀1푀2) = −퐵푀1푀2
퐴푀1푀2
푚퐵
휆퐵
∫ 1
0
푑푥푑푦
[
Φ푀2(푥)Φ푀1(푦)
푥푦¯
+ 푟푀1휒
Φ푀2(푥)Φ푚1(푦)
푥¯푦¯
]
, (2.102)
for 푖 = 5, 7, and
퐻푖(푀1푀2) = 0, (2.103)
for 푖 = 6, 8. These results are valid for 푃푃 , 푃푉 , 푉 푃 , or longitudinally polarized 푉 푉 final
states, while in case of transversely polarized 푉 푉 final states one has
퐻−푖 (푉1푉2) = −
2푓퐵푓
⊥
푉1
푚퐵푚푏푓
퐵푉1− (0)
푚푏
휆퐵
∫ 1
0
푑푥푑푦
휙푏푉2 (푥)Φ
⊥
1 (푦)
푥푦¯2
, (2.104)
for 푖 = 1, . . . , 4, 9, 10,
퐻−푖 (푉1푉2) = +
2푓퐵푓
⊥
푉1
푚퐵푚푏푓
퐵푉1− (0)
푚푏
휆퐵
∫ 1
0
푑푥푑푦
휙푎푉2 (푥)Φ
⊥
1 (푦)
푥¯푦¯2
, (2.105)
for 푖 = 5, 7 and
퐻−푖 (푉1푉2) = −
푓퐵푓푉1
푚퐵푚푏푓
퐵푉1− (0)
푚푏푚푉1
푚2푉2
푚푏
휆퐵
∫ 1
0
푑푥푑푦
Φ⊥2 (푥)휙푎푉1 (푦)
푥푥¯푦¯
, (2.106)
for 푖 = 6, 8.
In these results 휆퐵 represents the first inverse moment of the 퐵 meson distribution
amplitude appearing in eq. (2.75), and it is defined as∫ ∞
0
푑휔
Φ퐵+(휔)
휔
≡ 1
휆퐵
. (2.107)
The main feature of the spectator scattering is the inclusion of some subleading terms
that are proportional to 푟푀1휒 in (2.101)-(2.102). These terms are formally suppressed by
ΛQCD/푚푏 in the heavy-quark limit, but they are included because they are numerically
large. As anticipated in section 2.2.3, these terms give rise to conceptual problems, be-
cause the twist-3 distribution amplitude Φ푝1 does not vanish at the endpoint 푦 = 1, and
the power-suppressed term is divergent. Since the aim of this section is to provide the phe-
nomenological amplitudes used in the analyses of chapter 4, 5 and 6, we do not address
this problem in detail here; some discussion about it will be given in chapter 3, where
a similar problem is studied and solved in the context of a non-relativistic system. We
adopt here the standard solution, that consists of isolating the divergence by defining a
parameter ∫ 1
0
푑푦
푦¯
Φ푚1(푦) = Φ푚1(1)
∫ 1
0
푑푦
푦¯
+
∫ 1
0
푑푦
푦¯
[Φ푚1(푦)− Φ푚1(1)]
≡ Φ푚1(1)푋푀1퐻 +
∫ 1
0
푑푦
[푦¯]+
Φ푚1(푦). (2.108)
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The remaining integral is finite, and the 푋푀1퐻 introduced is an unknown parameter repre-
senting a soft-gluon interaction with the spectator quark. The endpoint divergence appears
in an attempt to calculate the soft interaction perturbatively, and therefore it should be
regulated by soft physics occurring at the scale ΛQCD. For this reason 푋
푀1
퐻 is expected
to be of order 푋푀1퐻 ∼ ln(푚푏/ΛQCD), however with a potential complex coefficient, since
multiple soft scattering can introduce a strong rescattering phase. A consequence of this
is that spectator scattering beyond leading power in ΛQCD/푚푏 is necessary model depen-
dent. In phenomenological analyses, 푋푀1퐻 is treated as a parameter, that is varied inside
a certain range, as we will define in the next section. Usually it is also assumed to be
universal, i.e. independent of 푀1 and the index 푖 of 퐻푖(푀1푀2).
Weak annihilation (Fig. 2.9). Within the approximation described at the beginning of
the section, the weak annihilation coefficients 푏푖 can be expressed in term of some building
blocks 퐴푖. Explicitly
푏1 =
퐶퐹
푁2푐
퐶1퐴
푖
1, 푏
푝
3 =
퐶퐹
푁2푐
[
퐶3퐴
푖
1 + 퐶5(퐴
푖
3 +퐴
푓
3 ) +푁푐퐶6퐴
푓
3
]
,
푏2 =
퐶퐹
푁2푐
퐶2퐴
푖
1, 푏
푝
4 =
퐶퐹
푁2푐
[
퐶4퐴
푖
1 +퐶6퐴
푖
2
]
,
푏푝3,EW =
퐶퐹
푁2푐
[
퐶9퐴
푖
1 + 퐶7(퐴
푖
3 +퐴
푓
3 ) +푁푐퐶8퐴
푓
3
]
,
푏푝4,EW =
퐶퐹
푁2푐
[
퐶10퐴
푖
1 + 퐶8퐴
푖
2
]
, (2.109)
where the superscript 푖 and 푓 refers to gluon emission from initial and final state, respec-
tively. The subscript “푘” in 퐴푖,푓푘 instead refers to one of the three possible Dirac structures
Γ1⊗Γ2, which arise when the four-quark operators in the effective Hamiltonian are Fierz-
transformed into the form (푞¯1푏)Γ1(푞¯2푞3)Γ2 , such that the quarks in the first bracket refer
to the constituents of the 퐵¯ meson. Specifically, one has 푘 = 1 for (푉 − 퐴) ⊗ (푉 − 퐴),
푘 = 2 for (푉 −퐴)⊗ (푉 +퐴), and 푘 = 3 for (−2)(푆 − 푃 )⊗ (푆 + 푃 ).
The weak annihilation contributions contain endpoint divergences, too, which are
treated in the same way as in case of the spectator scattering, i.e. introducing a com-
plex parameter 푋퐴 (a different 푋퐿 is necessary in case of 푉 푉 final states, too), of order
ln(푚푏/ΛQCD). Specifically, they are introduced to regularize the following integrals:∫ 1
0
푑푦
푦
→ 푋푀1퐴 ,
∫ 1
0
푑푦
ln 푦
푦
→ −1
2
(푋푀1퐴 )
2,
∫ 1
0
푑푦
1
푦2
→ −푋푀1퐿 . (2.110)
The dependence on 푀1 here is left explicit, because in the phenomenological scenario
discussed in the next section a certain dependence on 푀1 is considered. In literature it is
possible to find exact expressions for the coefficients 퐴푖,푓푘 , before the distribution amplitude
momentum fraction integration [67,179]. Since the endpoint divergences introduce sizeable
uncertainties, it is sufficient to consider approximate expressions, that are intended as an
estimate of the weak annihilation contribution, rather than a precise result. These are
obtained by evaluating the convolution integral with the asymptotic expressions for the
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LCDA, with the results
퐴푖1 ≈ 퐴푖2 ≈ 2휋훼s
[
9
(
푋퐴 − 4 + 휋
2
3
)
+ 푟푀1휒 푟
푀2
휒 푋
2
퐴
]
,
퐴푓1 = 퐴
푓
2 = 0,
퐴푖3 ≈ 6휋훼s
(
푟푀1휒 − 푟푀2휒
)(
푋2퐴 − 2푋퐴 +
휋2
3
)
,
퐴푓3 ≈ 6휋훼s
(
푟푀1휒 − 푟푀2휒
) (
2푋2퐴 −푋퐴
)
, (2.111)
when both the final state mesons are pseudoscalar, and
퐴푖1 ≈ −퐴푖2 ≈ 6휋훼s
[
6
(
푋퐴 − 4 + 휋
2
3
)
+ 푟푀1휒 푟
푀2
휒
(
푋2퐴 − 2푋퐴
)]
,
퐴푓1 = 퐴
푓
2 = 0,
퐴푖3 ≈ 6휋훼s
[
−3푟푀1휒
(
푋2퐴 − 2푋퐴 −
휋2
3
+ 4
)
+ 푟푀2휒
(
푋2퐴 − 2푋퐴 +
휋2
3
)]
,
퐴푓3 ≈ 6휋훼s
[
3푟푀1휒 (2푋퐴 − 1) (2−푋퐴)− 푟푀2휒
(
2푋2퐴 −푋퐴
)]
, (2.112)
when푀1 is a vector and푀2 a pseudoscalar. We consider here as푀1 the meson containing
the antiquark from the weak vertex. In the opposite case in which 푀1 ia a pseudoscalar
and 푀2 a vector one has to exchange 푟
푀1
휒 ↔ 푟푀2휒 and to change the sign of 퐴푓3 . In case of
a final state with longitudinally polarized vector meson one obtains
퐴푓,01 ≈ 퐴푓,02 ≈ 18휋훼s
[(
푋퐴 − 4 + 휋
2
3
)
+ 푟푉1휒 푟
푉2
휒 (푋퐴 − 2)2
]
,
퐴푖,03 ≈ 18휋훼s
(
푟푉1휒 − 푟푉2휒
)(−푋2퐴 + 2푋퐴 − 4 + 휋23
)
퐴푓,03 ≈ 18휋훼s
(
푟푉1휒 + 푟
푉2
휒
)
(2푋퐴 − 1) (2−푋퐴) , (2.113)
while the case of vector mesons with negative helicity reads
퐴푖,−1 ≈ 퐴푖,−2 ≈ 18휋훼s
푚푉1푚푉2
푚2퐵
(
1
2
푋퐿 +
5
2
− 휋
2
3
)
,
퐴푖,−3 ≈ 18휋훼s
(
푚푉1
푚푉2
푟푉2휒 −
푚푉2
푚푉1
푟푉1휒
)(
푋2퐴 − 2푋퐴 + 2
)
,
퐴푓,−3 ≈ 18휋훼s
(
푚푉1
푚푉2
푟푉2휒 +
푚푉2
푚푉1
푟푉1휒
)(
2푋2퐴 − 5푋퐴 + 3
)
. (2.114)
We conclude the paragraph giving the result for the singlet weak annihilation term
푏푆3, that in our approximation is the only one considered. 푏푆1 and 푏푆1 are neglected not
because they are supposed to be small, but because they always appear with the large
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coefficients 훼1, 훼2. Its effect is limited to final states containing an 휂 or an 휂
′ meson and
it can be written as
푏푆3(푀1푃푞,푠) =
퐶퐹
푁2푐
(퐶5 +푁푐퐶6)5휋훼s퐵
푃푔
2 (휇ℎ)푋
푀1
퐴 , (2.115)
where 푃푞,푠 refer to the 휂 state, and 퐵
푝푔
2 (휇) comes from the Gegenbauer expansion of
a two-gluon distribution amplitude truncated at leading order, for which we assume
퐵
푝푔
2 (1GeV) = 2± 3.
2.3.5 Phenomenology
Input parameters
The expressions for the 푎푖(푀1푀2) coefficients quoted in section 2.3.4 depend on many
parameters. There are Standard Model parameters, like the CKM matrix elements, the
quark masses, the strong and electromagnetic coupling constant 훼s and 훼em, and hadronic
parameters, like the form factors, the decay constants and so on. In table 2.2 we give a
summary of the most relevant parameters needed for the numerical evaluation of the non-
leptonic 퐵 decay amplitudes. The aim of this section is to discuss briefly the origin of
these parameters, and their importance in the evaluation of the decay amplitudes.
Starting from the Standard Model parameters, We consider 퐺퐹 = 1.16639⋅10−5 GeV−2
[8]. Next, we define the quark masses as running masses in the MS scheme, while the value
of the QCD scale parameter corresponds to 훼s(푀푍) = 0.118 for the two-loop running
coupling in the MS scheme. The QCD scale is Λ
(5)
MS
= 225MeV, (MS scheme, five quark
flavours). The ratio 푠푐 = (푚
2
푐/푚
2
푏) needed for the calculation of the penguin contribution
is scale independent; the values of the light quark masses are defined such that 푟퐾휒 = 푟
휋
휒.
Among the Standard Model parameters, the decay amplitudes are most sensitive to the
value of 푚푠, which sets the scale for the ratio 푟휒 for pseudoscalar mesons, defined in (2.45).
Some branching ratios, and in particular the direct CP asymmetries, are also very sensitive
to ∣푉푢푏∣ and its phase, 훾 = arg(푉 ∗푢푏).
Larger uncertainties come from the hadronic parameters. While some of these could be
determined from experiment, like the decay constants and the transition form factors, in
many cases we use theoretical results derived in lattice QCD or with QCD sum rules. Only
the experimental results from the leptonic decays 휋− → 휇휈¯휇, 퐾− → 휇휈¯휇, the semi-leptonic
휏 → 휌−휈휏 decay, and the electromagnetic decays 푉 → 푒+푒− with 푉 = 휌0, 휔, 휙 are used to
determine the values of the decay constants of pseudoscalar and longitudinally polarized
vector mesons [157], that are known with a good accuracy, so that they can be considered
without uncertainties in the QCD factorization approach. We consider here the values
given in [67]. Transition form factors instead are taken from QCD sum rules [158–160] or
lattice QCD results, and have larger uncertainties, that often reflect in large uncertainties
in the decay amplitudes, too. We employ here the value used in [67,179]; in case of 푓⊥ we
take the updated values from [160].
A fundamental role in the numerical evaluation is played by the LCDAs and their
integration over the momentum fractions. The LCDA are usually expanded in Gegenbauer
polynomials, since the Gegenbauer moments are multiplicatively renormalized. We collect
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here the definitions of the LCDA entering in the equations of section 2.3.4. Starting from
the leading-twist distribution amplitudes, we have
Φ푃,푉,⊥(푥, 휇) = 6푥푥¯
[
1 +
∞∑
푛=1
훼푃,푉푛,(⊥)(휇)퐶
(3/2)
푛 (2푥− 1)
]
, (2.116)
where 푃, 푉,⊥ refer to a pseudoscalar, a longitudinally polarized vector or a transverse
vector meson; 퐶
(3/2)
푛 (푥) are the Gegenbauer polynomials, while 훼
푃,푉
푛,(⊥)(휇) are Gegenbauer
moments. In case of twist-3 distribution amplitudes one has7
Φ푝(푥) = 1,
Φ푣(푥) = 3
∞∑
푛=0
훼푉푛,⊥(휇)푃푛+1(2푥− 1), (2.117)
where 훼푉0,⊥ = 1, and 푃푛(푥) are the Legendre polynomials. Like Φ푝(푥), Φ푣(푥) does not
vanish at the endpoints; one has, however,∫ 1
0
푑푥Φ푣(푥) = 0, (2.118)
that is at the basis of the result for 푎6,8 in (2.85). Then, in case of decays into transverse
vector mesons, one needs also
휙푎(푢) =
∫ 1
푢
푑푣
Φ(푣)
푣
, 휙푏(푢) =
∫ 푢
0
푑푣
Φ(푣)
푣¯
. (2.119)
The LCDA expansion is usually truncated at the second Gegenbauer moment. These pa-
rameters are still rather poorly known, and experiments can put only indirect constraints
on them. Fortunately, the sensitivity of the decay amplitudes to these parameters turns
out to be small, except in case of the colour-suppressed tree amplitude 훼2, which shows a
considerable dependence on the first inverse Gegenbauer moment of the 퐵-meson distribu-
tion amplitude (휆퐵) and the second Gegenbauer moment of the light mesons through the
hard-spectator interaction. Gegenbauer moments are calculated by means of QCD sum
rules [163,168–173], or on the lattice [174,175]
As explained in section 2.3.4, the convolution integrals of twist-3 distribution ampli-
tudes involve endpoint divergences, that are parameterized by the unknown parameters
푋퐻,퐴,퐿 [65, 67, 179]. For phenomenological analyses these parameters are parameterized
as
푋푖 =
(
1 + 휚푖 푒
푖휑푖
)
ln
푚퐵
휆ℎ
, for 푖 = 퐻,퐴,
푋퐿 =
(
1 + 휚퐿 푒
푖휑퐿
) 푚퐵
휆ℎ
, (2.120)
7at twist-3 more LCDAs than shown here appear. Since we don’t consider three-particle distribution
amplitudes, the twist-3 distributions are related by the equations of motion. We show here only the ones
that appear explicitly in the formulas of section 2.3.4, and we refer to [65,67] for more details.
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where 휑푖 are arbitrary strong-interaction phases, and Λℎ = 0.5GeV. In the subsequent
chapters we will assume 휚퐻,퐿 = 0, while 휚퐴 is varied in the range 휚퐴 ≤ 1 (by default,
휚 = 1 for 푃푃 , 푃푉 , 푉 푃 final states and 휚 = 0.6 for 푉 푉 final states) and
휑퐴 =
⎧⎨⎩
−55∘, for 푀1푀2 = 푃푃,
−20∘, for 푀1푀2 = 푃푉,
−70∘ for 푀1푀2 = 푉 푃,
−40∘ for 푀1푀2 = 푉 푉,
(2.121)
Since the signs of these phases are not predicted, the signs of the CP asymmetries in
these parametrization must be taken with caution. Finally, according to the discussion
at the end of section 2.3.3, we will evaluate 훼s appearing in the spectator scattering and
in the annihilation amplitudes at the scale 휇ℎ ∼
√
푚푏ΛQCD =
√
휇Λℎ, while the Wilson
coefficients will be evaluated at the scale 휇.
In case of decays into final states containing 휂, 휂′ states, one needs more inputs about
their decay constants and form factors. Since this requires a throughout description of
the conventions adopted for their mixing, which is not needed here, we refer the reader to
the treatment given in the literature [66,67]. In table 2.2 some results are quoted without
derivation.
Finally, we mention that, because of the suppression of the positive helicity amplitude
with respect to the negative one, in case of decays into two vectors, we will assume for
this amplitude the naive factorization result, and we allow the corresponding form factor
to vary within the range 퐹퐵푉1+ = 0± 0.06, following [179].
Survey of theoretical predictions in the Standard Model
Non-leptonic 퐵 decays present a huge phenomenology due to the large number of final
states and observables that can be studied. A complete analysis of QCD factorization
predictions for these quantities is beyond the scope of this review chapter. Anyway, the
purpose of this section is to give a qualitative picture of the most important phenomeno-
logical aspects of these decays, and of the strategies that are used to avoid the theoretical
uncertainties appearing in QCD factorization.
Usually, the aim of phenomenological analyses of non-leptonic퐵 decays is to extract the
CKM matrix elements, or to point out possible new physics contributions. This is possible
if a successful prediction of the branching ratio and CP asymmetries can be performed,
and in turn it requires a theoretical control over the magnitudes and relative strong-
interaction phases of tree topologies, penguin topologies, electroweak penguin topologies,
and annihilation topologies. The fact that generically a given decay amplitude receives
several interfering contributions complicates the interpretation of the experimental data
in terms of flavour topologies. The largest theoretical uncertainties are expected for the
annihilation topology, whose strong phases are incalculable in QCD factorization. This
problem afflicts in general the whole prediction of strong phases, because, as anticipated
in section 2.2.3, they are either of order 훼s, and calculable, or of order ΛQCD/푚푏, and
incalculable; but since ΛQCD/푚푏 numerically is not much smaller than 훼s, in practice
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QCD scale and running quark masses (GeV)
Λ
(5)
MS
푚푏(푚푏) 푚푐(푚푏) 푚푠(2GeV) 푚푞/푚푠
0.225 4.2 1.3±0.2 0.090± 0.020 0.0413
CKM parameters
휆 ∣푉푐푏∣ ∣푉푢푏/푉푐푏∣ 훾 sin(2훽)
0.225 0.0415 ± 0.0010 0.085+0.025−0.015 (70± 20)∘ 0.673 ± 0.23
B meson parameters
퐵− 퐵¯0 퐵¯0푠
Lifetime 휏 [ps] 1.638 1.530 1.470
Decay constant 푓퐵[MeV] 210± 20 240± 20
휆퐵[MeV] 200
+250
−0 200
+250
−0
Pseudoscalar-meson decay constants and Gegenbauer moments
휋 퐾 휂 휂′
푓 [MeV] 131 160
푎1, 푎1,⊥[MeV] 0 0.06± 0.06 0 0
푎2, 푎2,⊥[MeV] 0.20± 0.15 0.20± 0.15 0± 0.3 0± 0.3
Vector-meson decay constants and Gegenbauer moments
휌 퐾∗ 휔 휙
푓 [MeV] 209 ± 1 218 ± 4 187± 3 221 ± 3
푓⊥[MeV] 165 ± 9 185± 10 151± 9 186 ± 9
푎1, 푎1,⊥[MeV] 0 0.06± 0.06 0 0
푎2, 푎2,⊥[MeV] 0.1± 0.2 0.1± 0.2 0± 0.3 0± 0.3
Pseudoscalar-meson form factor at 푞2 = 0
퐵 → 휋 퐵 → 퐾 퐵푠 → 퐾¯ 퐵 → 휂 퐵 → 휂′
푓+[MeV] 0.25 ± 0.05 0.34 ± 0.05 0.31 ± 0.05 ∼ 0.23 ∼ 0.19
Vector-meson form factor at 푞2 = 0
퐵 → 휌 퐵 → 퐾∗ 퐵 → 휔 퐵푠 → 퐾¯∗ 퐵푠 → 휙
퐴0[MeV] 0.30
+0.07
−0.03 0.39 ± 0.06 0.25+0.07−0.03 0.33 ± 0.05 0.38+0.10−0.02
푓+[MeV] 0.00 ± 0.06 0.00 ± 0.06 0.00 ± 0.06 0.00 ± 0.06 0.00 ± 0.06
푓−[MeV] 0.55 ± 0.06 0.68 ± 0.07 0.50 ± 0.05 0.53 ± 0.05 0.65+0.14−0.00
Table 2.2: Summary of the theoretical input parameters for non-leptonic 퐵 meson decays into
two light mesons. All scale-dependent quantities refer to 휇 = 2GeV unless otherwise stated. The
values are taken from the papers cited in the text, or from [8] if not indicated otherwise.
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the two contribution can be of the same order, and a large uncertainty arises. Given
this limitation, it is important to test the reliability of QCD factorization prediction in
decays that are dominated by only one flavour topology, so that no interference with other
topologies arise. This can probe the magnitude of the single topologies, while leaving
the relative strong phases undetermined. From a practical point of view, the strategy to
achieve this is often to consider ratios of branching ratios and CP asymmetries, in order
to extract a single flavour topology or to cancel, in the ratio, the dependence on hadronic
parameters like the form factors, that can be the source of other uncertainties.
Considering now more in detail specific decay channels, the Δ푆 = 1 decays are always
penguin dominated, and typically have “large” branching ratios of order few times 10−6 to
few times 10−5. To this categories belong decay modes like 퐵¯ → 휋퐾¯, 퐵¯ → 퐾¯휔, 퐵¯ → 퐾¯휙
decays. The theoretical predictions for these modes often suffer from large uncertainties
due to the 푠-quark mass and due to power corrections contributing to the weak annihilation
coefficient 훽푐3, which is part of the dominant penguin amplitude 훼ˆ
푐
4 = 훼
푐
4 + 훽
푐
3. These two
sources of uncertainties are almost fully correlated among the various decay channels,
since they always contribute to the penguin coefficients 훼ˆ푐4. The standard strategy to
reduce these uncertainties is to extract from data the magnitude and strong phases of the
dominant penguin contributions. Besides these decay modes, there are also a few Δ퐷 = 1
decays which are penguin or annihilation dominated, like the 퐵¯ → 퐾퐾¯ decays; they show
in general large theoretical uncertainties, but the experimental data available can be used
to constrain the annihilation parameters.
Most of the Δ퐷 = 1 decays are instead tree dominated. This implies that they do not
suffer from a large sensitivity to light quark masses or chirally-enhanced power corrections.
In many cases the dominant theoretical uncertainties arise from the variation of the CKM
parameters or form factors and decay constants. While the latter source of uncertainty
can be reduced, as long as better data on semileptonic or leptonic 퐵 decays becomes
available, the sensitivity to CKM parameters is not a theoretical limitation, but rather
provides access to ∣푉푢푏∣ and 훾.
Decays into final states containing 휂 or 휂′ mesons require particular care, because they
are characterized by a complicated interplay of many different flavour topologies, and
suffer from additional large theoretical uncertainties due to 휂 − 휂′ mixing, the two-gluon
component in the 휂(
′) wave-functions, and the annihilation contribution to the 퐵 → 휂(′)
semileptonic form factor.
In view of the analyses on possible new physics contributions to these decays, performed
in chapters 4, 5 and 6, we conclude this survey by pointing out the somewhat unpleasant
situation, according to which most of the new physics models predict new physics in the
Δ푆 = 1 decay channels, which present the largest uncertainties. Indeed, most of the
Δ퐷 = 1 decay modes are in good agreement with experiment, while in a number of cases
deviations from the theoretical predictions arise, at the ∼ 2휎 level, in the Δ푆 = 1 decay
modes, so that a clearer picture can arise only from increased experimental statistics, and
from an improvement of the theoretical methods.
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Chapter 3
QCD factorization for Exclusive
풃→ 풄풄¯푫 decays
3.1 Introduction
퐵 → 푐푐¯퐷 transitions, with 퐷 = 푑, 푠, are phenomenologically very interesting. They are
responsible for decays into charmonium states and a light meson, such as e.g. 퐵 → 퐽/휓퐾푆 ,
wich are dominated by a single CKM factor and therefore offer a phenomenologically clean
way to extract the CKM angle 훽. Moreover, the dominant contribution to the amplitude
comes from the colour-suppressed tree topology, so that they can give more insight into the
features of this flavour amplitude, in which non-factorizable corrections play an important
role.
Here we are mainly concerned with the factorization properties of these decays, that
are also very interesting, because of the many scales involved in the process: indeed, a
proper theoretical treatment of these decays involves an interplay between various effective
field theories, the heavy-quark effective field theory for the description of the 퐵 meson,
the NRQCD for the description of the charmonium states, and the soft-collinear effective
field theory for the light meson; these decays offer therefore a unique system where the
ideas behind these theories, and behind factorization, can be tested.
As explained in chapter 2, the idea at the basis of factorization, in case of exclusive
퐵 decays into two light mesons, 퐵 → 푀1푀2, is that the quark-antiquark progenitor of
the “emitted” meson escapes the decay region as an object of small transverse size, which
remains invisible to soft-gluon interactions with the 퐵 → 푀1 transition. In section 2.2.2
we have shown that the argument extends to any colour-singlet object 푀2 that is small
compared to the inverse strong interaction scale, 1/Λ, and therefore it should hold for
decays into a charmonium state and a light meson, 퐵¯ → 퐻푀1, [64], because in the heavy-
quark and non-relativistic limit an onium is still a compact object, whose Bohr radius is
of order 1/(푚푐푣)≪ 1/Λ.
This expectation has been confirmed for decays to the 푆-wave charmonia 퐽/휓 and
휂푐 by explicit next-to-leading order (NLO) calculations [188–190].
1 However, when the
1Some of these papers use a light-cone rather than non-relativistic description of the charmonium, but
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퐵 →푀1 퐽/휓 휓(2푆) 휂푐 휂푐(2푆)
퐵− → 퐾− 10.26 ± 0.37 6.32 ± 0.37 9.8 ± 1.3 3.4 ± 1.8
퐵¯0푑 → 퐾¯0 8.63 ± 0.35 6.55 ± 0.66 8.7 ± 1.9 —
퐵− → 휋− 0.48 ± 0.04 — — —
퐵¯0푑 → 휋0 0.20 ± 0.02 — — —
휒푐0 휒푐1 휒푐2 ℎ푐
퐵− → 퐾− 1.88 ± 0.30 5.01 ± 0.37 < 0.30 < 0.38
퐵¯0푑 → 퐾¯0 < 12.4 3.96 ± 0.43 < 0.41 —
퐵− → 휋− < 0.61 0.22 ± 0.05 — —
퐵¯0푑 → 휋0 — — — —
Table 3.1: Averages of 퐵 → charmonium 퐾,휋 branching fraction data in units of 10−4, taken
from the Heavy Flavour Averaging Group [44]. The original experimental results can be found
in [204–225]. The limit for ℎ푐 assumes Br (ℎ푐 → 휂푐훾) = 0.5.
formalism was applied to 푃 -wave charmonium states [191–194, 196, 197] infrared (IR)
divergences appeared that seem to violate factorization2.
In [125] we have revisited this problem and shown that factorization is recovered, if one
includes the charmonium bound-state scales 푚푐푣, 푚푐푣
2 (with 푣 a characteristic velocity
of the charm quark in the bound state, 푣 ≪ 1) into the theoretical framework. These
scales are assumed to be intermediate between the heavy quark masses 푚푏, 푚푐 and the
strong interaction scale Λ. The divergence structure described above bears resemblance
with inclusive charmonium decay or production in the colour-singlet model. As is well-
known, the IR divergence problem in the 푃 -wave colour-singlet amplitudes is resolved
by the introduction of colour-octet operators [200], and a similar mechanism is at work
for 퐵 → 퐻푀1. However, there is an important difference between 푃 -wave charmonium
production in inclusive 퐵 decay [201, 202] and exclusive decays. While in the former the
charmonium decouples from the inclusive 퐵 → 푋 transition below the heavy quark mass
scale, or at least is assumed to in previous treatments, this decoupling takes place for
exclusive decays only below the scale of the binding energy 푚푐푣
2, since gluons with this
energy can reconnect to the 퐵퐾 system. In the (formal) heavy-quark limit this effect is
perturbatively calculable since푚푐푣
2 ≫ Λ; in the real world, however, 푚푐푣2 ∼ Λ, and hence
reliable calculations appear to be hard to come by for decays to charmonium, contrary to
decays to light 푀2.
this does not affect the conclusion.
2퐵 decays into charmonium states and a kaon were studied also in [195], in the context of perturbative
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3.1 Introduction 57
In Table 3.1 we collect the current branching fraction measurements for some of the
decays in question, [204–225], including the 푆-wave final states. Considering in particu-
lar the case 푀1 = 퐾, and comparing 휒푐1 to the 푆-waves, we conclude that the 푃 -wave
suppression is almost absent. The pattern of 푃 -wave results then is even more striking,
if one recall that in naive factorization only the 휒푐1 state is produced. All these consid-
erations suggest the existence of significant decay amplitudes beyond naive factorization
and, indeed, the colour-octet contributions that we have identified in [125] may well be the
dominant decay amplitudes, although they turn out to be hard to calculate for real-world
charmonium. Nevertheless, it is interesting to see whether something can be said from
theory that may help to understand the pattern of experimental data.
The infrared divergence in hard spectator-scattering is actually an endpoint diver-
gence in a momentum-fraction convolution integral. Such endpoint divergences prohibit
hard-scattering factorization of power-suppressed effects in non-leptonic 퐵 decays to light
mesons [63], and of 퐵 to light meson form factors even at leading power [148,226]. Under-
standing whether and how such endpoint divergences can be factorized remains a major
challenge to theory. In 퐵 decays to 푃 -wave charmonia the endpoint singularity also arises
at leading order in the Λ/푚푏 expansion. In [125] we have shown that it can be factorized
into the matrix elements of colour-octet operators. This is of some conceptual interest,
since it is not known in general how to factorize endpoint divergences.
Factorization of 퐵 decays to charmonium have been discussed recently also in [198,
199]. The first of these papers deals with the leading order in the non-relativistic velocity
expansion applicable to decays to 푆-wave charmonia, but does not address 푃 -waves. The
second considers the leading term in an expansion in 푚푐/푚푏, which is identical to the
case of two light final state mesons [63], but the limit 푚푐/푚푏 → 0 is different from the
assumption 푚푐/푚푏 fixed (while 푚푏 becomes large) that we make in [125] and here. While
it is evident that 퐵 decays to 푃 -wave charmonia do not factorize at the heavy-quark mass
scale due to the infrared divergences mentioned above, the concern in was to show that
perturbative factorization is recovered when 푚푐푣
2 ≫ Λ as conjectured in [64]. Corrections
to naive factorization for 퐵 decays to charmonium have also been estimated with light-
cone QCD sum rules [227–229], but with this method the issue of infrared singularities in
the QCD factorization result is not addressed.
The purpose of this chapter is to review and extend the analysis we performed in
[125]. Our attention, there, was in fact centered on the factorization properties of decays
into charmonium 푃 wave states and a kaon, in order to address the problem raised in
[191–194, 196, 197]. We find however more interesting to organize this chapter as a more
comprehensive analysis of the whole class of 퐵 → 퐻푀1 decays, with 푀1 a pseudoscalar
non-singlet meson, i.e.푀1 = 퐾,휋. This allows us to include a phenomenological discussion
about decays into 푆-wave states and a light meson, whose NLO (exclusive) amplitude, that
we present here, has not yet appeared elsewhere in terms of a non-relativistic formulation
for the treatment of the charmonium states. Despite the absence of infrared divergences,
i.e. of a leading contribution from colour-octet operators, these decays, too, turn out to
be difficult to be computed precisely, and it may be interesting to compare their features
with respect to the 푃 -wave case. Also, the inclusion of decays in which 푀1 = 휋 can offer
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some more insight in the analysis of the spectator scattering contribution to these decays.
3.2 Operator definitions and tree-level results
3.2.1 Effective Hamiltonian and kinematics
Since we are interested to study the factorization properties of these decays, it is suffi-
cient to consider the following effective weak–interaction Hamiltonian for the 푏 → 푐푐¯퐷
transition:
ℋeff = 퐺퐹√
2
푉푐푏푉
∗
푐퐷(퐶1푄1 + 퐶2푄2), (3.1)
with
푄1 = (푐¯푖푏푖)푉−퐴(퐷¯푗푐푗)푉−퐴, 푄2 = (푐¯푖푏푗)푉−퐴(퐷¯푗푐푖)푉−퐴, (3.2)
neglecting the contributions from the penguin operators. This is a very good approxi-
mation, given that their Wilson coefficients are one order of magnitude smaller than the
large 퐶1 coefficient. In fact, it has been shown in [188–190,196] that penguin contributions
constitute at most a few per cent of the total amplitude, and, as we will see in section 3.6,
this is in any case beyond the precision one can reach in the calculation of these decays.
The following notation is adopted for the kinematics of the two-body decay process
퐵 → 퐻푀1: 푝퐵 is the momentum of the 퐵 meson, 푤휇 ≡ 푝휇퐵/푀퐵 its velocity with 푤2 = 1;
푞 is the momentum of the charmonium, with 푣휇 ≡ 푞휇/푀퐻 the charmonium 4-velocity
(푀퐻 being the charmonium mass) with 푣
2 = 1; 푙휇 defines the relative momentum of the
푐 quark inside the charmonium, so that 푝푐 = 푞/2 + 푙, 푝¯푐 = 푞/2 − 푙 with 푞 ⋅ 푙 = 0; 푝 is
the momentum of the meson 푀1. Since kaon and pion mass effects can be neglected in
the heavy quark limit, the vector 푛휇− = 푝휇/퐸푀1 (퐸푀1 being the meson 푀1 energy in the
퐵 rest frame) is light-like. The opposite-pointing light-like vector is denoted by 푛휇+ with
푛− ⋅ 푛+ = 2. We also define 푧 = 4푚2푐/푚2푏 , equal to 푀2퐻/푀2퐵 up to corrections of order3
Λ/푚푏 and 푣
2. From energy-momentum conservation
퐸푀1 =
푛+ ⋅ 푝
2
=
푀2퐵 −푀2퐻
2푀퐵
, 푛− ⋅ 푣 = 1
푛+ ⋅ 푣 =
푀퐵
푀퐻
. (3.3)
For any vector 푎 (or Lorentz index 휇) the components transverse to 푛− and 푛+ are denoted
by 푎⊥ (휇⊥), for those orthogonal to 푣 we use 푎⊤ (휇⊤). Thus
푎휇 = 푎휇⊥ +
푛+ ⋅ 푎
2
푛휇− +
푛− ⋅ 푎
2
푛휇+ = 푎
휇
⊤ + 푣 ⋅ 푎 푣휇. (3.4)
3Note the dual use of 푣: in power-counting estimates 푣 denotes the small relative velocity of the
heavy quarks in the charmonium in the rest frame of the charmonium. In kinematical relations 푣 is the
charmonium velocity vector.
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3.2.2 SCET/NRQCD operator definitions
In the following we assume the bottom and charm quark masses to be heavy, with 푚푐/푚푏
fixed in the heavy-quark limit. Integrating out the heavy quark mass scales 푚푏, 푚푐 leads
to an effective theory, in which the 푏 quark is static as in heavy-quark effective theory,
the charm quarks are non-relativistic (in their center-of-mass frame) as in NRQCD and
the light quarks are collinear (or soft) as in soft-collinear effective theory (SCET). The
situation is similar to the corresponding one for charmless 퐵 decays, [91,92,136] except that
the meson that does not absorb the spectator quark is now described by non-relativistic
rather than collinear fields.
The construction of operators representing the four-quark transitions in the effective
theory below the heavy quark scale can be done following the same procedure explained
in section 2.3.3. The only difference is that the quark-antiquark bilinear necessary for the
creation of the light meson 푀2 in the collinear-2 sector, (휒푊푐2)(푡푛−)푛/−(1±훾5)(푊 †푐2휒)(0),
has now to be substituted with non-relativistic bilinears, responsible for the creation of
a heavy quark-antiquark pair in a definite angular momentum state. Here we need to
introduce the following colour-singlet bilinears,
풪(1푆(0)0 ) ≡ 휓†푣 [훾5]휒푣,
풪(3푆(1)1 ) ≡ 휓†푣
[
푛−휇훾
휇
⊤
]
휒푣,
풪(1푃 (1)1 ) ≡ 휓†푣
[
푛−휇
(
− 푖
2
) ↔
퐷
휇
⊤ 훾5
]
휒푣,
풪(3푃 (1)0 ) ≡ 휓†푣
[
− 1√
3
(
− 푖
2
) ↔
퐷/⊤
]
휒푣,
풪(3푃 (1)1 ) ≡ 휓†푣
[
푛−휇
2
√
2
(
− 푖
2
)[↔
퐷/⊤, 훾
휇
⊤
]
훾5
]
휒푣,
풪(3푃 (1)2 ) ≡ 휓†푣
[
푛−휇푛−휈
(
− 푖
2
)
↔
퐷
(휇
⊤ 훾
휈)
⊤
]
휒푣, (3.5)
where 휓 and 휒 are non-relativistic quark and anti-quark spinor fields, respectively,4 and
we have used the spectroscopy notation 2푆+1퐿퐽 , with 푆 indicating the spin, 퐿 the orbital
angular momentum, and 퐽 the total angular momentum. Beside these bilinears, charmo-
nium (푃 -wave) production through colour-octet operators requires to consider also the
following colour-octet bilinears:
풪(1푆(8)0 ) ≡ 휓†푣
[
훾5푇
퐴
]
휒푣,
풪(3푆(8)1 ) ≡ 휓†푣
[
푛−휇훾
휇
⊤푇
퐴
]
휒푣,
풪휇(1푆(8)0 ) ≡ 휓†푣
[
푣휇훾5푇
퐴
]
휒푣,
4
↔
퐷
(휇
⊤ 훾
휈)
⊤
denotes the symmetric, traceless part of the tensor
↔
퐷
휇
⊤ 훾
휈
⊤.
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풪휇(3푆(8)1 ) ≡ 휓†푣
[
훾휇⊤푇
퐴
]
휒푣. (3.6)
In the following it is convenient to use a covariant generalization of the NRQCD La-
grangian, in order to describe the charm-anticharm pair in the 퐵 meson rest frame; thus,
the non-relativistic fields introduced so far are four-component spinors satisfying ∕푣 휓푣 = 휓푣
and ∕푣 휒푣 = −휒푣. In the charmonium rest frame 푣 = (1,0) the non-zero spinor components
reduce to the familiar non-relativistic two-spinors, and the ⊤ components of a contravari-
ant index equal the spatial components. For more detail on the NRQCD conventions used
we refer to the appendix A.3.
The 퐵 →푀1 transition instead is completely equivalent to the one occurring in charm-
less 퐵 decays, so that we can construct the heavy-to-light transition in terms of the A0- and
B1-type SCETI currents, as explained in section 2.3.3. Merging the two pieces together,
we obtain the following colour-singlet operators
풪퐴(2푆+1퐿(1)퐽 ) =
[
퐶˜
(퐴0)
푓+
(휉¯푊푐)푛/+(1− 훾5)ℎ푤 − 1
푚푏
∫
푑푠ˆ 퐶˜
(퐵1)
푓+
(푠ˆ)
(휉¯푊푐)푛/+[푊
†
푐 푖퐷/⊥푊푐](푠푛+)(1 + 훾5)ℎ푤
]
풪(2푆+1퐿(1)퐽 ), (3.7)
풪퐵(2푆+1퐿(1)퐽 )(푠) =
1
푚푏
(휉¯푊푐)
푛/+
2
[푊 †푐 푖퐷/⊥푊푐](푠푛+)(1 + 훾5)ℎ푤 풪(2푆+1퐿(1)퐽 ), (3.8)
with 퐿 = 푆,푃 , associated with the vertex and spectator-scattering amplitudes that have
been considered in previous works [191–194, 196, 197]. The operators 풪퐴(2푆+1퐿(1)퐽 ) are
written in such a way that their tree-level matrix elements are proportional to the form
factor 푓퐵푀1+ (푀
2
퐻) times the derivative of the quarkonium wave function at the origin,
since the expression in square brackets in (3.7) is the SCET representation of the full
QCD form factor [156]. The effective vertices generated by the 퐴- and 퐵-type operators
(in light-cone gauge, where 푊푐 = 1) are shown in Figure 3.1. New and central for the
discussion of 푃 -wave production are the colour-octet operators
풪퐴∥ (2푆+1푆(8)퐽 ) = (휉¯푊푐)푛/+(1− 훾5)푇퐴ℎ푤풪(2푆+1푆(8)퐽 ),
풪퐴⊥(2푆+1푆(8)퐽 ) = (휉¯푊푐)훾⊥휇(1− 훾5)푇퐴ℎ푤풪휇(2푆+1푆(8)퐽 ), (3.9)
constructed from an A-type SCETI current and the colour-octet bilinears in (3.5). Ac-
cording to the assumption that charmonium is a Coulomb bound state, there exist two
sets of low-energy scales, 푚푐푣,푚푐푣
2 ≫ Λ related to the non-relativistic expansion and√
푚푏Λ, Λ, related to the collinear expansion and the strong-interaction scale. In the case
of charmless decays the matrix elements of colour-octet operators can be non-zero only
due to power-suppressed soft-gluon interactions, where soft means momentum of order Λ,
thus they can be neglected at leading order in the Λ/푚푏 expansion. For charmonium,
however, the decoupling of gluons with small momentum holds only when the momentum
is much smaller than 푚푐푣
2; gluons with momentum 푚푐푣
2 contribute to the octet operator
matrix elements even at leading order in Λ/푚푏. These contributions are subleading in 푣,
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Figure 3.1: Vertices corresponding to the 퐴- and 퐵-type operators.
but so are the 푃 -wave operators due to the extra derivative in 풪(2푆+1푃 (1)퐽 ), hence the
gluon-exchange contribution to the 푆-wave octet operators is relevant at leading order in
the velocity expansion to 푃 -wave charmonium production.
Concentrating on the terms relevant to 푃 -wave production at leading (non-vanishing)
order in the 푣 and Λ/푚푏 expansion, the effective weak-interaction Hamiltonian below the
heavy quark mass scale is therefore given by
ℋ(푃 )eff =
퐺퐹√
2
푉푐푏푉
∗
푐푠
∑
푆,퐽
{
풞퐴(2푆+1푃 (1)퐽 )풪퐴(2푆+1푃 (1)퐽 )
+
∫
푑푠ˆ 풞˜퐵(2푆+1푃 (1)퐽 )(푠ˆ)풪퐵(2푆+1푃 (1)퐽 )(푠) (3.10)
+ 풞퐴∥ (2푆+1푆(8)퐽 )풪퐴∥ (2푆+1푆(8)퐽 ) + 풞퐴⊥(2푆+1푆(8)퐽 )풪퐴⊥(2푆+1푆(8)퐽 )
}
,
where we introduced the short-distance coefficients 풞 and 푠ˆ ≡ 푛+ ⋅ 푝 푠 =푀퐵푠.
In principle, it is possible to consider a similar production process for charmonium 푆-
wave states, i.e. their production through colour octet 푃 -wave operators, that subsequently
are converted into an 푆-wave state through the exchange of a soft gluon. In this case
however the process is suppressed by two powers of 푣, one due to the soft-gluon exchange,
and the other from the suppression of 푃 -wave operators with respect to the 푆-wave ones.
These corrections are therefore subleading and we will not consider them in this work,
even if their contribution to the total amplitude may be of some importance, and we will
clarify why later. Therefore, to first power in 푣, the effective Hamiltonian for 푆-wave
production reads
ℋ(푆)eff =
퐺퐹√
2
푉푐푏푉
∗
푐푠
∑
푆,퐽
{
풞퐴(2푆+1푆(1)퐽 )풪퐴(2푆+1푆(1)퐽 )
+
∫
푑푠ˆ 풞˜퐵(2푆+1푆(1)퐽 )(푠ˆ)풪퐵(2푆+1푆(1)퐽 )(푠)
}
. (3.11)
3.2.3 Tree-level matching of 푨-type operators
The leading-order matching coefficients 풞퐴 are found by comparing the 푏 → 푐(푝푐)푐¯(푝푐¯)퐷
tree amplitude (topology as in the left diagram of Figure 3.1) computed with the effective
62 Chapter 3. QCD factorization for Exclusive 풃→ 풄풄¯푫 decays
Hamiltonian (3.1) to the corresponding amplitude from (3.10), (3.11). The result for the
colour-singlet operators is:
풞퐴0 (1푆(1)0 ) = −
1
2
√
푧
(
퐶2 +
퐶1
푁푐
)
,
풞퐴0 (3푆(1)1 ) =
1
2
(
퐶2 +
퐶1
푁푐
)
,
풞퐴0 (3푃 (1)1 ) = −
√
2
푚푏
√
푧
(
퐶2 +
퐶1
푁푐
)
,
풞퐴0 (1푃 (1)1 ) = 풞퐴0 (3푃 (1)0 ) = 풞퐴0 (3푃 (1)2 ) = 0, (3.12)
while in case of the 푆-wave colour octet operators one finds
풞퐴∥ (1푆(8)0 ) = −
1
2
√
푧
(2퐶1) , 풞퐴⊥(1푆(8)0 ) = − (2퐶1) ,
풞퐴∥ (3푆(8)1 ) =
1
2
(2퐶1) , 풞퐴⊥(3푆(8)1 ) = (2퐶1) . (3.13)
Since the matrix elements of the colour-octet operators and spectator-scattering are both
suppressed by a factor of 훼푠, this reproduces the well-known result from naive factorization
that only the 푆-wave and the 휒푐1 states are produced at leading order.
3.2.4 Estimate of the branching fraction
The leading-order decay amplitude is now given by the expression
풜LO퐵→퐻(2푆+1퐿퐽)푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠 풞퐴0 (2푆+1퐿(1)퐽 ) ⟨퐻(2푆+1퐿퐽)푀1∣풪퐴(2푆+1퐿(1)퐽 )∣퐵¯⟩. (3.14)
The hadronic matrix element factorizes at leading order in the expansion in Λ/푚푏 and 훼푠
according to
⟨퐻(2푆+1퐿퐽)푀1∣풪퐴(2푆+1퐿(1)퐽 )∣퐵¯⟩
= ⟨푀1∣
[
퐶˜
(퐴0)
푓+
(휉¯푊푐)푛/+(1− 훾5)ℎ푤 − 1
푚푏
∫
푑푠ˆ 퐶˜
(퐵1)
푓+
(푠ˆ) (3.15)
× (휉¯푊푐)푛/+[푊 †푐 푖퐷/⊥푊푐](푠푛+)(1 + 훾5)ℎ푤
]
∣퐵¯⟩ ⟨퐻(2푆+1퐿퐽)∣풪(2푆+1퐿(1)퐽 )∣0⟩,
where the first factor reduce to the QCD 퐵 →푀1 form factor,
⟨푀1∣
[
퐶˜
(퐴0)
푓+
(휉¯푊푐)푛/+(1− 훾5)ℎ푤 − 1
푚푏
∫
푑푠ˆ 퐶˜
(퐵1)
푓+
(푠ˆ)
× (휉¯푊푐)푛/+[푊 †푐 푖퐷/⊥푊푐](푠푛+)(1 + 훾5)ℎ푤
]
∣퐵¯⟩
= 2푀퐵
(
1− 푀
2
퐻
푀2퐵
)
푓퐵푀1+ (푀
2
퐻), (3.16)
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and the second factor reduce to the charmonium wave function at the origin, or its deriva-
tive, depending if one consider 푆- or 푃 -wave production:
⟨휂푐∣풪(1푆(1)0 )∣0⟩ = ⟨풪(1푆(1)0 )⟩,
⟨퐽/휓∣풪(3푆(1)1 )∣0⟩ = 푛− ⋅ 휀 ⟨풪(1푆(1)0 )⟩, (3.17)
⟨ℎ푐∣풪(1푃 (1)1 )∣0⟩ = 푛− ⋅ 휀 ⟨풪(3푃 (1)0 )⟩,
⟨휒푐0∣풪(3푃 (1)0 )∣0⟩ = ⟨풪(3푃 (1)0 )⟩,
⟨휒푐1∣풪(3푃 (1)1 )∣0⟩ = 푛− ⋅ 휀 ⟨풪(3푃 (1)0 )⟩,
⟨휒푐2∣풪(3푃 (1)2 )∣0⟩ = 푛휇−푛휈−휀휇휈 ⟨풪(3푃 (1)0 )⟩, (3.18)
with
⟨풪(1푆(1)0 )⟩ =
√
2푁푐
√
2푀휂푐
√
1
4휋
푅10(0),
⟨풪(3푃 (1)0 )⟩ =
√
2푁푐
√
2푀휒푐0 (−푖)
√
3
4휋
푅′21(0). (3.19)
Here spin symmetry of the leading non-relativistic interactions has been used to write
the six matrix elements in terms of ⟨풪(1푆(1)0 )⟩ and ⟨풪(3푃 (1)0 )⟩, or equivalently 푅10(0) and
푅′21(0), where 푅푛푙(푟) denotes the radial Schro¨dinger wave function of the 푛-th, 푙-th state,
and the prime denotes a derivative.
Squaring the amplitude, integrating over the two-body phase space, where we neglect
the light meson 푀1 mass, and summing over the charmonium polarizations with the help
of
PolSum[퐻(2푆+1퐿퐽)] =
⎧⎨⎩
1 퐻 = 휂푐, 휒푐0
1∑
휆=−1
∣푛− ⋅ 휀(휆)∣2 = 푀
2
퐵
푀2퐻
퐻 = 퐽/휓, ℎ푐, 휒푐1
2∑
휆=−2
∣∣푛휇−푛휈−휀휇휈(휆)∣∣2 = 2푀4퐵3푀4휒푐2 퐻 = 휒푐2
(3.20)
we obtain the branching fraction
Br (퐵¯ → 퐻(2푆+1퐿퐽)푀1) = 휏퐵 퐺
2
퐹
2
∣푉푐푏푉 ∗푐푠∣2
푀2퐵 −푀2퐻
16휋푀3퐵
∣∣∣풞퐴0 (2푆+1퐿(1)퐽 )∣∣∣2
×PolSum[퐻(2푆+1퐿퐽)]
[
2푀퐵
(
1− 푀
2
퐻
푀2퐵
)
푓퐵푀1+ (푀
2
퐻) ⟨풪(2푆+1퐿(1)퐽 )⟩
]2
, (3.21)
where, using the relations (3.17), (3.18), ⟨풪(2푆+1퐿(1)퐽 )⟩ = ⟨풪(1푆(1)0 )⟩ for 푆-waves and
⟨풪(2푆+1퐿(1)퐽 )⟩ = ⟨풪(3푃 (1)0 )⟩ for 푃 -waves.
The branching ratio in (3.21) at leading order are different from zero only for the 푆-
wave and the 휒푐1 states, due to (3.12). With parameters as given in section 3.6, varying
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퐵 →푀1 퐽/휓 휓(2푆) 휂푐 휂푐(2푆) 휒푐1
퐵¯0푑 → 퐾¯0 1.19 – 6.75 0.67 – 3.82 0.77 – 6.37 0.62 – 5.09 0.13 – 1.06
퐵¯0푑 → 휋0 0.04 – 0.22 0.02 – 0.12 0.03 – 0.21 0.02 – 0.16 0.004 – 0.03
Table 3.2: Theoretical predictions for the tree level branching ratio, according to (3.21). The two
values for each decay mode represent the results for 휇 = 2 GeV, 푚푐 = 1.75 GeV and 휇 = 4.8 GeV,
푚푐 = 1.45 GeV respectively.
the renormalization scale 휇 between 2 and 4.8 GeV, and 푚푐 between 1.45 and 1.75 GeV,
we find the results in table 3.2. The largest uncertainty arises from the scale-dependence of
the “colour-suppressed” Wilson coefficient 퐶2 +퐶1/푁푐. In case of 푆-wave production the
naive factorization prediction is around two times smaller than the experimental result,
indicating the importance of the NLO corrections, as expected for colour-suppressed decay
modes. In case of 푃 wave, however, the difference is at least a factor of four smaller than
the experimental result; this analysis shows that (naively) non-factorizable dynamics, such
as radiative corrections, spectator-scattering, and the colour-octet contributions constitute
even the dominant contribution to the decay amplitude, in this case.
3.2.5 Overview of next-to-leading order terms: 푷 -waves
Due to the different power-counting for 푆- and 푃 -wave production, resulting in the two
different Hamiltonians (3.10), (3.11), we prefer to discuss the two cases separately, starting
from 푃 -waves that involve the new production mechanism through colour-octet operators
introduced in [125].
The leading contribution to (3.10) comes from the colour-singlet 푃 -wave A-type oper-
ators 풪퐴(2푃+1푃 (1)퐽 ). Not including the fields themselves in the power-counting estimate,
this contribution is of order 훼0푠푣, where the factor 푣 arises from the derivatives in the
non-relativistic 푃 -wave operators (3.5) and the factor 훼0푠 is from the tree-level coefficient
function. Corrections to the leading order start at order 훼푠푣 and in [125] we have shown
that they can be consistently computed, when 푚푐푣
2 ≫ ΛQCD, if the following contribu-
tions are included:
1. One-loop corrections to the short-distance coefficients 풞퐴(2푆+1푃 (1)퐽 ) of the 푃 -wave
colour-singlet operators (“vertex corrections”):
풜hard vertex퐵→퐻(2푆+1푃퐽)푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠 풞퐴(2푆+1푃 (1)퐽 )∣one−loop ⟨풪퐴(2푆+1푃 (1)퐽 )⟩∣tree, (3.22)
where ⟨...⟩ ≡ ⟨퐻(2푆+1푃 (1)퐽 )푀1∣...∣퐵¯⟩ and ⟨풪퐴(2푆+1푃 (1)퐽 )⟩∣tree equals the factorized
matrix element (3.15).
Loop corrections to the matrix elements of these operators need not be considered. In
particular, corrections to the factorization relation (3.15) are suppressed by powers
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of Λ/푚푏, 푣 or 훼
2
푠, where the two powers of the coupling arise from the vanishing
colour-projection of one-gluon exchange.
2. The tree-level matrix element of the B-type 푃 -wave colour-singlet operators
풪퐵(2푆+1푃 (1)퐽 ) is of order 훼푠, since one factor of 푔푠 is in the definition of the operator
and another is provided by the coupling of the collinear gluon to the spectator-
quark line (“spectator-scattering”). The B-type form factor is of the same order
as 푓퐵푀1+ [150], hence this contribution is also of order 훼푠푣. The hard spectator-
scattering amplitude is
풜hard spectator
퐵→퐻(2푆+1푃퐽 )푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠
∫
푑푠ˆ 풞˜퐵(2푆+1푃 (1)퐽 )(푠ˆ)∣tree ⟨풪퐵(2푆+1푃 (1)퐽 )(푠)⟩∣tree.
(3.23)
3. The colour-octet operators 풪퐴(2푆+1푆(8)퐽 ) are of order 푣0, but their tree-level matrix
elements vanish. The matrix element is non-zero due to soft gluon exchange between
the charm-quark lines and the 푏-quark and light-quark lines, including the spectator
quark. At order 훼푠푣, one must include the one-loop matrix element with exchange
of a gluon of momentum 푚푐푣
2:
풜soft vertex퐵→퐻(2푆+1푃퐽)푀1 +풜
soft spectator
퐵→퐻(2푆+1푃퐽 )푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠
∑
푎=∥,⊥
∑
퐽 ′=0,1
풞퐴푎 (2푆+1푆(8)퐽 ′ )∣tree ⟨풪퐴푎 (2푆+1푆
(8)
퐽 ′ )⟩∣one−gluon.(3.24)
Loop corrections to the short-distance coefficients 풞퐴(2푆+1푆(8)퐽 ′ ) need not to be con-
sidered, since the tree-level matrix element vanishes.
Colour-singlet 푆-wave operators contribute only at higher orders due to the vanishing
colour projection in the one-gluon exchange contribution to their matrix elements.
The inclusion of the last contribution was missed in literature and we have pointed out its
importance in [125]. Because “non-factorizable gluons” do not decouple below 푚푏 in case
of 푃 -wave production, as signal the infrared divergences found in the evaluation of the
first two contributions described here, its inclusion is necessary for a consistent treatment
of radiative corrections down to the scale ΛQCD.
3.2.6 Overview of next-to-leading order terms: 푺-waves
In case of 푆-wave production the leading contribution to (3.11) comes from the colour-
singlet A-type operators 풪퐴(2푆+1푆(1)퐽 ), and is of order 훼0푠푣0, because the 푆-wave operators
are leading in the 푣 expansion, as one can see from (3.5), while the factor 훼0푠 is from the
tree-level coefficient function as before. Corrections to the leading order start in this case
at order 훼푠푣
0, and only two contributions are involved, corresponding to the first two
items of section 3.2.5:
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1. the one-loop corrections to the short-distance coefficients 풞퐴(2푆+1푆(1)퐽 ) of the 푆-wave
colour-singlet operators:
풜hard vertex퐵→퐻(2푆+1푆퐽 )푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠 풞퐴(2푆+1푆(1)퐽 )∣one−loop ⟨풪퐴(2푆+1푆(1)퐽 )⟩∣tree, (3.25)
2. and the tree-level matrix element of the B-type 푆-wave colour-singlet operators
풪퐵(2푆+1푆(1)퐽 )
풜hard spectator
퐵→퐻(2푆+1푆퐽)푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠
∫
푑푠ˆ 풞˜퐵(2푆+1푆(1)퐽 )(푠ˆ)∣tree ⟨풪퐵(2푆+1푆(1)퐽 )(푠)⟩∣tree.
(3.26)
Again, loop corrections to the matrix elements of these operators need not to be
considered, because they are suppressed by powers of Λ/푚푏, 푣 or 훼
2
푠.
In this case, colour octet operators contribute only starting at higher order in 푣, i.e. at
order 훼푠푣
2. This is because first, one has to consider the 푃 -wave colour-octet operators
풪퐴(2푆+1푃 (8)퐽 ), that are of order 푣. Moreover, since their tree-level matrix elements vanish,
one has to consider the one-loop matrix element with exchange of a gluon of momentum
푚푐푣
2,
풜soft vertex퐵→퐻(2푆+1푆퐽 )푀1 +풜
soft spectator
퐵→퐻(2푆+1푆퐽 )푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠
∑
푎=∥,⊥
∑
퐽 ′=0,1
풞퐴푎 (2푆+1푃 (8)퐽 ′ )∣tree ⟨풪퐴푎 (2푆+1푃
(8)
퐽 ′ )⟩∣one−gluon, (3.27)
whose total contribution is therefore of order 훼푠푣
2.
Because of the colour-suppression of the tree-level amplitude, that involves the short-
distance coefficient 퐶2 + 퐶1/푁푐, radiative corrections are in general important, and the
contribution in (3.27) could still be relevant for a precise evaluation of the decay amplitude.
Nevertheless, because of the relation 훼s(푀퐻푣) ∼ 푣, a consistent evaluation of the decay
amplitude at this level require to consider as well the two-loop corrections to the short-
distance coefficients 풞퐴(2푆+1푆(1)퐽 ),
풜훼2s vertex
퐵→퐻(2푆+1푆퐽 )푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠 풞퐴(2푆+1푆(1)퐽 )∣two−loop ⟨풪퐴(2푆+1푆(1)퐽 )⟩∣tree, (3.28)
and the one loop correction to the short-distance coefficients 풞퐵(2푆+1푆(1)퐽 ),
풜훼2s hard spectator
퐵→퐻(2푆+1푆퐽 )푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠
∫
푑푠ˆ 풞˜퐵(2푆+1푆(1)퐽 )(푠ˆ)∣one−loop ⟨풪퐵(2푆+1푆(1)퐽 )(푠)⟩∣tree.
(3.29)
that are of order 훼2푠푣
0, thus formally larger than the 훼푠푣
2 corrections because of the relation
above. In [202] it was shown in the inclusive case that the contributions (3.27), (3.28)
and (3.29) are indeed important, with (3.27) resulting numerically the larger, because of
its large colour-octet short-distance coefficients. They should therefore be included in a
reliable phenomenological analysis. Here we focus on the factorization properties of these
decays; therefore, the inclusion of (3.27), (3.28) and (3.29) is beyond the purpose of this
work.
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Figure 3.2: One-loop corrections to the short-distance coefficients 풞퐴(2푆+1퐿(1)퐽 ) (vertex correc-
tion).
3.3 Short-distance contributions
In this section we compute the short-distance contributions related to items (3.22), (3.23)
and (3.25), (3.26).
3.3.1 One-loop short-distance coefficients
The one-loop correction to the short-distance coefficients of the A-type colour-singlet 푃 -
and 푆-wave operators (3.7) are obtained from matching the QCD diagrams in Figure 3.2
to the expression (3.22) and (3.25), respectively.
In case of decays into the 휂푐1 and 휂푐2 states one has to take into account an additional
contribution, that comes from the diagrams (shown in Fig. 2.5) with gluon exchange
between the 푏- and the spectator-quark line, as well as the 푠- and the spectator-quark, the
푏- and the 푠-quark line. This is a consequence of the form factor parametrization considered
here. In full QCD in fact the matrix element ⟨푀1∣푞¯훾휇(1−훾5)푏∣퐵¯⟩ is parameterized in terms
of two form factors, 푓퐵푀1+ and 푓
퐵푀1
0 , according to (2.8). At leading order, in full QCD,
one finds that the decay amplitudes into the 휂푐1 and 휂푐2 states are proportional to 푓
퐵푀1
0 ,
while the remaining decays are proportional to 푓퐵푀1+ . However, since 퐸푀1 ∼ 푀퐵/2, we
are in the kinematical regime of large recoil, which allows us to perform the calculation
within the SCET formalism and which implies symmetries that reduce the number of
independent form factors: 푓퐵푀10 and 푓
퐵푀1
+ are related by
푓퐵푀10 =
(
1− 푀
2
퐻
푀2퐵
)
푓퐵푀1+ , (3.30)
so that the relation (3.16) holds and all the amplitudes can be expressed in terms of
only 푓퐵푀1+ , according to (3.21). Starting at NLO however there are symmetry breaking
corrections and (3.30) is modified [148]. These corrections, which correspond exactly to
the evaluation of the first three diagrams in Fig. 2.5, have therefore to be taken into
account when expressing the amplitudes in terms of only 푓퐵푀1+ , as in (3.21). The “vertex
correction” (third diagram in Fig. 2.5) gives rise to an additional contribution to the
short-distance coefficient 풞퐴1 ( 1푆(1)0 ), while the “spectator scattering correction” (first two
diagrams in Fig. 2.5) gives an additional term to 풞퐵1 ( 1푆(1)0 ).
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The loop correction is expected to be large, since it comes with the large Wilson
coefficient 퐶1, while the tree amplitudes are either zero or colour-suppressed. In case of
푆-wave production we obtain
풞퐴1 ( 1푆(1)0 ) = −
1
2
√
푧
훼푠퐶퐹
4휋
퐶1
푁푐
(
푓 [ 1푆0] +
푁푐퐶2 +퐶1
퐶1
(−6 + 훿푓퐵푀1)) ,
풞퐴1 ( 3푆(1)1 ) =
1
2
훼푠퐶퐹
4휋
퐶1
푁푐
(
푓 [ 3푆1]− 8 푁푐퐶2 + 퐶1
퐶1
)
, (3.31)
while for 푃 -wave we have
풞퐴1 ( 1푃 (1)1 ) =
1
푚푏
√
푧
훼푠퐶퐹
4휋
퐶1
푁푐
푓 [ 1푃1],
풞퐴1 ( 3푃 (1)0 ) = −
1√
3푚푏
훼푠퐶퐹
4휋
퐶1
푁푐
푓 [ 3푃0],
풞퐴1 ( 3푃 (1)1 ) = −
√
2
푚푏
√
푧
훼푠퐶퐹
4휋
퐶1
푁푐
(
푓 [ 3푃1]− 4 푁푐퐶2 + 퐶1
퐶1
)
,
풞퐴1 ( 3푃 (1)2 ) = −
1
푚푏푧
훼푠퐶퐹
4휋
퐶1
푁푐
푓 [ 3푃2]. (3.32)
The extra term proportional to (푁푐퐶2 + 퐶1)/퐶1 in 풞퐴1 ( 1푆(1)0 ), 풞퐴1 ( 3푆(1)1 ) and 풞퐴1 ( 3푃 (1)1 )
arises from the 푐푐¯ vertex correction in the second line of Figure 3.2, and was derived
from [230]. The term proportional to 훿푓퐵푀1 appearing only in case of the 1푆0 coefficient
correspond to the (vertex) correction factor between 푓퐵푀10 and 푓
퐵푀1
+ , as explained above.
It reads [148]
훿푓퐵푀1 = 2 + 2
1− 푧
푧
ln[1− 푧]. (3.33)
The loop functions 푓 [ 2푆+1퐿퐽 ] are extracted from the 푏(푚푏푤) → 푐(푝푐)푐¯(푝¯푐)퐷 ampli-
tude expanded to first order in the relative momentum 푙. The expansion is done in the
integrand to extract the hard momentum region, and the integration is performed after
expansion. The decomposition into the six angular momentum states is done according
to the operators in (3.5). We use dimensional regularization with 푑 = 4 − 2휖 for both
ultraviolet and infrared singularities, and the NDR scheme (naive anti-commuting 훾5) for
the treatment of 훾5 and the definition of the weak effective Hamiltonian (3.1). Ultraviolet
divergences are subtracted according to the MS prescription. An ultraviolet divergence is
present only in 푓 [ 1푆0], 푓 [
3푆1] and 푓 [
3푃1], since for
1푆0,
3푆1 and
3푃1 states there exists a
non-zero tree amplitude, while infrared divergences appear for the other 푃 -wave operators
but not for 3푃1. This can be understood from the fact that the infrared divergences are
related to the 1푆0 and
3푆1 colour-octet matrix elements, and that soft gluons change angu-
lar momentum by one unit, but do not change spin. As expected, no infrared divergences
arise for 푆-waves, and in fact no compensation could arise from the 2푆+1푃퐽 colour-octet
matrix elements, that contribute at higher orders.
Defining the auxiliary function
푓퐼0 = −
(
1
휖
+ ln
휇2
푚2푏
)(
8
1− 푧 +
8 ln 푧
(1− 푧)2
)
+
16
(
Li2
[
−1
1−푧
]
− Li2
[
−푧
2(1−푧)
] )
(1− 푧)2
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− 8 ln
2 2
(1− 푧)2 +
4 ln2 푧
(1− 푧)2 −
16
(1 − 푧)2 ln
2− 푧
1− 푧 ln
푧
2
, (3.34)
and the ratio 푧 = 4푚2푐/푚
2
푏 of heavy quark pole masses, we find
푓 [ 1푆0] = −6 ln 휇
2
푚2푏
− 18− 2푧
2− 푧 +
4(3 − 4푧 + 푧2)
(2− 푧)2 (ln[1− 푧]− 푖휋) ,
푓 [ 3푆1] = −6 ln 휇
2
푚2푏
− 18 + 2푧
2− 푧 +
4(3 − 5푧 + 2푧2)
(2− 푧)2 (ln[1− 푧]− 푖휋) , (3.35)
for 푆-waves, and
푓 [ 1푃1] = 푧푓퐼0 − 4(2 − 3푧 + 2푧
2)
(2− 푧)2 −
4(8− 8푧 + 푧2 + 푧3)
(2− 푧)3 (ln[1− 푧]− 푖휋)
− 4(6 + 16푧 − 19푧
2 + 5푧3)
(1− 푧)(2 − 푧)2 ln 2−
2푧(8 + 13푧 − 18푧2 + 5푧3)
(1− 푧)2(2− 푧)2 ln 푧,
푓 [ 3푃0] = 푓퐼0 − 4(2− 7푧 + 2푧
2)
푧(2− 푧)2 −
8(4− 푧 − 3푧2 + 푧3)
푧(2− 푧)3 (ln[1− 푧]− 푖휋)
− 4(6 + 22푧 − 27푧
2 + 7푧3)
푧(1 − 푧)(2− 푧)2 ln 2 +
2(20 − 73푧 + 58푧2 − 13푧3)
(1− 푧)2(2− 푧)2 ln 푧,
푓 [ 3푃1] = −6 ln 휇
2
푚2푏
− 18 + 2푧
2− 푧 +
4(3 − 5푧 + 2푧2)
(2− 푧)2 (ln[1− 푧]− 푖휋)
− 8푧
2− 푧 ln 2−
4푧2
(1− 푧)(2 − 푧) ln 푧,
푓 [ 3푃2] = 푧
2푓퐼0 − 4푧(2− 푧 − 푧
2)
(2− 푧)2 −
4푧(8− 8푧 + 3푧2 − 푧3)
(2− 푧)3 (ln[1− 푧]− 푖휋)
− 8푧(3 + 8푧 − 9푧
2 + 2푧3)
(1− 푧)(2 − 푧)2 ln 2−
2푧2(16− 5푧 − 4푧2 + 푧3)
(1− 푧)2(2− 푧)2 ln 푧 (3.36)
for 푃 -waves. The infrared 1/휖 pole, which violates factorization at the heavy quark mass
scale, is exhibited explicitly in 푓퐼0. The singularity arises here as a consequence of the
expansion to first order in the relative momentum 푙, and signals that – unsurprisingly –
the colour-transparency argument does not hold at the heavy-quark mass scale, for the
푃 -wave decay channels.
Results for the hard vertex correction, corresponding to the first four diagrams in figure
3.2, have been obtained previously, for decays into 푃 -wave states, in [191–194, 196, 197],
where the infrared divergences were noted for the first time. These papers use a gluon mass
rather than space-time dimension as infrared regulator, while the finite part is given only
in parametric form. This makes difficult to compare these result with ours, except for the
infrared divergent part, where we agree, and for the 휒푐1 case, where the finite contribution
is given explicitly [196] and there is no infrared regulator dependence, and where we also
agree. The fifth diagram in Figure 3.2 was not taken into account in literature, before [125].
Results for 푆-waves were presented in literature only within the LCDA approach [188–190],
while we present them here for the first time within the non-relativitic approach.
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Figure 3.3: Hard spectator-scattering – tree diagrams for the coefficient functions 풞퐵1 (2푆+1퐿퐽)(푦).
3.3.2 Short-distance spectator scattering
The tree contribution to the short-distance coefficients of the 퐵-type colour-singlet 푃 -
and 푆-wave operators (3.8) is obtained from matching the QCD amplitude for the process
푏(푚푏푤) → 푐(푝푐)푐¯(푝푐¯)퐷(푦푝)푔(푦¯푝) shown in Figure 3.3 to the expression (3.23) and (3.26),
respectively. In this way, we calculate directly the momentum-space coefficient function
풞퐵( 2푆+1퐿(1)퐽 )(푦) =
∫
푑푠ˆ 푒푖푦¯푠ˆ 풞˜퐵( 2푆+1퐿(1)퐽 )(푠ˆ), (3.37)
where 푦¯ ≡ 1− 푦 is the fraction of longitudinal momentum 푛+푝 = 푚푏(1− 푧) carried by the
hard-collinear gluon. We find
풞퐵1 (1푆(1)0 )(푦) = −
2퐶1
푁푐
1√
푧
(1 + 훿푓퐵푀1푠 ),
풞퐵1 (3푆(1)1 )(푦) =
2퐶1
푁푐
(3.38)
for 푆-wave states, and
풞퐵1 (1푃 (1)1 )(푦) = −
2퐶1
푁푐
2
푚푏
√
푧
,
풞퐵1 (3푃 (1)0 )(푦) =
2퐶1
푁푐
2√
3푚푏푧
(
1− 2푧
1− 푧
1
푦¯
)
,
풞퐵1 (3푃 (1)1 )(푦) = −
2퐶1
푁푐
2
√
2
푚푏
√
푧
(
1 +
푧
1− 푧
1
푦¯
)
,
풞퐵1 (3푃 (1)2 )(푦) =
2퐶1
푁푐
2
푚푏
(
1 +
푧
1− 푧
1
푦¯
)
. (3.39)
For 푃 -wave states. The coefficient 훿푓퐵푀1푠 is the (spectator scattering) correction factor
between 푓퐵푀10 and 푓
퐵푀1
+ , which reads [148]
훿푓퐵푀1푠 =
푧
1− 푧
푁푐퐶2 + 퐶1
퐶1
. (3.40)
For later purposes it will be useful to express these results as
풞퐵( 2푆+1퐿(1)퐽 )(푦) =
2퐶1
푁푐
(
퐶퐵[ 2푆+1퐿퐽 ] +
퐵[ 2푆+1퐿퐽 ]
푦¯
)
(3.41)
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Figure 3.4: Hard spectator-scattering – matrix element.
with 푦-independent coefficients 퐶퐵[ 2푆+1퐿퐽 ], 퐵[
2푆+1퐿퐽 ], which follow by comparison with
(3.38), (3.39).
The hard spectator-scattering amplitude (3.23), (3.26) requires the evaluation of the
convolution ∫
푑푠ˆ 풞˜퐵(2푆+1퐿(1)퐽 )(푠ˆ)∣tree ⟨풪퐵(2푆+1퐿(1)퐽 )(푠)⟩∣tree, (3.42)
which is done following the method described in [136], which is explained in section 2.3.3.
The corresponding diagram is shown in Figure 3.4. First, as in the case of the A-type
operators, the tree matrix element factorizes according to
⟨퐻(2푆+1퐿퐽)푀1∣풪퐵(2푆+1퐿(1)퐽 )(푠)∣퐵¯⟩ =
⟨푀1∣ 1
푚푏
(휉¯푊푐)
푛/+
2
[푊 †푐 푖퐷/⊥푊푐](푠푛+)(1 + 훾5)ℎ푤∣퐵¯⟩
× ⟨퐻(2푆+1퐿퐽)∣풪(2푆+1퐿(1)퐽 )∣0⟩. (3.43)
The heavy-to-light matrix element is the same as appears in non-leptonic decay to two
light mesons; comparing with section 2.3.3, (2.70), (2.75) one derive
⟨푀1∣ 1
푚푏
(휉¯푊푐)
푛/+
2
[푊 †푐 푖퐷/⊥푊푐](푠푛+)(1 + 훾5)ℎ푤∣퐵¯⟩ =
−2퐸푀1푀퐵
4푚푏
∫ 1
0
푑휏
∫ ∞
0
푑휔
∫ 1
0
푑푦 푒푖휏¯ 푠ˆ퐽∥(휏¯ ; 푦, 휔)푓퐵 Φ퐵+(휔)푓푀1 Φ푀1(푦). (3.44)
Here Φ퐵+(휔) and Φ푀1(푦) are the leading-twist light-cone distribution amplitudes of the
퐵 and the 푀1 meson, respectively, while the hard-collinear “jet function” 퐽∥(휏¯ ; 푦, 휔) is
equivalent to (2.80), and at leading order is given explicitly by
퐽
(0)
∥ (휏¯ ; 푦, 휔) = −
4휋훼푠퐶퐹
푁푐
1
2퐸푀1휔푦¯
훿(휏¯ − 푦¯). (3.45)
Using (2.107), the tree-level matrix elements reads
⟨푀1∣ 1
푚푏
(휉¯푊푐)
푛/+
2
[푊 †푐 푖퐷/⊥푊푐](푠푛+)(1 + 훾5)ℎ푤∣퐵¯⟩tree =
휋훼푠퐶퐹
푁푐
푓퐵푀퐵
푚푏휆퐵
∫ 1
0
푑푦 푒푖푦¯푠ˆ
1
푦¯
푓푀1Φ푀1(푦). (3.46)
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Inserting the Fourier representation of the coefficient function into (3.42), we find the
amplitude
풜hard spectator
퐵→퐻(2푆+1퐿퐽)푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠
휋훼푠퐶퐹
푁푐
⟨퐻(2푆+1퐿퐽)∣풪(2푆+1퐿(1)퐽 )∣0⟩
× 푓푀1푓퐵푀퐵
푚푏휆퐵
∫ 1
0
푑푦 풞퐵( 2푆+1퐿(1)퐽 )(푦)
Φ푀1(푦)
푦¯
. (3.47)
This result has been obtained previously, for 푃 -waves, in [191–194,196], by direct evalua-
tion of the spectator-scattering amplitude.
The problematic aspect of this expression is the endpoint divergence of the convolu-
tion integral when 푦 → 1. The meson 푀1 light-cone distribution amplitude behaves as
Φ푀1(푦) ∝ 푦¯ for small 푦¯. But contrary to the situation for decays to two light mesons or an
푆-wave charmonium and a light meson, the coefficient function 풞퐵( 2푆+1푃 (1)퐽 )(푦) contains
a piece proportional to 1/푦¯, resulting in a logarithmically divergent integral. We regularize
this integral by introducing a cutoff that replaces the upper limit by 1 − 휇 with 휇 ≪ 1.
Using ∫ 1−휇
0
푑푦
Φ푀1(푦)
푦¯2
= Φ′푀1(1) ln 휇+
∫ 1
0
푑푦
Φ푀1(푦) + 푦¯Φ
′
푀1
(1)
푦¯2
+푂(휇) (3.48)
the convolution integral in (3.47) takes the final form∫ 1−휇
0
푑푦 풞퐵( 2푆+1푃 (1)퐽 )(푦)
Φ푀1(푦)
푦¯
=
2퐶1
푁푐
{
퐵[ 2푆+1푃퐽 ] Φ
′
푀1(1) ln 휇+퐵[
2푆+1푃퐽 ]
∫ 1
0
푑푦
Φ푀1(푦) + 푦¯Φ
′
푀1
(1)
푦¯2
+퐶퐵[ 2푆+1푃퐽 ]
∫ 1
0
푑푦
Φ푀1(푦)
푦¯
}
. (3.49)
The regulator-dependent ln휇 term appears to violate factorization even at leading power
in the heavy quark expansion. We shall show below, however, that this dependence is
cancelled by a corresponding ultraviolet divergence in the colour-octet matrix elements.
3.4 Colour-octet matrix elements
The important new element in our treatment of 퐵 decays to 푃 -wave charmonia are the
colour-octet contributions (3.10), (3.24) to the decay amplitude. In this section we show
how to compute these matrix elements when the charmonium is a Coulomb bound state
and demonstrate that the infrared singularities in the vertex correction and hard spectator-
scattering can be absorbed into a renormalization of the colour-octet matrix elements. In
the Coulomb limit the octet matrix elements can be computed in perturbation theory,
and we provide results at order 훼푠, corresponding to the accuracy of the short-distance
terms. In general, and more realistically, the colour-octet matrix elements may be in-
troduced as new non-perturbative parameters, but their scale dependence still cancels
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Figure 3.5: Amplitude exhibiting a quarkonium pole after summing Coulomb gluon exchanges in
퐺
(1)
푐 .
the factorization scale dependence of the hard-scattering terms. However, factorization
in the sense of separating the 퐵 → 푀1 transition from the vacuum to charmonium ma-
trix element holds only in the Coulomb limit, since otherwise the octet matrix elements
of the SCET/NRQCD four-quark operators contain strongly interacting gluon exchanges
between the charmonium and the 퐵푀1 system.
3.4.1 Reduction formula for quarkonium matrix elements
We briefly review the formalism for the calculation of quarkonium matrix elements
⟨퐻푋∣풪∣푌 ⟩, (3.50)
where 풪 is some operator, 퐻 the quarkonium with momentum 푞 = 푀퐻푣 in some polar-
ization state, and 푋,푌 denote arbitrary other particles.
The quarkonium matrix element is identified in the standard way as part of the residue
factor of the pole of a suitable Green function. We pick a Green function with two
external charm quark fields. The quarkonium bound state poles appear after summing
ladder diagrams with colour-singlet Coulomb (potential) gluon exchange as the bound
state poles of the Coulomb Green function 퐺
(1)
푐 as indicated in Figure 3.5. For external
momenta 푝1, 푝2 with (푝1+ 푝2)
2 near 4푚2푐 , the bound state poles appear in the integration
region where 푞1 = 푚푐푣 + ℓ1, 푞2 = 푚푐푣 + ℓ2, with 퐸 ≡ 푣 ⋅ (푞1 + 푞2) − 2푚푐 = 푣 ⋅ (ℓ1 + ℓ2)
and ℓ1⊤, ℓ2⊤ = −ℓ1⊤ ≡ −ℓ⊤ small, of order 푚푐 훼2푠 and 푚푐 훼푠, respectively. A specific
charmonium state is extracted by performing the following steps: (1) we insert the spectral
representation of the Green function and use that near a bound state pole
퐺˜(1)푐 (풌, ℓ;퐸)
퐸→퐸푛→
∑
푙,푚
Ψ푛푙푚(풌)Ψ
∗
푛푙푚(ℓ)
퐸푛 − 퐸 − 푖휖 , (3.51)
where Ψ푛푙푚(ℓ) is the momentum-space wave-function of the Schro¨dinger operator in the
푛푙푚 basis. The three-vectors are introduced by writing four-vectors 푎휇⊤ orthogonal to 푣 as
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푎휇⊤ = 퐿
휇
휈(푣) 푎ˆ휈 , where 푎ˆ휇 = (0,a) and 퐿
휇
휈(푣) is the Lorentz boost from the quarkonium
rest frame to the frame where its momentum is푀퐻푣. (2) To separate the degenerate states
with different angular momentum and spin, we first introduce the spherical decomposition
Ψ푛푙푚(ℓ) = 푅˜푛푙(ℓ)푌푙푚(Ω) (3.52)
defining ℓ = ∣ℓ∣. Then we perform a Fierz transformation in the Dirac indices of the
two intermediate charm propagators in Figure 3.5 to obtain the projection on the spin
zero and spin 1 components. For 푙 = 1, the 퐽 = 0, 1, 2 states follow from the standard
Clebsch-Gordon relations.
The final result can be expressed in terms of the on-shell 푐푐¯ matrix element corre-
sponding to (3.50), which we write in the from
⟨푐(푞1)푐¯(푞2)푋∣풪∣푌 ⟩ = 푢¯푐(푞1)퐴(퐸, ℓ⊤) 푣푐(푞2). (3.53)
Defining the matrices
Λ[퐻] =
⎧⎨⎩
1√
3
훾5 퐻 = 휂푐
1√
3
휖∗(휆) ⋅ 훾⊤ 퐻 = 퐽/휓
− 휖∗(휆)⋅ℓ⊤ℓ 훾5 퐻 = ℎ푐
1√
3
∕ℓ⊤
ℓ
퐻 = 휒푐0
1
2
√
2
[ ∕ℓ⊤
ℓ
, ∕휖∗(휆)
]
훾5 퐻 = 휒푐1
−휖∗훼훽(휆)
ℓ훼⊤
ℓ
훾훽⊤ 퐻 = 휒푐2
(3.54)
in Dirac-index space (and diagonal in colour space), the desired quarkonium matrix ele-
ment is
⟨퐻푋∣풪∣푌 ⟩ =
√
2푀퐻
1√
2푁푐
∫
푑3ℓ
(2휋)3
√
3
4휋
푅˜푛푙(ℓ) tr
(
Λ[퐻]
1+ ∕푣
2
퐴(퐸, ℓ⊤)
1− ∕푣
2
)
.
(3.55)
This is valid in a leading-order treatment of the non-relativistic bound state dynamics.
Beyond this approximation, corrections to the wave-function and trace expression are
required. Eq. (3.55) can be used to calculate the first non-vanishing contribution to a
quarkoniummatrix element, and this will be sufficient for the colour-octet terms considered
below.
The momentum-space radial wave function follows from the Fourier transform of the
position-space expression 푅푛푙(푟)푌푙푚(Ω) and is given by
푅˜푛푙(푘) = (−푖)푙
∫ ∞
0
푑푟 4휋푟2 푗푙(푘푟)푅푛푙(푟). (3.56)
The case of interest here correspond to 푛 = 1, 푙 = 0, (S-waves), and 푛 = 2, 푙 = 1 (푃 -waves).
Using the spherical Bessel function
푗0(푘푟) =
sin 푘푟
푘푟
,
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푗1(푘푟) =
sin 푘푟 − 푘푟 cos 푘푟
(푘푟)2
, (3.57)
the integral evaluates to
푅˜10(푘) =
8휋훾퐵
(푘2 + 훾2퐵)
2
푅10(0),
푅˜21(푘) = (−푖) 1024휋훾퐵푘
(4푘2 + 훾2퐵)
3
푅′21(0), (3.58)
where 푅′21(0) denotes the derivative of the position-space wave function at the origin, and
훾퐵 =
푚푐훼푠퐶퐹
2
(3.59)
is the inverse Bohr radius of the charmonium.
As an example of using (3.55) we calculate ⟨휒푐1∣풪(3푃 (1)1 )∣0⟩ with 풪(3푃 (1)1 ) given in
(3.5). The tree amplitude is
퐴(퐸, ℓ⊤) =
푛−휇
2
√
2
[ ∕ℓ⊤, 훾휇⊤] 훾5 (3.60)
resulting in
tr
(
Λ[휒푐1]
1+ ∕푣
2
퐴(퐸, ℓ⊤)
1− ∕푣
2
)
=
2푁푐
3
ℓ 푛− ⋅ 휖(휆). (3.61)
It follows that
⟨휒푐1∣풪(3푃 (1)1 )∣0⟩ =
√
2푁푐
√
2푀휒푐1 푛− ⋅ 휖(휆)
1
3
∫
푑3ℓ
(2휋)3
√
3
4휋
푅˜21(ℓ) ℓ
= 푛− ⋅ 휖(휆)
√
2푁푐
√
2푀휒푐1
√
3
4휋
(−푖)푅′21(0), (3.62)
which is consistent with (3.18), (3.19). The other relations in (3.18), (3.19) can be derived
in a similar way.
3.4.2 Soft vertex correction
We proceed to the calculation of the colour-octet matrix elements ⟨휒푐퐽푀1∣풪퐴푎 (3푆(8)1 )∣퐵¯⟩
and ⟨ℎ푐푀¯1∣풪퐴푎 (1푆(8)0 )∣퐵¯⟩ (푎 = ∥,⊥). Since this involves only the production of 푃 -wave,
we follow closely the treatment given in [125].
At order 훼푠 the interactions are spin-symmetric, so there is no contribution of the
3푆
(8)
1
(1푆
(8)
0 ) operator to the ℎ푐 (휒푐퐽) final state. Each matrix element receives contributions
from vertex diagrams (first four diagrams in Figure 3.2) and spectator-scattering diagrams
(Figure 3.3 with gluon attached to the undisplayed spectator quark line), except that now
the gluon virtuality is small, of order (푚푐푣
2)2 for the vertex diagrams.
We begin by writing down the soft gluon coupling to the 푐푐¯ pair. The leading interac-
tions of dynamical gluons with momentum of order 푚푐푣
2 to the heavy charm quarks are
provided by the (P)NRQCD effective Lagrangian, that we review in appendix A.3. They
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read 푔푠휓
†(푥)(퐴0(푡,0) − 풙 ⋅푬(푡,0))휓(푥) (A.51) together with a similar term for the anti-
quark field. The contribution from the 퐴0 coupling cancels in the sum of the attachments
to the 푐 and the 푐¯ line (or can be gauged away), leaving the chromoelectric dipole inter-
action. The dipole interaction provides the additional factor of velocity 푣 which renders
the octet 푆-wave operator matrix element of the same order in 푣 as the singlet 푃 -wave
operator.
The part of the amplitude involving the charm quark lines can now be expressed in
the form
퐴푐푐¯(퐸, ℓ⊤) =
∫
푑3ℓ′⊤
(2휋)3
Γ푎[
2푆+1푆
(8)
퐽 ] 푖퐺
(8)
푐 (ℓ
′
⊤, 푘⊤ + ℓ⊤;퐸 + 푣 ⋅ 푘) 훿푈(푘 + ℓ, ℓ), (3.63)
see Figure 3.6. The various items in this equation are as follows: 푘 denotes the outgoing
soft gluon momentum; Γ푎[
2푆+1푆
(8)
퐽 ] comes from the 푐푐¯ part of the colour-octet operator
as given by the contents of square brackets in (3.5); 훿푈(푘 + ℓ, ℓ) is the momentum-space
soft gluon interaction vertex
훿푈(푘 + ℓ, ℓ) = −푖푔푠푇퐵
←−
∂
∂ℓ휆⊤
(
푣휌푘휆⊤ − 푔휌휆⊤ 푣 ⋅ 푘
)
, (3.64)
where 휌 and “B” are, respectively, the Lorentz and colour index of the soft gluon; 퐺
(8)
푐 (ℓ′⊤,
푘⊤ + ℓ⊤;퐸 + 푣 ⋅ 푘) is the Coulomb Green function that sums an infinite number of gluon
exchanges “between” the operator and the soft gluon vertex. Here we need the colour-
octet Green function, since the 푐푐¯ pair is produced at the operator vertex in a colour-octet
state. The calculation of the vertex diagrams with the full Coulomb Green function is
quite involved (see [203] for the calculation of colour-octet inclusive quarkonium produc-
tion matrix elements), but turns out to be unnecessary to good approximation. Similar
calculations involving colour-octet Coulomb Green functions [231, 232] find that the nu-
merically largest term arises from the no-gluon exchange term, since every colour-octet
exchange is suppressed by the small colour factor −1/(2푁푐). We therefore simplify (3.63)
by approximating
푖퐺(8)푐 (ℓ⊤, ℓ
′
⊤;퐸) =
−푖
퐸 +
ℓ2
⊤
푚푐
+ 푖휖
(2휋)3훿(3)(ℓ⊤ − ℓ′⊤), (3.65)
obtaining
퐴푐푐¯(퐸, ℓ⊤) = 푖2푔푠 Γ푎[2푆+1푆
(8)
퐽 ]
(
− 2
푚푐
) (푣휌푘휆⊤ − 푔휌휆⊤ 푣 ⋅ 푘) ℓ⊤휆(
퐸 + 푣 ⋅ 푘 + ℓ
2
⊤
푚푐
+ 푖휖
)2 푇퐵 . (3.66)
Attaching the gluon to the bottom quark and the strange quark line and making use
of (3.55), we arrive at
⟨퐻푀1∣풪퐴∥ (2푆+1푆(8)퐽 )∣퐵¯⟩∣vertex =√
2푀퐻
1√
2푁푐
∫
푑3ℓ
(2휋)3
√
3
4휋
푅˜21(ℓ) 휇˜
2휖
∫
푑푑푘
(2휋)푑
(−푖)
푘2 + 푖휖
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OA(2S+1S
(8)
J
)
G
(8)
c
δU
Figure 3.6: Soft gluon attachment to the charm quark lines.
× tr
(
Λ[퐻]
1+ ∕푣
2
퐴푐푐¯(퐸퐻 , ℓ⊤)
1− ∕푣
2
)
× 푖2푔푠
(
푝퐵휌
푝퐵 ⋅ 푘 −
푝휌
푝 ⋅ 푘
)
⟨푀1∣(휉¯푊푐) ∕푛+(1− 훾5)푇퐴푇퐵ℎ푤∣퐵¯⟩, (3.67)
where we used that 푘 is soft to simplify the bottom and strange quark propagators, and
denote the binding energy by
퐸퐻 =푀퐻 − 2푚푐 + 푖휖. (3.68)
The colour index “A” is contracted with an index hidden in the definition of Γ푎[
2푆+1푆
(8)
퐽 ],
while 휌 and “B” are contracted with the corresponding indices in (3.66). The order of the
colour matrices 푇퐴푇퐵 , which is different for the attachment to the bottom and strange
line plays no role, since the colour part of the trace evaluates to 12훿
퐴퐵 . The corresponding
matrix elements of the operators 풪퐴⊥(2푆+1푆(8)퐽 ) have 훾⊥휇 instead of ∕푛+ in the ⟨푀1∣...∣퐵¯⟩
matrix element. The absence of a transverse vector implies that the matrix element
vanishes, so at this order
⟨퐻푀1∣풪퐴⊥(2푆+1푆(8)퐽 )∣퐵¯⟩∣vertex = 0. (3.69)
The integrations appearing in (3.67) can be performed exactly. The loop integral is of
the general form
휇˜2휖
∫
푑푑푘
(2휋)푑
푘휇
푘2푃 ⋅ 푘 (푣 ⋅ 푘 + 휔)2 =
푖
(4휋)2
(퐼푃 푣휇 + 퐽푃 푃휇) . (3.70)
Only 퐼푃 enters the final result, and can be calculated directly by introducing Feynman
parameters. In contrast to the hard vertex correction, this loop integral is infrared finite.
The sensitivity to very soft gluon momenta is cut off at the scale of the binding energy 퐸퐻
since 휔 = 퐸퐻 − ℓ2⊤/푚푐. On the other hand, there is a logarithmic ultraviolet divergence,
which we regulate dimensionally to be consistent with the calculation of the short-distance
correction. The angular ℓ-integral is also easily done using5∫
푑Ω ℓ훼⊤ℓ
훽
⊤ = −
4휋
3
ℓ2 푔훼훽⊤ . (3.71)
5Note ℓ2⊤ = −ℓ
2 = −ℓ2.
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The remaining ℓ-integral is of the type∫ ∞
0
푑ℓ ℓ3 푅˜21(ℓ)
[
퐴+퐵 ln
(
−2(퐸퐻 − ℓ
2/푚푐)
휇
)]
(3.72)
with ℓ-independent constants 퐴, 퐵, and is evaluated using the explicit form (3.58) of the
momentum-space radial wave function. Including the colour and spin traces we find
⟨ℎ푐푀1∣풪퐴∥ (1푆(8)0 )∣퐵¯⟩∣vertex = −
훼푠
4휋
퐶퐹
푁푐
풟푠푣( 1푃 (1)1 )퐹푠푣 ⟨ℎ푐푀1∣풪퐴(1푃 (1)1 )∣퐵¯⟩∣tree,
⟨휒푐퐽푀1∣풪퐴∥ (3푆(8)1 )∣퐵¯⟩∣vertex = −
훼푠
4휋
퐶퐹
푁푐
풟푠푣( 3푃 (1)퐽 )퐹푠푣 ⟨휒푐퐽푀1∣풪퐴(3푃 (1)퐽 )∣퐵¯⟩∣tree,
(3.73)
where we have re-expressed the product of the derivative of the wave function at the origin
and the 퐵 →푀1 form factor in terms of the factorized matrix element (3.15) to facilitate
the comparison with the hard vertex amplitude (3.22). Eq. (3.73) contains the spin-
dependent coefficients 풟푠푣( 1푃 (1)1 ) = 1 and 풟푠푣( 3푃 (1)퐽 ) = {1/(
√
3푧), 0, 1} (for 퐽 = 0, 1, 2),
and the loop function
퐹푠푣 =
8푧
푚푏(1− 푧)2
(
(1− 푧 + ln 푧)
[
1
휖
+ ln
휇2
푚2푏
+ ln 푧 − 2Δ퐹
]
+2Li2(푧)− 1
2
ln2 푧 + 2 ln 푧 ln(1− 푧)− 2 ln 푧 − 휋
2
3
)
,
Δ퐹 = ln
(2
√−푚푐퐸퐻 + 훾퐵)2
푚2푏
+
4
3
훾퐵(5
√−푚푐퐸퐻 + 2훾퐵)
(2
√−푚푐퐸퐻 + 훾퐵)2
. (3.74)
This includes the ultraviolet divergence explicitly, as well as dependence on the bound
state parameters 훾퐵 (3.59) and 퐸퐻 (3.68) in Δ퐹 . The colour-octet matrix elements are
complex, since they contain soft-rescattering phases. However, as can be seen from the
expression for Δ퐹 or from (3.72), in the present one-loop approximation a rescattering
phase exists only for positive binding energy.
Consistency of the approach requires that the infrared singularities in the coefficient
functions of the 푃 -wave colour-singlet operators cancel with the 1/휖 pole in (3.74). In this
case we may interpret the singularities and corresponding 휇-dependence as factorization
scale dependence that cancels in the unambiguous sum of the two contributions. Including
the tree-level matching coefficients for the colour-octet operators (3.13) and making use
of (3.32), the cancellation condition reads
풞퐴1 ( 2푆+1푃 (1)퐽 )− 풞퐴∥ ( 2푆+1푆(1)푆 )
훼푠
4휋
퐶퐹
푁푐
풟푠푣( 2푆+1푃 (1)퐽 )퐹푠푣 = finite. (3.75)
Inserting results from (3.32), (3.34), (3.74), one checks that the 1/휖 terms do indeed
cancel. In particular, the vanishing of 풟푠푣( 3푃 (1)1 ), hence the complete absence of a soft
vertex contribution, for the 휒푐1 case is consistent with the absence of an IR divergence in
the loop coefficient 푓 [ 3푃1].
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3.4.3 Soft spectator-scattering
Next we calculate the spectator-scattering contribution to the colour-octet matrix ele-
ments. We first consider the part of the amplitude shown in Figure 3.3, before attaching
the gluon to the spectator quark line. In the present tree approximation, the gluon mo-
mentum 푘 is the difference between the momentum of the antiquark in the meson 푀1,
푝푀1푞¯ and the spectator-antiquark momentum 푝
퐵
푞¯ in the 퐵 meson. All components of these
momenta involve factors of Λ, except for 푛+ ⋅ 푝푀1푞¯ = 푦¯푛+푝 = 2푦¯퐸푀1 . Since 푚푐푣2 ≫ Λ by
assumption, we may drop all small components (except in the denominator of the gluon
propagator, which would be exactly zero) and approximate 푘 by
푘휇 = 푛+ ⋅ 푘
푛휇−
2
(3.76)
with 푛+ ⋅ 푘 ∼ 푚푐푣2, since 푘 is soft. This implies that 푦¯ ∼ 푣2, so soft-spectator scattering
corresponds to an endpoint configuration, in which very little momentum is transferred to
the spectator antiquark. Almost all of the meson 푀1 momentum is carried by the quark
generated at the 푏→ 푠 vertex. The gluon virtuality is given by 푘2 = −푛+ ⋅ 푝푀1푞¯ 푛− ⋅ 푝퐵푞¯ =
−2퐸푀1 푦¯휔.
The starting expression for the matrix element is
⟨퐻푀1∣풪퐴⊥( 2푆+1푆(8)퐽 )∣퐵¯⟩∣spect =√
2푀퐻
1√
2푁푐
∫
푑3ℓ
(2휋)3
√
3
4휋
푅˜21(ℓ)
1
푁푐
∫ ∞
0
푑휔 푓퐵 Φ퐵+(휔)
× 1
푁푐
∫ 1
0
푑푦 푓푀1 ,Φ푀1(푦)
(−푖)푔휌훼
−2퐸푀1 푦¯휔
tr
(
Λ[퐻]
1+ ∕푣
2
퐴푐푐¯(퐸퐻 , ℓ⊤)
1− ∕푣
2
)
× (−푖)푔푠 tr (푇퐴푇퐵) 푖
4
(
− 푖
4
)
푀퐵 tr
(
∕푝 훾5훾휇⊥(1− 훾5)
1+ ∕푤
2
∕푛+훾5훾훼
)
, (3.77)
where the second trace arises from the gluon coupling to the spectator quark and the
projections on the leading-twist light-cone distribution amplitudes of the meson 푀1 and
the 퐵 meson. The attachment of the soft gluon to the 푐푐¯ lines, 퐴푐푐¯(퐸퐻 , ℓ⊤), is the same
for the vertex and spectator contribution. Substituting (3.76) into (3.63) shows that the
gluon index 휌 must be transverse. The corresponding matrix elements of the operators
풪퐴∥ (2푆+1푆
(8)
퐽 ) have ∕푛+ instead of 훾⊥휇 in the second trace. The trace then vanishes (also
for the projection on Φ퐵−(휔), since 훼 must be transverse), so at this order
⟨퐻푀1∣풪퐴∥ ( 2푆+1푆(8)퐽 )∣퐵¯⟩∣spect = 0. (3.78)
Further evaluation of (3.77) is straightforward: perform the traces; convert the 휔-
integral into 1/휆퐵 (2.107); do the ℓ angular and then the radial integral. To facilitate the
comparison with (3.47), we provide the final result for the partial amplitude
풜soft spectator
퐵→퐻(2푆+1푃퐽)푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠 풞퐴⊥( 2푆+1푆(8)푆 ) ⟨퐻푀¯1∣풪퐴⊥( 2푆+1푆(8)푆 )∣퐵¯⟩∣spect (3.79)
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rather than the matrix element itself:
풜soft spectator
퐵→퐻(2푆+1푃퐽 )푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠
휋훼푠퐶퐹
푁푐
⟨퐻(2푆+1푃퐽 )∣풪(2푆+1푃 (1)퐽 )∣0⟩
× 푓푀1푓퐵푀퐵
푚푏휆퐵
2퐶1
푁푐
퐵[ 2푆+1푃
(1)
퐽 ]
×
∫ 1
0
푑푦Φ푀1(푦)
(√
−
(
푦¯ +
2
√
푧퐸퐻
푚푏(1− 푧)
)
+
훾퐵
푚푏
√
1− 푧
)−4
. (3.80)
Here 퐵[ 2푆+1푃
(1)
퐽 ] is given by the same expression as defined in (3.39), (3.41). Notice that
there is no soft spectator-scattering contribution to the ℎ푐 final state, as 퐵[
1푃
(1)
1 ] = 0,
which will be important in the numerical analysis.
We compare the integral over the meson 푀1 distribution amplitude to (3.47). While
the integrand there was applicable to 푦 not near 1 and exhibited a logarithmic endpoint
divergence as 푦 → 1, the present integrand is appropriate only to 1 − 푦 ∼ 푣2, i.e. in
the endpoint region. There is no divergence here as 푦 → 1. However, for 푦¯ ≫ 푣2 the
integrand has the same logarithmic behaviour
∫
푑푦Φ푀1(푦)/푦¯
2 as does the hard-spectator
contribution for 푦¯ ≪ 1. In (3.48), (3.49) we regulated the endpoint divergence in hard
spectator-scattering by cutting off the 푦 integral above 1− 휇. This corresponds to a hard
factorization scale in the energy of the gluon that connects to the spectator quark. The
spectator-scattering contribution to the colour-octet matrix element originates precisely
from the energy region that was left out in (3.49), thus the correct interpretation of the
푦-integral in (3.80) is
∫ 1
0 푑푦 →
∫ 1
1−휇 푑푦. To combine with (3.49) we must evaluate the
regularized version of (3.80) up to terms of order 푣2/휇. This allows us to approximate
Φ푀1(푦) ≈ −푦¯Φ′푀1(1), resulting in∫ 1
1−휇
푑푦Φ푀1(푦)
(√
−
(
푦¯ +
2
√
푧퐸퐻
푚푏(1− 푧)
)
+
훾퐵
푚푏
√
1− 푧
)−4
≈ −Φ′푀1(1)
∫ 휇
0
푑푦 푦
(√
−
(
푦 +
2
√
푧퐸퐻
푚푏(1− 푧)
)
+
훾퐵
푚푏
√
1− 푧
)−4
≈ Φ′푀1(1) (− ln휇+ 퐹푠푠) , (3.81)
where
퐹푠푠 = − ln(1− 푧) + 1 + 푖휋 +Δ퐹, (3.82)
and Δ퐹 is given in (3.74). Comparing (3.47) to (3.80), together with (3.49), the previous
equation demonstrates that the regulator-dependent ln휇 terms cancel. We may there-
fore conclude that the endpoint singularity in hard spectator-scattering does not violate
factorization, since it can be factorized into the colour-octet matrix elements.
3.4.4 Further remarks on the endpoint singularity
A rigorous understanding of endpoint singularities in convolution integrals would enhance
the predictivity of QCD factorization approaches for exclusive 퐵 decays considerably. It
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would also provide meaning to formal factorization “theorems” derived in soft-collinear
effective theory, which generically result in ill-defined convolutions, with exceptions in
many leading-power applications. Despite several attempts [87,150,236] there is currently
no satisfactory framework for factorizing endpoint divergences and for associating them
with well-defined operator matrix elements.
The calculation of the 퐵 → 휒푐퐽푀1 decay amplitudes elaborated in [125] and reported
here provides the first example, where an endpoint singularity in a hard-scattering con-
volution integral can be factored consistently (at least at the leading order) into precisely
defined objects, the colour-octet matrix elements. The example does not quite represent
what is required for other cases, such as the 퐵 → 휋 form factor, since in 퐵 → 휒푐퐽푀1 the
endpoint divergence arises from factorization at the scale 푚푐푣
2, not Λ.6 Nevertheless, it
is worthwhile to collect some observations on the structure of the endpoint contribution.
∙ The endpoint contribution is proportional to Φ′푀1(1), the derivative of the distribu-
tion amplitude at the endpoint.7 This is because the endpoint region is of size 푣2
rather than Λ/푚푏, hence it is justified to describe the quarks in the kaon by collinear
quark fields. In general, we do not expect the distribution amplitudes to be relevant
in the endpoint region, since one of the quarks does not carry a collinear momentum.
∙ The factor 1/푦¯ that renders the hard-spectator convolution integral divergent, orig-
inates from the expansion of the charm propagators. It is therefore not possible to
associate the endpoint contribution with a matrix element involving only the meson
푀1 state, as in the case of the light-cone distribution amplitude. Rather it reflects
a large non-factorizing contribution to the entire process from the scale 푚푐푣
2.
∙ The endpoint contribution contains a large rescattering phase as seen from (3.82).
This observation casts doubt on the correctness of a claim made in [95] that the
power-suppressed weak annihilation contributions to charmless decays are real in
first approximation. In fact, applying the prescription of endpoint subtraction used
in [95] to 퐵 → 휒푐퐽푀1 would simply set the soft-spectator scattering contribution to
zero. This implies an uncancelled subtraction scale dependence proportional to ln휇,
which is also present in the result of [95]. More important to the claim, it would
miss the soft spectator-rescattering phase.
3.5 Twist-3 spectator scattering contribution
In section 2.3.4 we have explained that, despite being a power-suppressed effect in the
ΛQCD/푚푏 expansion, the twist-3 contribution to the spectator scattering correction is
numerically large and therefore important for reliable estimates of 퐵 decays into two light
mesons. In 퐵 → 퐻푀1 decays, because of the destructive interference between the leading
amplitude and the vertex correction, the spectator scattering may be even the dominant
6This aspect is similar to the discussion of the 퐵 → 휂푐 form factor in [233], which also exhibits a
calculable endpoint logarithm.
7As in the expression for the 퐵 → 휋 form factor in the heavy quark limit of its light-cone QCD sum
rule representation [234].
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contribution to the decay amplitude [125]. For this reason, it is mandatory to include the
chirally enhanced twist-3 contribution in the analysis. As we will show in section 3.6, its
inclusion is interesting also for a better understanding of the nontrivial interplay among
the different scales involved in the problem, in particular 푚푐푣
2 and ΛQCD.
The evaluation of the twist-3 spectator scattering correction has not yet been formu-
lated consistently in the framework of SCETII because of the appearance of endpoint sin-
gularities that prevent factorization. However, this contribution can be evaluated within a
phenomenological approach, [63–65,67]. When considering 퐵 → 퐻푀1 decays, one has to
take into account a hard contribution from the colour-singlet operators, and, for 푃 -wave, a
soft contribution from the colour-octet operators, as in case of the leading-twist spectator
scattering. The two contributions can be cast into a form similar to (3.47) and (3.80).
The twist-3 hard spectator scattering correction reads
풜hard spectator – twist-3
퐵→퐻(2푆+1퐿퐽)푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠
휋훼푠퐶퐹
푁푐
⟨퐻(2푆+1퐿퐽)∣풪(2푆+1퐿(1)퐽 )∣0⟩
× 푓푀1푓퐵푀퐵
푚푏휆퐵
푟푀1휒
1− 푧
∫ 1
0
푑푦 풞퐵t3( 2푆+1퐿(1)퐽 )(푦)
Φ푚1(푦)
푦¯
, (3.83)
where Φ푚1(푦) is the twist-3 distribution amplitude of the meson 푀1, and 푟
푀1
휒 is defined
as in (2.45). The twist-3 short-distance coefficients 풞퐵t3( 2푆+1퐿(1)퐽 )(푦) read
풞퐵t3,1(1푆(1)0 )(푦) = −
2퐶1
푁푐
1√
푧
,
풞퐵t3,1(3푆(1)1 )(푦) =
2퐶1
푁푐
, (3.84)
for 푆-wave states, and
풞퐵t3,1(1푃 (1)1 )(푦) =
2퐶1
푁푐
2
푚푏
√
푧
(
1 + 푧
1− 푧 −
2푧
1− 푧
1
푦¯
)
,
풞퐵t3,1(3푃 (1)0 )(푦) = −
2퐶1
푁푐
2√
3푚푏푧
(
1− 2푧
1− 푧
1
푦¯
)
,
풞퐵t3,1(3푃 (1)1 )(푦) = −
2퐶1
푁푐
2
√
2
푚푏
√
푧
(
1 + 푧
1− 푧 −
푧
1− 푧
1
푦¯
)
,
풞퐵t3,1(3푃 (1)2 )(푦) = −
2퐶1
푁푐
2
푚푏
(
1 + 2푧
1− 푧 −
2푧
1− 푧
1
푦¯
)
, (3.85)
in case of 푃 waves. The results for the decays into the 휒푐0, 휒푐2 and ℎ푐 states have been
presented in literature in [193, 197], and we agree with these papers. The results for the
other decays however are new, and are presented here for the first time. As expected for
the twist-3 contribution, each term in the short-distance coefficients 풞퐵t3( 2푆+1퐿(1)퐽 )(푦) has
endpoint divergences, because Φ푚1(푦) = 1. However, since the terms proportional to 푦¯
−2
are in direct correspondence with the colour-octet contribution, it is useful to introduce,
as in (3.41), the 푦-independent coefficients 퐶퐵t3[
2푆+1퐿퐽 ], 퐵t3[
2푆+1퐿퐽 ], such that
풞퐵t3( 2푆+1퐿(1)퐽 )(푦) =
2퐶1
푁푐
(
퐶퐵t3[
2푆+1퐿퐽 ] +
퐵t3[
2푆+1퐿퐽 ]
푦¯
)
. (3.86)
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There is no colour octet contribution corresponding to the term proportional to 퐶퐵t3[
2푆+1퐿퐽 ].
The logarithmic endpoint divergence contained in these terms correspond to the stan-
dard divergence appearing at twist-3 in 퐵 decays into two light mesons, and signals
the non-decoupling of the gluons up to the scale ΛQCD. We use for these divergences
the standard treatment defined by (2.108), introducing a phenomenological parameter
푋푀1퐻 ∼ ln(푚푏/ΛQCD). The terms proportional to 퐵t3[ 2푆+1퐿퐽 ] contain more severe linear
endpoint divergences, in this case however one has to add the soft contribution from the
colour octet operators before getting to the conclusion. We regularize this integral as in
section 3.3.2, introducing a cut-off that replaces the upper limit by 1− 휇 with 휇≪ 1. In
this way, with Φ푚1 = 1, we obtain∫ 1−휇
0
푑푦
Φ푚1(푦)
푦¯2
= −1 + 1
휇
. (3.87)
The result of the convolution in (3.83) is therefore expressed as∫ 1−휇
0
푑푦 풞퐵t3( 2푆+1퐿(1)퐽 )(푦)
Φ푚1(푦)
푦¯
=
2퐶1
푁푐
{
퐵t3[
2푆+1퐿퐽 ]
(
−1 + 1
휇
)
+ 퐶퐵t3[
2푆+1퐿퐽 ]푋
푀1
퐻
}
, (3.88)
where the 퐵t3[
2푆+1퐿퐽 ] term is present only for 푃 -waves.
The twist-3 spectator scattering contribution to the colour octet matrix element can
be evaluated following the methods illustrated in section 3.4.3, the only difference being
that the leading-twist distribution amplitude in (3.77) has to be replaced with its twist-3
counterpart, and the trace appearing in the last line has to be replaced with
푚푏
푟푀1휒
2
1
푝푀1푞¯ ⋅ 푝푀1푞
tr
(
훾5 ∕푝푀1푞¯ ∕푝푀1푞 훾휇⊥(1− 훾5)
1+ ∕푤
2
∕푛+훾5훾훼
)
, (3.89)
where 푝푀1푞¯ , 푝
푀1
푞 are the momenta of the antiquark and the quark inside the meson 푀1,
respectively. Again, we provide the final result for the partial amplitude, that reads
(restricting to 푃 -waves)
풜soft spectator – twist-3
퐵→퐻(2푆+1푃퐽)푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠
휋훼푠퐶퐹
푁푐
⟨퐻(2푆+1푃퐽)∣풪(2푆+1푃 (1)퐽 )∣0⟩
× 푓푀1푓퐵푀퐵
푚푏휆퐵
푟푀1휒
1− 푧
2퐶1
푁푐
퐵t3[
2푆+1푃
(1)
퐽 ]
×
∫ 1
0
푑푦Φ푚1(푦)
(√
−
(
푦¯ +
2
√
푧퐸퐻
푚푏(1− 푧)
)
+
훾퐵
푚푏
√
1− 푧
)−4
. (3.90)
The present integrand is again appropriate only in the endpoint region 1− 푦 ∼ 푣2. There
is no divergence as 푦 → 1, but for 푦¯ ≫ 푣2 the integrand has the same linear behaviour∫
푑푦 1/푦¯2 as does the hard contribution for 푦¯ ≪ 1. As before one has to interpret the
푦-integral in (3.90) as
∫ 1
0 푑푦 →
∫ 1
1−휇 푑푦. To combine with (3.88) we must evaluate the
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Figure 3.7: Real (blue) and imaginary (red) part of 퐹푠푣, 퐹푠푠 and 퐹푠푠3 as a function of 푚푐.
regularized version of (3.90) up to terms of order 푣2/휇. Remembering that Φ푚1(푦) = 1,
we obtain
∫ 1
1−휇
푑푦Φ푚1(푦)
(√
−
(
푦¯ +
2
√
푧퐸퐻
푚푏(1− 푧)
)
+
훾퐵
푚푏
√
1− 푧
)−4
≈
∫ 휇
0
푑푦
(√
−
(
푦 +
2
√
푧퐸퐻
푚푏(1− 푧)
)
+
훾퐵
푚푏
√
1− 푧
)−4
≈
(
− 1
휇
+ 퐹푠푠3
)
, (3.91)
where
퐹푠푠3 = −
푚2푏(1 − 푧)
(
훾퐵 + 6
√−푚푐퐸퐻
)
3
(
훾퐵 + 2
√−푚푐퐸퐻
)3 . (3.92)
Comparing (3.88) with (3.91), it is possible to see that the regulator dependent term
cancels, while a large phase arises from the finite contribution, but only for positive binding
energy, as in case of the vertex correction. Part of the twist-3 endpoint singularities
therefore does not violate factorization, because they can be absorbed in the colour octet
matrix element as in case of the leading twist contribution.
In Fig. 3.7 we compare the real (blue) and imaginary (red) part of the functions 퐹푠푣,
퐹푠푠 and 퐹푠푠3. At threshold, i.e. for 퐸퐻 = 0, the three functions are approximated by
퐹푠푣 ∼ 1
푚푏
(
ln
푚2푏
훾2퐵
+풪(1)
)
, 퐹푠푠 ∼ ln 푚
2
푏
훾2퐵
+풪(1), 퐹푠푠3 ∼ 푚
2
푏
훾2퐵
, (3.93)
which explains the large value of 퐹푠푠3 at threshold.
From a phenomenological point of view, this leads to an interesting picture, according
to which one has interference between the subleading (in ΛQCD/푚푏) unknown phase in
푋푀1퐻 , and the phase arising from the soft spectator scattering contribution. We will return
to this point in section 3.6.
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Before discussing the numerical results, we present an expression for the sum of the dif-
ferent contributions to the amplitude:
풜퐵→퐻(2푆+1퐿퐽 )푀1 =
퐺퐹√
2
푉푐푏푉
∗
푐푠 ⟨퐻(2푆+1퐿퐽)∣풪(2푆+1푃 (1)퐽 )∣0⟩
[
퐴푉 +퐴푆 +퐴푆3
]
, (3.94)
where separating the vertex corrections from the spectator-scattering leading- and twist-3
corrections we have
퐴푉 = 2푀퐵
(
1− 푀
2
퐻
푀2퐵
)
푓퐵푀1+ (푀
2
퐻)
[(
풞퐴0 (2푆+1퐿(1)퐽 )
+ 풞퐴1 (2푆+1퐿(1)퐽 )
)
− 훼푠
4휋
퐶퐹
푁푐
풟푠푣( 2푆+1퐿(1)퐽 )퐹푠푣 풞퐴∥ ( 2푆+1푆(1)푆 )
]
,
퐴푆 =
휋훼푠퐶퐹
푁푐
푓푀1푓퐵푀퐵
푚푏휆퐵
2퐶1
푁푐
{
퐶퐵[ 2푆+1퐿퐽 ]
∫ 1
0
푑푦
Φ푀1(푦)
푦¯
+퐵[ 2푆+1퐿퐽 ]
(
Φ′푀1(1)퐹푠푠 +
∫ 1
0
푑푦
Φ푀1(푦) + 푦¯Φ
′
푀1
(1)
푦¯2
)}
,
퐴푆3 =
휋훼푠퐶퐹
푁푐
푓푀1푓퐵푀퐵
푚푏휆퐵
푟푀1휒
1− 푧
2퐶1
푁푐
{
퐶퐵t3[
2푆+1퐿퐽 ]푋
푀1
퐻
+퐵t3[
2푆+1퐿퐽 ] (−1 + 퐹푠푠3)
}
, (3.95)
where the colour-octet contributions enter only in the 푃 -wave amplitudes; all quantities
have been defined previously. The branching fraction, extending the leading-order expres-
sion (3.21), is given by
Br (퐵¯ → 퐻(2푆+1퐿퐽)푀1) = 휏퐵 퐺
2
퐹
2
∣푉푐푏푉 ∗푐푠∣2
푀2퐵 −푀2퐻
16휋푀3퐵
PolSum[퐻(2푆+1퐿퐽)]
×
[
⟨풪(2푆+1퐿(1)퐽 )⟩
]2 ∣∣∣퐴푉 +퐴푆 +퐴푆3∣∣∣2, (3.96)
with ⟨풪(2푆+1퐿(1)퐽 )⟩ = ⟨풪(1푆(1)0 )⟩ for 푆-waves and ⟨풪(2푆+1퐿(1)퐽 )⟩ = ⟨풪(3푃 (1)0 )⟩ for 푃 -waves.
3.6.1 Parameters
The numerical result depends on various parameters. For many of them the input val-
ues are collected in table 2.1, or given in section 2.3.5. According to it, we have e.g.
∣푉푐푏푉푐푠∣ = 40.4 ⋅ 10−3. We use next-to-leading logarithmic running of the strong cou-
pling and Wilson coefficients. At 휇 = 3GeV: 훼푠(3GeV) = 0.2503, 퐶1(3GeV) = 1.105,
퐶2(3GeV) = −0.2366. The renormalization scale for these quantities is denoted by 휇.
However, in the strong coupling that multiplies the spectator scattering term we use the
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intermediate scale 휇ℎ =
√
0.5GeV 휇, and in the expression for the inverse Bohr radius
(3.59) we imagine choosing the scale of 훼푠 (or 푚푐) such that 훾퐵 = 500MeV. The values
of the quark masses 푚푏, 푚푐 will be discussed below.
The meson masses are푀퐵 = 5.279GeV, 푀휂푐 = 2.980GeV, 푀휂′푐 = 3.638GeV, 푀퐽/휓 =
3.097GeV, 푀휓′ = 3.686GeV, 푀휒푐0 = 3.415GeV, 푀휒푐1 = 3.511GeV, 푀휒푐2 = 3.556GeV,
푀ℎ푐 = 3.525GeV. The derivative of the wave function at the origin can be determined
from 휒푐퐽 decays and takes the value ∣푅′21(0)∣2 = 0.050GeV5, while ∣푅10∣2 = 0.810GeV3,
∣푅20∣2 = 0.529GeV3 [202, 235]. We will assume the moment of the 퐵-meson distribution
amplitude to take the small value 휆퐵 = 200 MeV that is favoured by the large rates
of colour-suppressed charmless 퐵 decays [136], or alternatively the larger value 휆퐵 =
350 MeV that is expected with QCD sum rules and models of the 퐵 meson distribution
amplitude, [164–167], where values twice as large as 휆퐵 = 200 MeV are not excluded. The
퐵 → 푀1 form factor is parameterized following [158]. In case of 퐵 → 퐾 transition we
have
푓퐵퐾+ (푞
2) =
0.162
1− 푞2/푀2퐵푠
+
0.173
(1− 푞2/푀2퐵푠)2
(푀퐵푠 = 5.41GeV), (3.97)
while for the 퐵 → 휋 transition the parametrization reads
푓퐵휋+ (푞
2) =
0.744
1− 푞2/푀2퐵푑
− 0.486
(1− 푞2/푀2fit)2
(푀퐵푠 = 5.32GeV,푀fit = 6.38GeV). (3.98)
Many of these parameters have significant theoretical errors, but in view of other uncer-
tainties discussed below, they are less relevant, except for the parameter 휆퐵 . Finally, the
meson 푀1 light-cone distribution amplitude is expanded into Gegenbauer polynomials,
according to (2.116), and we truncate the expansion at order 푛 = 2. The first two Gegen-
bauer moments for pions and kaons are collected in table 2.1. [168–171, 174, 175], while
using “asymptotic” distribution amplitudes amounts to setting the Gegenbauer moments
to zero. In terms of Gegenbauer moments the expressions appearing in (3.95) read
Φ′푀1(1) = (−6)
(
1 + 3푎푀11 + 6푎
푀1
2
)
,
퐼1 ≡
∫ 1
0
푑푦
Φ푀1(푦)
푦¯
= 3
(
1 + 푎푀11 + 푎
푀1
2
)
,
퐼2 ≡
∫ 1
0
푑푦
Φ푀1(푦) + 푦¯Φ
′
푀1
(1)
푦¯2
= (−6)
(
1 + 6푎푀11 + 16푎
푀1
2
)
. (3.99)
While 퐼1 is well-behaved, Φ
′
푀1
(1) and 퐼2 exhibit a very large sensitivity to the higher
Gegenbauer moments. Comparing the maximal value of 퐼2 to its asymptotic one, we find
퐼max2 /퐼
as
2 = 7.32 for kaons and 6.6 for pions, and it is not clear whether the Gegenbauer
expansion is converging at all. A consequence of this is that the size of the spectator-
scattering amplitude is uncertain by a factor of several (including the uncertainty in 휆퐵)
for 휒푐퐽 , where 퐵[
2푆+1푃퐽 ] is not vanishing.
3.6.2 Results
Given the large ambiguities mentioned above, but also the fact that our calculation relies
on the unrealistic assumption that charmonium is a Coulomb bound state, we do not
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expect reliable quantitative results for the 퐵 → 퐻푀1 branching fractions. The aim of
this phenomenological analysis is instead to investigate, whether the QCD factorization
model elaborated so far, with inclusion of the colour octet operators, is able to catch the
main features of the experimental results. This implies to address mainly the following
questions:
1) Are large corrections to naive factorization expected theoretically? This is necessary,
given the small tree-level branching ratios obtained in table 3.2, to explain the large
퐽/휓, 휂푐, 휒푐1 and 휒푐0 experimental branching ratios in table 3.1.
3) Why are the 휒푐2퐾 and ℎ푐퐾 final states suppressed relative to 휒푐0퐾, 휒푐1퐾?
Our calculation results in exactly the same decay rates for charged and neutral 퐵 decay.
Thus, branching fractions of pairs of related decays differ only by the lifetime ratio 휏퐵푢/휏퐵푑 .
In the following we consider only 퐵¯0푑 decay using 휏퐵푑 = 1.53 ⋅ 10−12 s. The analysis will
focus mainly on the final states with 푀1 = 퐾¯, since these are the decays modes for which
we have more complete experimental data.
We begin by discussing the dependence of the branching fractions on the various inputs,
when we neglect the spectator-scattering term entirely. The scale-dependence, adopting
the quark masses values 푚푏 = 4.8GeV, 푚푐 = 1.4GeV, is shown in the plots of Figure 3.8;
the plot on the left contains the scale dependence of the leading and next-to-leading order
amplitude for decays into 푆-waves, and the results for the 휒푐1 has been included, for
comparison, being the only 푃 -wave state produced at leading order. The plot on the left
shows results for the 푃 -wave final states. There is a large cancellation between the tree
level and one-loop contribution to the coefficient function relevant to the 퐽/휓, 휂푐 and
휒푐1 final states, resulting in a very small branching fraction. The branching fractions for
the other final states are also quite small, not exceeding a few times 10−5 with ℎ푐 and
휒푐2 being even smaller than the other two. At this point we can already conclude that
corrections to naive factorization are order one effects, providing a positive answer to the
first question above, as is in fact expected for colour-suppressed decay modes. The final-
state dependence might be similar to the data, but this cannot be the complete story,
since the 퐽/휓, 휂푐, 휒푐0 and 휒푐1 branching fractions fall short of the data by about an order
of magnitude.
The scale dependence of the NLO result remains significant, simply because the LO
term for 퐽휓, 휂푐 and 휒푐1 is cancelled, and there is no LO term for the other final states. The
scale dependence is exactly of the form (훼푠퐶1)
2 for 휒푐0, 휒푐2, and ℎ푐 and approximately
so for 퐽/휓, 휂푐 and 휒푐1. This causes an uncertainty of a factor of 2 when 휇 is varied
between 2GeV and 5GeV, and larger if one allows smaller scales. However, below about
1.5GeV the scale-dependence blows up as seen in the Figure. In the following we fix
휇 = 3GeV. Results for other choices of 휇 can be obtained approximately by multiplying
with (훼푠퐶1)
2(휇)/(훼푠퐶1)
2(3GeV). (This remains true, when the spectator-scattering terms
are added back.)
Other significant parameter dependencies arise from the quark mass values. The de-
pendence on 푚푐 is more important than the one on 푚푏, so we fix 푚푏 = 4.8GeV in the
following. The charm quark mass dependence of the branching fractions, still omitting
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Figure 3.8: Branching fractions in units of 10−4, when the spectator-scattering contribution is
set to zero: renormalization scale dependence for 푆-waves and 휒푐1, (left) and for 푃 -waves (right).
1.4 1.5 1.6 1.7 1.8 Μ0.0
0.5
1.0
1.5
2.0
2.5
3.0
104Br
Χc1
JΨ
Ηc
1.4 1.5 1.6 1.7 1.8 mc0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
104Br
hc
Χc2
Χc1
Χc0
Χc1, LO
Figure 3.9: Branching fractions in units of 10−4, when the spectator-scattering contribution is
set to zero: charm quark mass dependence for 푆-waves and 휒푐1, (left) and for 푃 -waves (right).
spectator scattering, is shown in the plots of Figure 3.9. The 푚푐 dependence is mild for
the 푆-wave states (left plot), though a bit more pronounced for the 휂푐 final state. (at
leading order, the 퐽/휓 final state is independent from 푚푐, while the 휂푐 state depends on
푚푐 through 1/
√
푧.) The 푚푐 dependence is more important for 푃 -waves, since the size
of the 휒푐0, 휒푐1 branching fractions versus 휒푐2, ℎ푐 reverses as 푚푐 increases (right plot in
Figure 3.9). The charm quark mass here is the pole mass, which is a poorly defined
quantity in perturbation theory, due to large radiative corrections. Typical values are
푚푐 = 1.4 . . . 1.7GeV. There may be good reason to choose larger values here, since the
charm quark pole mass controls the binding energy 퐸퐻 = 푀퐻 − 2푚푐, which should be
negative in the approximation of charmonium as a non-relativistic bound state, and is
negative in reality when measured relative to the 퐷퐷¯ threshold. From the Figure it is
evident that with the NLO vertex correction alone it is not possible to explain the ex-
perimental data, since the 퐽/휓, 휂푐, 휒푐0, and 휒푐1 branching fractions are too small, even
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Figure 3.10: Charm quark mass dependence of the branching fractions in units of 10−4 from
spectator scattering only. Left for asymptotic kaon distribution amplitude (푎퐾¯1 = 푎
퐾¯
2 = 0), right
for 푎퐾¯1 = 0.06 and 푎
퐾¯
2 = 0.2. Only 푃 -waves final states are shown.
allowing for theoretical uncertainties in the 퐵 → 퐾 form factor or the charmonium wave
function.
Next we imagine that the branching fractions are given by the leading-twist spectator-
scattering term alone. The largest parameter dependencies now arise from the charm quark
mass, the Gegenbauer moments of the kaon light-cone distribution amplitude, and the 퐵
meson distribution amplitude parameter 휆퐵. Focusing on the 푃 -wave, in Figure 3.10 we
show the 푚푐 dependence for asymptotic distribution amplitudes (left) and for 푎
퐾¯
1 = 0.06,
푎퐾¯2 = 0.2 (right). In these plots we take 휆퐵 = 200 MeV. The branching fractions grow
rapidly with 푚푐, when the spectator amplitude becomes dominated by the imaginary part
from the colour-octet contributions. We also observe a huge dependence on the Gegenbauer
moments, confirming the expectation that the expansion may be invalid. Even 푎퐾¯2 = 0.2
leads to unacceptably large branching fractions. These effects are less pronounced when
휆퐵 is larger, since the spectator-scattering branching fraction shown in Figure 3.10 is
proportional to 1/휆2퐵 . Independent of these uncertainties, we always find that spectator-
scattering is a small effect for ℎ푐, and larger for 휒푐0, 휒푐1 than for the other two final
states.
When we now add both contributions together, including the interference term, but
neglecting for the moment the twist-3 spectator scattering, we obtain the result shown
in Figure 3.11 for asymptotic distribution amplitudes and 휆퐵 = 200 MeV. For 푚푐 in the
range from 1.5GeV to 1.7GeV, this suggests the interpretation that the 휒푐0, 휒푐1 final
states are dominated by spectator scattering, more precisely by the spectator-scattering
contribution to the colour-octet matrix element. The smallness of the ℎ푐 branching fraction
is explained by the absence of such a contribution (at leading order) for this final state.
The 휒푐2 case is intermediate with a rapidly rising branching fraction in the interesting
charm-quark mass window. Numerical results for some values of 푚푐 are provided in
Table 3.3. We emphasize that in addition to the charm-quark mass dependence displayed
explicitly there are further large theoretical uncertainties related to scale-dependence,
which shifts all branching fractions uniformly as described above, to 푚푏-dependence, to
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Figure 3.11: Charm quark mass dependence of the branching fractions in units of 10−4 including
all contributions except twist-3 spectator scattering. Left, 푆-waves and right, 푃 -waves.
the Gegenbauer moments, and to 휆퐵 . There are some parameter degeneracies that allow
making 푎퐾¯2 and 휆퐵 simultaneously larger. In view of these uncertainties, the results in
Table 3.3 and Figure 3.11 show anyway that there are reasonable regions of parameter
space (푚푐 ≈ 1.65GeV, small 휆퐵, and asymptotic kaon distribution amplitude), where the
theoretical calculations in our model for the colour-octet matrix elements are in qualitative
agreement with the experimental data for 푃 -wave production, namely the existence of
large contributions beyond naive factorization, and the suppression of the 휒푐2퐾 and ℎ푐퐾
modes. From Table 3.3 we see that the small ℎ푐 branching fraction is a robust feature
of our results, but we find it difficult to explain the strong 휒푐2 suppression seen in the
data compiled in Table 3.1, while maintaining the sizeable 휒푐1 branching fraction. At the
same time, predictions for 푆-waves are not so good, too, because their branching ratios
are predicted to be about four times smaller than the experimental results. This reflect
the importance that the subleading contribution pointed out in section 3.2.6 could have,
in particular if there existed an enhanced correction from colour-octet operators. Since
these terms were not calculated, the present result for 푆-waves has to be intended as an
estimate of the relative importance of the leading (in powers of 푣) contribution versus the
power suppressed corrections.
The phenomenological analysis performed in [125] did not take into account the twist-3
contribution, that we consider here for the first time. Results for the 푃 -wave branching
ratios, assuming that only the twist-3 term contribute to them are shown in figure 3.12,
for 휆퐵 = 200 MeV. The twist-3 correction is strongly peaked around the threshold point
2푚푐 = 푀퐻 . Comparing 퐴푆 and 퐴푆3 one realize that at threshold the twist three con-
tribution is formally of order 푚푏ΛQCD/훾
2
퐵 ∼ ΛQCD/푚푏푣2 with respect to the leading
twist spectator, since 훾퐵 ∼ 푚푏푣. This is because of 퐹푠푠3 ∼ 푚2푏/훾2퐵 at threshold, while
푟푀1휒 ∼ ΛQCD/푚푏. Remembering that the latter relation is only formal, being 푟푀1휒 ∼ 풪(1)
numerically, one explains the large values taken by the twist-3 contribution at threshold.
The main contribution to the twist-3 spectator scattering comes again from the colour-
octet production mechanism, which can interfere destructively (휒푐0 and 휒푐1 states) or
3.6 Estimates of branching ratios 91
푚푐/GeV 퐽/휓퐾¯
0 휓′퐾¯0 휂푐퐾¯0 휂′푐퐾¯0 휒푐0퐾¯0 휒푐1퐾¯0 휒푐2퐾¯0 ℎ푐퐾¯0
1.45 2.00 0.95 2.48 1.87 1.13 1.31 0.28 0.29
1.50 1.94 0.92 2.25 1.70 1.17 1.52 0.37 0.30
1.55 1.88 0.89 2.03 1.53 1.25 1.85 0.51 0.31
1.60 1.83 0.85 1.84 1.38 1.44 2.36 0.74 0.34
1.65 1.77 0.82 1.66 1.25 1.95 3.28 1.14 0.38
1.70 1.71 0.79 1.49 1.12 3.70 5.23 1.95 0.44
1.75 1.60 0.73 1.20 0.90 5.19 10.31 3.98 0.53
Table 3.3: 퐵¯0푑 → 퐻퐾¯0 branching fractions in units of 10−4 for various charm quark mass inputs.
Asymptotic distributions amplitudes, 휆퐵 = 200MeV and 푚푏 = 4.8 are fixed.
constructively (휒푐2) with the corresponding colour octet contribution in the leading twist
spectator amplitude (there is no spectator scattering colour octet production for the ℎ푐
state). As a consequence of these patterns, and because of its large contribution, the twist-
3 correction cannot be accommodated in the “optimal” scenario developed in [125] and
described above, where asymptotic distribution amplitudes are considered. Here instead
one is lead to consider the full expression of the leading twist-distribution amplitudes,
with 푎퐾¯1 = 0.06 and 푎
퐾¯
2 = 0.2. Because of the convergence problems mentioned above,
together with the strong dependence on 푚푐 of the twist-3 correction, the present evalu-
ation of the branching ratios is even more uncertain, and therefore has to be considered
as an estimate, from which one can infer hints about the importance of subleading (in
ΛQCD/푚푏) contributions to the decay amplitudes.
The interesting point about including subleading (though chirally enhanced) correc-
tions in the analysis is that they may lead to identify a different set of parameters, that
are able to catch the main experimental features of the decay modes considered. In Figure
3.13 the 푚푐 dependence of the branching ratio is shown, when 푎
퐾¯
1 = 0.06 and 푎
퐾¯
2 = 0.2 is
used for the leading-twist distribution amplitudes, and the twist-3 correction is included,
for a larger 휆퐵 = 350 MeV. Even though in the interesting window 푚푐 = 1.5, . . . , 1.7 GeV
the hierarchy between the 휒푐0 and 휒푐1 amplitudes is inverted, and the 휒푐2 amplitude is far
too large, this is not the end of the story. The 푆-wave amplitude, for instance, becomes a
little larger, because of the constructive interference of the leading- and twist-3 spectator
scattering. Moreover, the graphs in Figure 3.13 are obtained in the standard scenario for
which 휚퐻 = 0, and this misses the possibility of having different interference patterns in
the twist-3 contribution, between the soft-phase of the colour-octet contribution and the
soft phase 휑퐻 in 푋퐻 . The variation of this phase is shown in Figure 3.14 for 푃 -waves,
for different values of 푚푐 and 휚퐻 = 1. The 휒푐1 and 휒푐2 shows a larger sensitivity to this
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Figure 3.12: Charm quark mass dependence of the branching fractions in units of 10−4, including
only the twist-3 spectator scattering.
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Figure 3.13: Charm quark mass dependence of the branching fractions in units of 10−4 including
all contributions. Left, 푆-waves and right, 푃 -waves.
parameter than the 휒푐0, ℎ푐 states but, more importantly, the interference pattern is op-
posite among the 휒푐0, 휒푐1 and the ℎ푐, 휒푐2 states, so that to a large branching ratio for the
휒푐1, 휒푐0 states correspond a suppressed one for the ℎ푐, 휒푐2 states, in the range in which
240∘ <∼휑 <∼ 300∘. At the same time it is interesting to note that, comparing with Figure
3.15, the branching ratio of the decay modes containing 푆-waves in the final states are also
enhanced in the same range of 휑, giving a value closer to the experimental results. In table
3.4 we show some value of the branching ratios corresponding to the set of parameters
that give the results more close to the experiment. One can see that the suppression of
the ℎ푐 state is still effective and consistent with the experimental data, however it is still
difficult to explain the suppression observed for 휒푐2 state and the prediction for the 휒푐0
state is in this case a bit too large. All in all, we find that the set of parameters that
better describes the experimental data is given by 푚푐 = 1.55 GeV, a bit lower than in
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Figure 3.14: Dependence of the 푃 -waves branching fractions, in units of 10−4, from the unknown
non-perturbative phase 휑퐻 , for different values of 푚푐
the previous scenario, 휆퐵 = 400 MeV and the soft phase in the range 240
∘ <∼휑 <∼ 270∘.
For this set of parameters, however, the branching ratios for the 푆-waves are too low by a
factor 2. The lesson from this is that subleading corrections in ΛQCD/푚퐵 are important,
too, but difficult to evaluate precisely, because they receive contributions mainly from the
푚푐푣
2 and the ΛQCD regions.
Before concluding our analysis we briefly report results for decays into a charmonia
state and a pion. The dependence of the total branching ratio (excluding the twist-3
contribution) on 푚푐 is shown in Figure 3.16, while numerical results for the same set of
parameters used in table 3.3 are shown in table 3.5. Because of their smaller branching
ratio, many of these decays are not yet observed experimentally, and our prediction may
indicate which of them could be observed in the future. However, they may be of some
interest from the point of view of testing the factorization properties of the approach
developed here. In fact, thanks to the lower decay constant of the pion, 푓휋 = 131 MeV
vs. 푓퐾 = 160 MeV, together with the smaller Gegenbauer moments, 훼
휋
1 = 0, 훼
휋
2 = 0.02
vs. 푎퐾¯1 = 0.06 and 푎
퐾¯
2 = 0.2, the contribution of the spectator scattering, which is the
source of the largest uncertainties, is expected to be slightly smaller. Also interesting, in
this respect, is the ratio between the branching fraction of decays into a charmonium state
and a pion, and a charmonium state and a kaon. In table 3.6 we report the experimental
ratio, when it is available, together with the ratio predicted at leading order in 훼s, that is
given simply by the ratio of the CKM factors and form factors and at NLO, with the best
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Figure 3.15: Dependence of the 푆-waves branching fractions, in units of 10−4, from the unknown
non-perturbative phase 휑퐻 , for 푚푐 = 1.6 GeV.
choice of input parameters individuated previously in the leading-twist approximation.
The experimental ratio are generally larger than the predicted one. It is possible to see
that the NLO results slightly improve the prediction, making it closer to the experimental
data. One can note, however, the result for the neutral 퐵 decay ratio, that deviates
sensibly from the charged 퐵 decay ratios. Since in our model the difference between the
two decays is given only by the different lifetimes, this trait cannot be explained and may
signal the presence of additional non-perturbative contribution to the decay amplitude
in the neutral decay modes, a feature already observed for other neutral 퐵 decays like
퐵¯ → 휋0휋0 or 퐵¯ → 휋0퐾¯0.
3.7 Conclusion
This chapter has been devoted to a treatment of 퐵 decays into a charmonium state and a
light meson, in view of the analysis we performed for 푃 -wave charmonia in [125], motivated
by previous studies [191–194,196,197] of these decays in the QCD factorization framework,
that reported a violation of factorization.
Our main result is the inclusion of the colour-octet operators in the calculation of the
decay amplitudes into 푃 -wave. The colour octet operators are in fact not suppressed by
Λ/푚푏, contrary to the case of charmless decays, due to the existence of the charmonium
binding energy scale. After the addition of this contribution factorization is recovered,
at least at order 훼푠. The infrared divergences found in previous calculations can be
subtracted consistently into the matrix elements of these operators. This includes the
endpoint divergence that is found in the unsubtracted coefficient function associated with
spectator-scattering. Our calculations demonstrate that the endpoint contribution, now
contained in the colour-octet matrix element, can lead to a large rescattering phase. These
observations may be of conceptual interest, since it is presently still unclear in the general
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[푚푐, 휆퐵 ]/GeV, 휑퐻 퐽/휓퐾¯
0 휓′퐾¯0 휂푐퐾¯0 휂′푐퐾¯0 휒푐0퐾¯0 휒푐1퐾¯0 휒푐2퐾¯0 ℎ푐퐾¯0
1.55, 0.350, 240∘ 3.28 1.56 3.31 2.36 3.84 5.30 1.02 0.22
1.55, 0.350, 270∘ 4.43 2.07 4.35 3.03 3.69 5.02 1.26 0.07
1.55, 0.350, 300∘ 5.25 2.40 5.06 3.47 3.49 4.27 1.73 0.04
1.60, 0.350, 240∘ 3.31 1.56 3.12 2.21 3.94 6.21 1.50 0.34
1.60, 0.350, 270∘ 4.53 2.10 4.15 2.88 3.78 5.91 1.74 0.14
1.60, 0.350, 300∘ 5.42 2.47 4.87 3.33 3.59 5.05 2.35 0.11
1.55, 0.400, 240∘ 2.74 1.33 2.79 2.00 3.01 4.23 0.81 0.20
1.55, 0.400, 270∘ 3.62 1.71 3.58 2.52 2.88 4.01 0.98 0.07
1.55, 0.400, 300∘ 4.20 1.94 4.08 2.83 2.73 3.43 1.34 0.04
1.60, 0.400, 240∘ 2.75 1.32 2.62 1.87 3.06 4.93 1.18 0.30
1.60, 0.400, 270∘ 3.68 1.73 3.40 2.38 2.95 4.70 1.35 0.13
1.60, 0.400, 300∘ 4.31 1.99 3.91 2.69 2.80 4.02 1.81 0.11
Table 3.4: 퐵¯0푑 → 퐻퐾¯0 branching fractions in units of 10−4 for various charm quark mass inputs.
Asymptotic distributions amplitudes, 휆퐵 = 200 MeV and 푚푏 = 4.8 GeV are fixed.
case, whether and how endpoint divergences that often appear in convolutions in collinear
factorization formulas can be absorbed into well-defined non-perturbative objects and
what these objects are. We find it plausible that factorization of 퐵 decays to 푃 -wave
charmonium extends to higher orders in the coupling expansion when 푚푐푣
2 ≫ Λ, in view
of the argument presented in [64]; nonetheless, it would be of great interest to verify the
factorization of endpoint divergences beyond the tree-approximation to the hard-scattering
sub-graph.
In this chapter we have extended the results of [125], including the twist-3 spectator
scattering correction, and considering also decays into 푆-waves at leading order in 푣.
Contrary to the previous numerical estimates of the branching fractions, that relied on
ad hoc treatments of the infrared regulator dependence, in the present framework this
is unnecessary, but an estimate of the colour-octet operator matrix elements is needed,
which may even be the largest contribution to the decay amplitude. To this end we
adopted a description of charmonium as a Coulomb bound state, which corresponds to
the formal heavy quark limit. In practice, this limit is probably unreliable, and our results
do indeed exhibit large theoretical uncertainties. Nevertheless, we find that for plausible
theoretical inputs it is possible to reproduce qualitatively what we consider to be the
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Figure 3.16: Charm quark mass dependence of the branching fractions in units of 10−4 including
all contributions. Left, 푆-waves and right, 푃 -waves.
most interesting features of current experimental data: suppression of the 휒푐2퐾 and ℎ푐퐾
final states and amplitudes that must be dominated by terms beyond naive factorization,
though the suppression of 휒푐2퐾 is not as strong as observed. An interesting avenue to
pursue in the future might be to consider the colour-octet matrix elements as unknown
non-perturbative parameters, which is more realistic in view of 푚푐푣
2 ∼ Λ, and to exploit
the constraints imposed by spin-symmetry on the leading contributions to these matrix
elements.
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푚푐/GeV 퐽/휓퐾¯
0 휓′퐾¯0 휂푐퐾¯0 휂′푐퐾¯0 휒푐0퐾¯0 휒푐1퐾¯0 휒푐2퐾¯0 ℎ푐퐾¯0
1.45 2.00 0.95 2.48 1.87 1.13 1.31 0.28 0.29
1.50 1.94 0.92 2.25 1.70 1.17 1.52 0.37 0.30
1.55 1.88 0.89 2.03 1.53 1.25 1.85 0.51 0.31
1.60 1.83 0.85 1.84 1.38 1.44 2.36 0.74 0.34
1.65 1.77 0.82 1.66 1.25 1.95 3.28 1.14 0.38
1.70 1.71 0.79 1.49 1.12 3.70 5.23 1.95 0.44
1.75 1.60 0.73 1.20 0.90 5.19 10.31 3.98 0.53
Table 3.5: 퐵¯0푑 → 퐻퐾¯0 branching fractions in units of 10−4 for various charm quark mass inputs.
Asymptotic distributions amplitudes, 휆퐵 = 200 MeV and 푚푏 = 4.8 GeV are fixed.
퐽/휓 휓′ 휂푐 휂′푐 휒푐0 휒푐1 휒푐2 ℎ푐
Experiment, 퐵− 0.047 – – – – 0.044 – –
Experiment, 퐵¯0 0.023 – – – – – – –
Theory, 퐵¯0, LO 0.033 0.032 0.033 0.032 – 0.032 – –
Theory, 퐵¯0, NLO 0.035 0.035 0.035 0.035 0.036 0.035 0.035 0.034
Table 3.6: Ratio (퐵¯ → 퐻휋)/(퐵¯ → 퐻퐾¯) for 푚푐 = 1.65 GeV, 휆퐵 = 200 MeV. Asymptotic
distribution amplitudes are used in the NLO results.
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Chapter 4
Non-leptonic 푩 decays in the
MSSM with large tan휷
4.1 Introduction
If new particles exist at the TeV scale, then the striking absence of evidence so far for their
virtual effects in 퐵 or 퐾 meson mixing and decay suggests that the pattern of flavour-
changing interactions is governed by the Standard-Model Yukawa coupling matrices even
at the TeV scale. The minimal supersymmetric Standard Model (MSSM) with large
ratio tan 훽 of the Higgs bosons vacuum expectation values and no new sources of flavour
violation in the supersymmetry-breaking Lagrangian is an example of such a minimally
flavour-violating (MFV) theory, which nevertheless may exhibit sizeable differences from
the Standard Model due to Higgs bosons exchange [237–262]. The reason for this is that,
at the one-loop level, a coupling of the down-type quarks with the “wrong” up-type Higgs
boson is generated, that is forbidden by supersymmetry at tree level. However, due to the
large ratio of the vacuum expectation values (VEVs), the down-type quark masses receive
a large tan 훽 enhanced correction to their tree-level value, and similarly happens for the
퐻푑퐼푑퐼 couplings, when the corresponding Yukawa couplings are eliminated in favour of the
down-type masses. The loop effect is not large by itself, but it provides large corrections
to couplings or observables, which are suppressed by the small down-type VEV, or which
vanish at tree level. This includes in particular flavour-changing neutral-currents (FCNC),
like 푏→ 푠 transitions, which can affect significantly processes like the 퐵푠 → 휇+휇− decay, or
the meson mixing 퐵¯푠−퐵푠, whose supersymmetric contributions are enhanced respectively
by a factor of tan6 훽 and tan4 훽, respectively. Large corrections arise also in case of charged
currents, which affect e.g. the 퐵+ → 휏+휈휏 decay. These processes have been extensively
studied in [238,239,241–245,248,250–252,255,260], and indeed large deviations from the
Standard Model prediction were found, which can increase by orders of magnitudes the
퐵푠 → 휇+휇− decay, while a significant decrease of the Δ푀푠 mass difference and of the
퐵+ → 휏+휈휏 decay is expected. These correlations are typical of this model, and make it
an easily distinguishable scenario.
Higgs exchange also generates scalar four-quark operators, which contribute to non-
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leptonic 퐵 decays. These transitions may give interesting effects, too, because some of
the 푏 → 푠푑퐼푑퐼 penguin-like operators are enhanced by tan3 훽; moreover, each transition
is proportional to the mass of the 푑퐼푑퐼 pair produced, and this provides a clear source
of isospin violation. The effects of scalar operators on non-leptonic 퐵 decays have been
studied in the MSSM (not necessarily minimally flavour-violating) and a general two Higgs
doublet model in [266–274], mostly in connection with transverse polarization in 퐵 decays
to two vector mesons (VV), and for specific decay modes. Some of these studies found
large deviations from Standard Model expectations for non-leptonic decays.
In this chapter we describe the results obtained in our work [126], that was motivated
by the question whether, given the present strong constraints from the leptonic decays,
further insight on the MFV MSSM at large tan 훽 can be derived from charmless non-
leptonic 퐵 decays. To this end, extending previous analyses, we have related directly
the Wilson coefficients of the leptonic to the relevant hadronic scalar operators, including
charged Higgs exchange effects, and we have calculated the hadronic matrix elements in
QCD factorization. We have also studied observables related to the helicity amplitudes of
퐵 → 푉 푉 , which exhibit an enhanced sensitivity to the Higgs-induced scalar operators.
Our results show that the present limit on the 퐵푠 → 휇+휇− branching fraction, and
the observation of 퐵+ → 휏+휈휏 with a branching fraction close to the Standard Model
expectation, exclude any visible effects in hadronic decays, but for an academic exception:
the positive-helicity amplitude of 퐵¯ → 푉 푉 modes may receive order one modifications
relative to the Standard Model. However, this amplitude is too small to be detected at
present or planned 퐵 factories.
In the following we report in detail the results from [126], starting from the derivation
of the effective four-quark operators, and the corresponding short-distance coefficients.
Subsequently we show how these short-distance coefficients can be related to the leptonic
decay observables; the evaluation of the matrix elements of the new operators in QCD
factorization is described afterwards. A short discussion of the phenomenological conse-
quences completes the chapter.
4.2 Scalar four-quark operators in the MSSM with large
tan 휷
The Standard Model effective Weak Hamiltonian for charmless 퐵 decays has been de-
scribed in section 2.3.1, to which we refer for further details. Here we only note that
all the four-quark “current-current” and “penguin” operators 푄푝1,2, 푄3−10 are all of the
(푉 −퐴)× (푉 ∓퐴) form.
In the MSSM new four-quark operators are generated and the coefficients of the Stan-
dard Model operators are modified. We consider the large-tan 훽 scenario in a set-up,
where the superpartner particles are somewhat heavier than the electroweak gauge bosons
and the Higgs bosons (the “decoupling limit”), such that the leading effect is due to
Higgs exchange not only for the neutral but also for the charged current interactions, as
shown in figure 4.1. Of particular interest are the flavour-changing neutral Higgs cou-
plings to fermions, which originate from a loop-induced coupling of the “wrong” Higgs
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Figure 4.1: Four-quark interactions mediated by neutral and charged Higgs bosons.
field 퐻푢 to the down-type quarks, since these couplings are enhanced by several powers
of tan 훽 [239, 248, 251]. In appendix B we give explicit expressions for these couplings,
showing how the short-distance coefficients of the scalar four-quark operators are derived.
The coefficients are then evolved from the electroweak scale to the bottom mass scale 푚푏
by the renormalization group equations. We focus here only on the relevant Higgs-induced
terms in the effective Hamiltonian, that can be written as
ℋHiggseff =
퐺퐹√
2
∑
푝=푢,푐
휆(퐷)푝
⎛⎝퐶퐷11푄푝11 + 퐶퐷12푄푝12 + 14∑
푖=13
∑
푞=푑,푠,푏
퐶푞푖푄
푞
푖
⎞⎠+ h.c.. (4.1)
The “current-current” operators
푄푝11 = (푝¯푖푏푖)푆+푃 (퐷¯푗푝푗)푆−푃 , 푄
푝
12 = (푝¯푖푏푗)푆+푃 (퐷¯푗푝푖)푆−푃 , (푝 = 푢, 푐) (4.2)
originate from charged Higgs exchange; the “penguin” operators
푄푞13 = (퐷¯푖푏푖)푆+푃 (푞¯푗푞푗)푆−푃 , 푄
푞
14 = (퐷¯푖푏푗)푆+푃 (푞¯푗푞푖)푆−푃 , (푞 = 푑, 푠, 푏) (4.3)
from the loop-induced neutral Higgs-fermion vertices. Here 푖, 푗 denote colour indices and
(푞¯푞)푆±푃 = 푞¯ (1 ± 훾5)푞. The CKM factors 휆(퐷)푝 in (2.1), (4.1) are now assumed to be
composed of the effective CKM matrix elements 푉 eff푖푗 that correspond to the low-energy
couplings.
Neutral Higgs exchange: 풃→ 푫풒¯풒 transitions
It is straightforward to assemble the short-distance coefficients from tree-level Higgs ex-
change in terms of the effective neutral Higgs couplings given in appendix B. Combining a
flavour-changing and a flavour-conserving coupling, we find in the large-tan 훽 limit, where
sin 훽 ≈ 1, 1/ cos 훽 ≈ tan 훽:
퐶푑퐽13 (휇퐻) =
1
2
푚¯푑퐽 푚¯푏휖푌 푦
2
푡 tan
3 훽
(1 + 휖˜3 tan 훽)(1 + 휖0 tan 훽)(1 + 휖˜퐽 tan 훽)
ℱ−2,퐽 , 퐶푑퐽14 (휇퐻) = 0. (4.4)
Here
ℱ−2,퐽 =
푠훼−훽 (푐훼 + 휖˜퐽푠훼)
푀2
퐻0
+
푐훼−훽 (−푠훼 + 휖˜퐽푐훼)
푀2
ℎ0
− 1
푀2
퐴0
≈ − 2
푀2
퐴0
, (4.5)
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with 푐훼 ≡ cos훼, . . .. The 휖-coefficients appearing in (4.4) are defined in [251] and denote
the loop-induced Higgs-fermion couplings. In the large-tan 훽 MSSM products 휖 × tan 훽
can be of order one. Just as in the 푏→ 퐷ℓ퐽ℓ퐽 transitions, the coefficients of the hadronic
Higgs penguin operators are strongly enhanced by the factor tan3 훽. The quark masses
푚¯푞 are the MS masses in the low-energy effective theory at the matching scale 휇퐻 .
We briefly mention here that Higgs exchange generates (퐷¯푏)푆−푃 (푞¯푞)푆+푃 operators
as well, but in this case the factor 푚¯푏 in (4.4) is replaced by 푚¯퐷, which is at most
푚¯푠. Moreover, there are other four operators, arising from the remaining two helicity
combinations, that have short-distance coefficients multiplied by a function ℱ+2,퐽 , which
vanishes in the large-tan 훽 limit. Thus, it is sufficient to consider the operators 푄푞13,14. The
neutral Higgs coupling to up-type quarks (second diagram in figure 4.1) is suppressed at
large tan 훽 relative to the down-type quarks, thus 푞 = 푑퐽 = 푑, 푠, 푏. In fact, the operators
푄푑13,14 might also be dropped due to the small down-quark mass. The operator 푄
푏
13,14
has the largest coefficient, but it contributes to non-leptonic decays only through loops.
Finally, we note that the double Higgs penguin diagrams (first diagram in figure 4.1 with
flavour change at both vertices) are irrelevant to non-leptonic decays due to their extra
CKM suppression. We therefore conclude that in the MFV MSSM with large tan 훽, only
a small set of scalar penguin operators 푄푠,푏13,14 is relevant. Of these 푄
푠,푏
14 is absent at tree-
level, but it is kept for the moment, since it may be generated by renormalization group
evolution, as we are going to discuss below.
Charged Higgs exchange
The operators 푄푝11,12 arise from the third diagram in figure 4.1. Once again only the
(푆 + 푃 ) × (푆 − 푃 ) Dirac structure is dominant at large tan 훽. For charmless decays we
need only the cases 푢퐼 = 푢퐽 = 푝 = 푢, 푐, and obtain
퐶퐷11(휇퐻) = −
푚¯푏푚¯퐷
푀2
퐻+
tan2 훽
(1 + 휖0 tan 훽)2
, 퐶퐷12(휇퐻) = 0. (4.6)
Although 퐶퐷11 is enhanced only by tan
2 훽, there is no loop suppression factor 휖푌 . Due to
the factor 푚¯퐷, charged Higgs exchange is relevant in practice only for 푏→ 푠 transitions.
Renormalization group evolution
We first discuss the evolution of the short-distance coefficients from a typical Higgs mass
scale, which we assume to be 휇퐻 = 200GeV, to the bottom mass scale 푚푏 = 4.2GeV,
when penguin diagrams are neglected. Then each pair of operators (푄푝11, 푄
푝
12), (푄
푞
13, 푄
푞
14)
evolves independently in leading logarithmic (LL) accuracy with anomalous dimension
matrix (in units of 훼푠/(4휋))
훾2×2 =
(
−6푁푐 + 6푁푐 0
−6 6푁푐
)
, (4.7)
where 푁푐 = 3 is the number of colours. With 훼s(푚푏)/훼s(휇퐻) ≈ 2.13, this results in
퐶퐷11(푚푏)/퐶
퐷
11(휇퐻) = 퐶
푞
13(푚푏)/퐶
푞
13(휇퐻) ≈ 2.20, (4.8)
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while 퐶퐷12(휇), 퐶
푞
14(휇) remain zero. Using the 2-loop NDR scheme anomalous dimension
matrix (ADM) [263]
훾2−loops2×2 =
⎛⎝−2036 푁2푐 + 4796 + 152푁2푐 + 103 푁푐푛푓 − 223푁푐푛푓 −712 푁푐 − 18푁푐 + 4푛푓
−1003 푁푐 + 3푁푐 + 223 푛푓 1376 + 152푁2푐 −
22
3푁푐
푛푓
⎞⎠ , (4.9)
where 푛푓 = 5 is the number of active flavour
1, we obtain 2.35 instead and 퐶퐷12(푚푏)/퐶
퐷
11(휇퐻)
= 퐶푞14(푚푏)/퐶
푞
13(휇퐻) ≈ 0.088, but since we do not have the 1-loop correction to the initial
condition of the scalar operators at 휇퐻 , the next-to-leading logarithmic (NLL) evolution is
not fully consistent. In any case, we conclude that the operators 푄푝12, 푄
푞
14 can be neglected
to first approximation, since their coefficient functions are suppressed by a factor 25.
Including penguin diagrams requires to enlarge the operator basis, since the scalar
operators mix at the LL level into the Standard Model penguin operators as well as their
“mirror” copies, defined by a global exchange of left- and right chiralities of the quark
fields. For the following discussion we neglect the electroweak penguin operators, so we
deal with the six Standard Model operators 푄푝1,2, 푄3−6, their mirror copies 푄˜
푝
1,2, 푄˜3−6,
and the six scalar operators 푄푝11,12, 푄
퐷,푏
13,14. The structure of the ADM reads
훾 =
⎛⎜⎜⎝
훾6×6 06×6 06×6
06×6 훾˜6×6 06×6
훾sc−p6×6 훾˜
sc−p
6×6 훾
sc
6×6
⎞⎟⎟⎠ , (4.10)
where 훾6×6 = 훾˜6×6 is the ADM for the Standard Model current-current and QCD penguin
operators (equal for the mirror operators) and 훾sc6×6 is a block-diagonal matrix with three
identical 2 × 2 blocks given by 훾2×2 in (4.7): one for 푄푝11,12, one for 푄퐷13,14, depending
on the transition, and one for 푄푏13,14. The matrices 훾
sc−p
6×6 , 훾˜
sc−p
6×6 describe the mixing of
the scalar operators into the penguin operators. We find that 푄푝11,12 and 푄
퐷
13,14 mix into
the mirror penguin operators, while only 푄푏13,14 mixes into the Standard Model penguins.
Thus [훾sc−p6×6 ]
푇 = (0∣0∣Γ푇 ) and [훾˜sc−p6×6 ]푇 = (Γ푇 ∣Γ푇 ∣0), where
Γ =
(
0 0 13푁푐 −13 13푁푐 −13
0 0 0 0 0 0
)
. (4.11)
Solving the RGE equations leaves (4.8) unchanged, generates the mirror QCD penguin
operators with coefficient functions
퐶˜퐷푖 (푚푏) ≈ −0.71퐶SM푖 (푚푏)× [퐶퐷11(휇퐻) + 퐶퐷13(휇퐻)], 푖 = 3 . . . 6, (4.12)
and modifies the Standard Model penguin coefficients according to 퐶푖 = 퐶
SM
푖 + 훿퐶푖 with
훿퐶푖(푚푏) ≈ −0.71퐶SM푖 (푚푏)× 퐶푏13(휇퐻), 푖 = 3 . . . 6. (4.13)
Since the Standard Model penguin coefficients 퐶SM푖 (푚푏) are small numbers, the penguin-
mixing effects are small, unless the coefficient functions of the scalar operators are of
1we consider 휇푡 ≃ 푚푡 ≃ 200GeV, so that the top quark is integrated out and the number of active
flavour below 200 GeV is 푛푓 = 5.
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order one. However, due to their different chiral structure, the mirror penguin operators
contribute differently from the standard ones to the transverse helicity amplitudes in
퐵 → 푉 푉 decays as discussed below.
4.3 Constraints from 푩풔 → 흁
+흁− and 푩+ → 흉+흂흉
The natural size of the loop-induced neutral Higgs couplings 휖0, 휖푌 , 휖˜퐽 is of order 0.01, the
precise values depending on MSSM parameters. Assuming 푀퐴0 = 200GeV and tan 훽 =
50, this allows the scalar penguin operators to have coefficients of order 퐶푠13 ≃ 0.01,
퐶푏13 ≃ 0.5, which are comparable to Standard Model penguin coefficients. However, the
non-observation of 퐵푠 → 휇+휇− implies much stronger limits on the size of the scalar
four-quark operator coefficient functions.
The decay 퐵푠 → 휇+휇− proceeds via an interaction similar to the first diagram of
figure 4.1, except that the lower legs are replaced by a muon pair. Since the lower vertex
is a tree-level neutral Higgs coupling, the leptonic and hadronic decay are closely related.
For large tan 훽, a single scalar operator
(
퐷¯푏
)
푆+푃
(휇¯휇)푆−푃 , similar in structure to 푄
푞
13,
dominates the 퐵푠 → 휇+휇− decay amplitude. Its coefficient function is given by
퐶휇휇(휇퐻) = −1
2
푚¯푏푚휇휖푌 푦
2
푡 tan
3 훽
(1 + 휖˜3 tan 훽)(1 + 휖0 tan 훽)
ℱ−2푙 , (4.14)
with
ℱ−2푙 =
푠훼−훽(푐훼)
푀2퐻0
+
푐훼−훽(−푠훼)
푀2ℎ0
− 1
푀2퐴0
≈ ℱ−2,퐽 . (4.15)
For large tan 훽, and at the level of the present experimental limit, the Standard Model
contribution to the decay amplitude is negligible, and the branching ratio is given by
Br(퐵푠 → 휇+휇−) =
퐺2퐹 푓
2
퐵푠
푚5퐵푠휏퐵푠
8휋(푚¯푏 + 푚¯푠)2
∣∣∣휆(푠)푡 ∣∣∣2 ∣퐶휇휇∣2 . (4.16)
Comparing (4.4) to (4.14), we see that we can eliminate 퐶휇휇 in favour of 퐶
푞
13 in the
previous equation and turn it into
(1 + 휖˜퐽 tan 훽) ∣퐶푑퐽13 (휇퐻)∣ =
2
√
2휋(푚¯푏 + 푚¯푠)(휇퐻)
퐺퐹 푓퐵푠푚
5/2
퐵푠
휏
1/2
퐵푠
∣휆(푠)푡 ∣
푚¯푑퐽 (휇퐻)
푚휇
[
Br(퐵푠 → 휇+휇−)
]1/2
. (4.17)
The present experimental upper limit on the 퐵푠 → 휇+휇− branching fraction is Br(퐵푠 →
휇+휇−) ≤ 5.8 ⋅ 10−8 at 95% C.L. [275]. Using for 푓퐵푠 , 푚¯푠(2GeV) and 푚¯푏(푚¯푏) the values
given in table 2.1, and evolving both quark masses to the common scale 휇퐻 = 200GeV,
we obtain
(1 + 휖0 tan 훽) ∣퐶푠13(휇퐻)∣ ≤ 1.4 ⋅ 10−4, (1 + 휖˜3 tan 훽) ∣퐶푏13(휇퐻)∣ ≤ 7.9 ⋅ 10−3. (4.18)
When 휖0 and/or 휖˜3 are negative, the coefficient functions can be larger than the values
on the right-hand side. However, the brackets multiplying the coefficient functions enter
the relation between the quark masses and the down-type Yukawa couplings, and hence
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(1 + 휖˜3 tan 훽) cannot become very small, if the bottom Yukawa coupling is to remain
perturbative. We allow a factor of three enhancement of the coefficient functions to be
conservative (that is, the brackets are required to be larger than 1/3). Including the factor
(4.8) from evolution to the scale 푚푏 leads to
∣퐶푠13(푚푏)∣ ≤ 0.001, ∣퐶푏13(푚푏)∣ ≤ 0.05, (4.19)
while 퐶푑13(푚푏) is a factor 푚¯푑/푚¯푠 smaller than 퐶
푠
13(푚푏) and therefore negligible. Thus,
the coefficient functions of the hadronic flavour-changing neutral Higgs penguin operators
are constrained to be a factor of 10 smaller than the above estimates derived from 푀퐴0 =
200GeV and tan 훽 = 50.
The short-distance coefficient 퐶퐷11(휇퐻), arising from charged Higgs exchange, can be
related to 퐵+ → 휏+휈휏 in a similar way. Using (4.6) the ratio [237,252]
푅휏휈휏 ≡
Br(퐵+ → 휏+휈휏 )MSSM
Br(퐵+ → 휏+휈휏 )SM =
(
1− 푚
2
퐵
푚2
퐻+
tan2 훽
1 + 휖0 tan 훽
)2
, (4.20)
is expressed in terms of 퐶퐷11(휇퐻) as
푅휏휈휏 =
(
1 +퐶퐷11(휇퐻)
푚2퐵(1 + 휖0 tan 훽)
푚¯퐷(휇퐻)푚¯푏(휇퐻)
)2
. (4.21)
The present average of the Babar and Belle measurements of the branching fraction
is Br(퐵+ → 휏+휈휏 ) = (1.51 ± 0.33) ⋅ 10−4 [44, 276, 277]. Employing the central value
∣푉푢푏∣ 푓퐵푑 = 7.4 ⋅ 10−4GeV and assigning a conservative 50% uncertainty to the Standard
Model prediction of the branching fraction, the measurement constrains 푅휏휈휏 to lie in the
range
0.72 < 푅휏휈휏 < 2.40. (4.22)
Concentrating on the case 퐷 = 푠 this implies the allowed ranges
−0.012 < (1 + 휖0 tan 훽)퐶푠11(휇퐻) < −0.009,
−0.001 < (1 + 휖0 tan 훽)퐶푠11(휇퐻) < 0.003. (4.23)
The first range corresponds to the situation, where the charged Higgs contribution is about
twice as large as the Standard Model one, and opposite in sign. Requiring 1+휖0 tan 훽 > 1/3
and including the RG evolution (4.8) results in
−0.08 < 퐶푠11(푚푏) < −0.06, or − 0.005 < 퐶푠11(푚푏) < 0.018. (4.24)
The constraint from 퐵+ → 휏+휈휏 on 퐶푠11 is not as stringent as the one from 퐵푠 → 휇+휇− on
퐶푠13, but one must remember that the charged Higgs contribution to hadronic charmless
decays must compete with the Standard Model tree operators rather than the penguin
operators. In addition, since ∣퐶푠11∣ ≪ 1, the contribution (4.12) to the mirror penguin
coefficients remains small. These conclusions hold a fortiori for 퐶푑11, which is a factor of
푚¯푑/푚¯푠 smaller than 퐶
푠
11.
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4.4 Parameter space analysis
Besides the constraints on 퐶푠11 and 퐶
푠
13 derived from the correlation with the 퐵
+ → 휏+휈휏
and 퐵푠 → 휇+휇− decays, we performed also a MSSM parameter space scan, whose result
agrees with the limits derived in 4.3, and therefore was not discussed in details in [126]. We
provide here some more information, because while no more stringent constraints can be
derived, a parameter space scan can be useful to obtain a more clear picture of the allowed
range for the fundamental parameters of the model, in particular of tan 훽 versus the mass
of the neutral CP-odd Higgs boson 퐴0. In this framework the loop-induced 휖 parameters
can be calculated explicitly, and this allows to verify also some of the hypothesis at the
basis of the analysis performed in the previous paragraph, e.g. that ∣휖푖∣ ≃ 0.01 for large
tan 훽, in the allowed region of the parameter space.
We consider a MFV scenario with 8 fundamental parameters: the squark mass matrices
appearing in the soft Lagrangian are assumed to be proportional to the unit matrix,
with the three parameters 푚푄, 푚푈 , 푚퐷 being the proportionality constants; similarly,
the trilinear soft terms are assumed to be proportional to the corresponding Yukawa
couplings, with proportionality constant 퐴, so that A푢 = 퐴y푢, A푑 = 퐴y푑, A푙 = 퐴y푙;
given a common gaugino mass 푚12, we assume the relations 푀1 = 1/2푚12, 푀2 = 푚12,
푀3 = 푚푔˜ = 3푚12. The parameters are extracted at the scale 휇퐻 = 2푀푊 , i.e., no running
from the grand unified scale to the electroweak scale is considered. In practice, the scenario
is minimal supergravity inspired, and we assume that the usual renormalization group
evolution from the high scale to the electroweak scale does not introduce relevant sources
of flavour violation. The minimal supergravity scenario depends only on 5 parameters,
i.e. a common mass 푚0 for squark, slepton, and Higgs, a common gaugino mass 푚12,
the soft trilinear parameter 퐴, tan 훽, and sign(휇). We parameterize our ignorance about
the renormalization group evolution by splitting the common mass 푚0 into four different
parameters 푚푄, 푚푈 , 푚퐷, and푀퐴0 , while keeping a common soft trilinear coupling 퐴 and
a common gaugino mass 푚12, since the relations for these parameters given above are, at
first approximation, renormalization group invariant.
Since we are interested in those regions of the parameter space where the short-distance
coefficients considered above are large, we generate the parameters randomly with a
probability distribution proportional to 퐶푠13 (this is a simplified approach with respect
to [264, 265]); we consider then the processes 퐵푠 → 휇+휇−, 퐵+ → 휏+휈휏 , and in addition
퐵 → 푋푠훾 and Δ푀푑,푠: we calculate the corresponding observables at each point of the
parameters space extracted, and reject those that are already ruled out by experimental
constraints on these processes. Beside the limits for 퐵+ → 휏+휈휏 and 퐵푠 → 휇+휇−, we
assume
2.15 × 10−4 < Br(퐵¯ → 푋푠훾) < 4.89 × 10−4,
−1 < Δ푀
MSSM
푑,푠
Δ푀SM푑,푠
< 1. (4.25)
We consider also constraints from the sparticle spectrum, requiring
50 < 푚휒˜0 < 5000GeV, 90 < 푚휒˜± < 5000GeV,
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Figure 4.2: Parameter space in the plane tan훽, 푀퐴0 .
100 < 푚푡˜,푏˜ < 10
4GeV, 115 < 푚ℎ0 < 500GeV; (4.26)
for the calculation of 푀ℎ0 we employ the one loop definition. We extract the free param-
eters in the following range:
200 < 푚푄,푈,퐷 < 2000GeV, 200 < 푚12 < 2000GeV, 200 < ∣퐴∣ < 2000GeV,
100 < 푀퐴0 < 1000GeV, 10 < tan 훽 < 65, 200 < ∣휇∣ < 2000GeV. (4.27)
In figure 4.2 we show the selected parameter space. The graphs show explicitly
which regions of the parameter space are ruled out by leptonic and radiative 퐵 decays.
퐵푠 → 휇+휇− removes most of the points at low 푀퐴0 with large tan 훽, while 퐵+ → 휏+휈휏
is responsible for removing a stripe of points for low-moderate values of 푀퐴0 , through
the whole tan 훽 region. Below this stripe, the tan 훽 enhanced MSSM contribution to
퐵+ → 휏+휈휏 is larger than the Standard Model one, i.e., it corresponds to the first range
individuated in (4.23). The combined result of these two constraints rules out most of the
point in the triangular region with low-moderate 푀퐴0 , through the whole tan 훽 region.
퐵¯ → 푋푠훾 removes points at low tan 훽 and 푚퐴0 ; the other observables considered here
give weaker constraints.
In figure 4.3 we show the values assumed by 퐶푠13(푚푏) in the selected parameter space,
i.e., the result shown takes into account the renormalization group factor (4.8). The
parameter space analysis confirms the constraints derived in 4.3. A qualitative difference,
however, is that the largest values for 퐶푠13(푚푏) are reached already for tan 훽 ∼ 30 − 40,
because larger values of 퐶푠13(푚푏) for larger value of tan 훽 are ruled out by the other
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Figure 4.3: The short-distance coefficient 퐶푠13 (= 퐶
퐷푏,푠푠
13 in the picture) as a function of tan훽.
constraints (a similar outcome is found for 퐶푠11(푚푏), not shown.). The main result of the
parameter space analysis is therefore that it is not necessary to hypothesize extremely
large values of tan 훽, (i.e tan 훽 ≥ 50), to fill the limits (4.19) and (4.24).
4.5 Hadronic matrix elements for 푩 →푴1푴2
To calculate the decay amplitudes of non-leptonic, charmless 퐵 decays, we employ the
QCD factorization (QCDF) framework described in chapter 2. Given the constraints on
the coefficient functions, it is important to emphasize that a leading-order treatment,
where QCDF is equivalent to naive factorization, would suffice. The full NLO analysis
performed in [126] was developed with the aim of giving explicit expression for the first-
order radiative corrections of the mirror and scalar operators, that can have a more general
application besides the specific model of new physics considered in this chapter.
The new mirror and scalar operators can be taken into account in QCD factorization
generalizing the transition operators in (2.31). The expression for the operator 풯퐴 in 2.37
becomes
풯 푝퐴 = 훿푝푢 [훼1(푀1푀2) + 훼퐷11(푀1푀2)]퐴([푞¯푠푢][푢¯퐷])
+ 훿푝푢 [훼2(푀1푀2) + 훼
퐷
12(푀1푀2)]퐴([푞¯푠퐷][푢¯푢])
+ [훼푝3(푀1푀2) + 훼˜
푝퐷
3 (푀1푀2)]
∑
푞=푢,푑,푠
퐴([푞¯푠퐷][푞¯푞])
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+ [훼푝4(푀1푀2) + 훼˜
푝퐷
4 (푀1푀2)]
∑
푞=푢,푑,푠
퐴([푞¯푠푞][푞¯퐷])
+ 훼푝3,EW(푀1푀2)
∑
푞=푢,푑,푠
3
2
푒푞 퐴([푞¯푠퐷][푞¯푞])
+ 훼푝4,EW(푀1푀2)
∑
푞=푢,푑,푠
3
2
푒푞 퐴([푞¯푠푞][푞¯퐷])
+
∑
푞=푑,푠
훼푝3푞(푀1푀2)퐴([푞¯푠퐷][푞¯푞])
+
∑
푞=푑,푠
훼푝4푞(푀1푀2)퐴([푞¯푠푞][푞¯퐷]). (4.28)
The new contributions are encoded in 훼퐷11,12 (charged Higgs effects), 훼˜
푝퐷
3,4 (mirror QCD
penguins) and 훼푝3푞,4푞 (neutral Higgs effects), as well as modifications of the standard QCD
penguin amplitudes 훼푝3,4. A similar generalization of (2.51) applies to the annihilation
amplitudes, namely
풯 푝퐵 = 훿푝푢
[
푏1(푀1푀2) + 푏
퐷
11(푀1푀2)
]∑
푞′
퐵([푢¯푞′][푞¯′푢][퐷¯푏])
+ 훿푝푢
[
푏2(푀1푀2) + 푏
퐷
12(푀1푀2)
]∑
푞′
퐵([푢¯푞′][푞¯′퐷][푢¯푏])
+
[
푏푝3(푀1푀2) + 푏˜
푝퐷
3 (푀1푀2)
]∑
푞,푞′
퐵([푞¯푞′][푞¯′퐷][푞¯푏])
+
[
푏푝4(푀1푀2) + 푏˜
푝퐷
4 (푀1푀2)
]∑
푞,푞′
퐵([푞¯푞′][푞¯′푞][퐷¯푏])
+ 푏푝3,EW(푀1푀2)
∑
푞,푞′
3
2
푒푞퐵([푞¯푞
′][푞¯′퐷][푞¯푏])
+ 푏푝4,EW(푀1푀2)
∑
푞,푞′
3
2
푒푞퐵([푞¯푞
′][푞¯′푞][퐷¯푏])
+ 훿푝푢
[
푏푆1(푀1푀2) + 푏
퐷
푆11(푀1푀2)
]∑
푞′
퐵([푢¯푢][푞¯′푞′][퐷¯푏])
+ 훿푝푢
[
푏푆2(푀1푀2) + 푏
퐷
푆11(푀1푀2)
]∑
푞′
퐵([푢¯퐷][푞¯′푞′][푢¯푏])
+
[
푏푝푆3(푀1푀2) + 푏˜
푝퐷
푆3 (푀1푀2)
]∑
푞,푞′
퐵([푞¯퐷][푞¯′푞′][푞¯푏])
+
[
푏푝푆4(푀1푀2) + 푏˜
푝퐷
푆4 (푀1푀2)
]∑
푞,푞′
퐵([푞¯푞][푞¯′푞′][퐷¯푏])
+ 푏푝푆3,EW(푀1푀2)
∑
푞,푞′
3
2
푒푞퐵([푞¯퐷][푞¯
′푞′][푞¯푏])
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+ 푏푝푆4,EW(푀1푀2)
∑
푞,푞′
3
2
푒푞퐵([푞¯푞][푞¯
′푞′][퐷¯푏])
+ 푏푝3푞(푀1푀2)
∑
푞,푞′
퐵([푞¯푞′][푞¯′퐷][푞¯푏]) + 푏푝4푞(푀1푀2)
∑
푞,푞′
퐵([푞¯푞′][푞¯′푞][퐷¯푏])
+ 푏푝푆3푞(푀1푀2)
∑
푞,푞′
퐵([푞¯푞′][푞¯′퐷][푞¯푏]) + 푏푝푆4푞(푀1푀2)
∑
푞,푞′
퐵([푞¯푞′][푞¯′푞][퐷¯푏]), (4.29)
where the sum over 푞′ is over 푢, 푑, 푠 always, while the sum over 푞 is over 푢, 푑, 푠 except
for 푏푝(푆)3,4푞(푀1푀2) where it runs over 푑, 푠. Our aim is to compare the new coefficients
to those present in the Standard Model for PP, PV, VP, VV (P pseudoscalar, V vector
meson) final states. Note that for VV, (2.37), (4.28) and (4.29) apply separately to each of
the three independent helicity amplitudes ℎ = 0,−,+, but the helicity label is suppressed
in our notation.
Since 푉 ± 퐴 and 푆 ± 푃 operators contribute differently to pseudoscalar and vector
final states, the relation between the 푎˜푖 and the 훼˜푖 coefficients, as well as the one between
푎13푞,14푞 and 훼
푝
3푞,4푞 is different with respect to the relation in (2.44). Here we obtain
2
훼˜푝3(푀1푀2) =
⎧⎨⎩
−푎˜푝3(푀1푀2) + 푎˜푝5(푀1푀2), if 푀1푀2 = 푃푃,
푎˜푝3(푀1푀2) + 푎˜
푝
5(푀1푀2), if 푀1푀2 = 푃푉,
푎˜푝3(푀1푀2)− 푎˜푝5(푀1푀2), if 푀1푀2 = 푉 푃,
−푎˜푝3(푀1푀2)− 푎˜푝5(푀1푀2), if 푀1푀2 = 푉 0푉 0,
−푓푀1± (푎˜푝3(푀1푀2) + 푎˜푝5(푀1푀2)) , if 푀1푀2 = 푉 ±푉 ±,
훼˜푝4(푀1푀2) =
⎧⎨⎩
−푎˜푝4(푀1푀2)− 푟푀2휒 푎˜푝6(푀1푀2), if 푀1푀2 = 푃푃,
푎˜푝4(푀1푀2) + 푟
푀2
휒 푎˜
푝
6(푀1푀2), if 푀1푀2 = 푃푉,
푎˜푝4(푀1푀2)− 푟푀2휒 푎˜푝6(푀1푀2), if 푀1푀2 = 푉 푃,
−푎˜푝4(푀1푀2) + 푟푀2휒 푎˜푝6(푀1푀2), if 푀1푀2 = 푉 0푉 0,
푓푀1±
(−푎˜푝4(푀1푀2) + 푟푀2휒 푎˜푝6(푀1푀2)) , if 푀1푀2 = 푉 ±푉 ±,
훼푝3푞(푀1푀2) =
푟푀2휒
2
⎧⎨⎩
푎푝13푞(푀1푀2), if 푀1푀2 = 푃푃, 푉 푃,
−푎푝13푞(푀1푀2), if 푀1푀2 = 푃푉, 푉 0푉 0,
−푓푀1± 푎푝13푞(푀1푀2), if 푀1푀2 = 푉 ±푉 ±,
훼푝4푞(푀1푀2) =
1
2
⎧⎨⎩
−푎푝14푞(푀1푀2), if 푀1푀2 = 푃푃, 푃푉,
푎푝14푞(푀1푀2), if 푀1푀2 = 푉 푃, 푉
0푉 0,
푓푀1± 푎
푝
14푞(푀1푀2), if 푀1푀2 = 푉
±푉 ±;
(4.30)
the same relations as the last two hold between 훼퐷11 and 푎11퐷, and between 훼
퐷
12 and 푎12퐷,
respectively. We denote by 푓푀1± = 퐹
퐵→푀1∓ (0)/퐹
퐵→푀1± (0) a ratio of form factors, such
2In the following we drop the superscript “퐷” (referring to 푏 → 퐷 transitions) on the amplitude
parameters and Wilson coefficients of the mirror penguin contributions.
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that 푓푀1+ ∼ 푚퐵/ΛQCD and 푓푀1− ∼ ΛQCD/푚퐵 in the heavy-quark limit. It follows that for
the transverse helicity amplitudes of 퐵¯ → 푉 푉 decay modes the contributions from the
new operators obey a different hierarchy in the heavy-quark limit. While in the Standard
Model
풜¯0 : 풜¯− : 풜¯+ = 1 : ΛQCD
푚푏
:
Λ2QCD
푚2푏
(4.31)
(up to certain electromagnetic effects [178]), the Higgs contributions to the amplitude
satisfy
풜¯0 : 풜¯− : 풜¯+ = 1 :
Λ2QCD
푚2푏
:
ΛQCD
푚푏
. (4.32)
This effect, noted first in [270], is interesting, since it increases the sensitivity of certain
polarization observables to the new short-distance coefficients by a factor 푓푀1+ ≈ 10. On
the other hand, the absence of tensor operators implies that the formal dominance of the
longitudinal amplitude is preserved by the Higgs contributions.
In QCDF the 푎˜푝푖 coefficients introduced in (4.30) can be written at next-to-leading
order (NLO) in the form
푎˜푝푖 (푀1푀2) =
(
퐶˜푖 +
퐶˜푖±1
푁푐
)
푁˜푖(푀2)
+
퐶˜푖±1
푁푐
퐶퐹훼푠
4휋
[
푉˜푖(푀2) +
4휋2
푁푐
퐻˜푖(푀1푀2)
]
+ 푃˜ 푝푖 (푀2), (4.33)
where the upper (lower) signs apply when 푖 is odd (even). The quantities 푁˜푖(푀2), 푉˜푖(푀2),
퐻˜푖(푀1푀2), 푃˜
푝
푖 (푀2) stand, respectively, for the tree-level result (“naive factorization”),
the 1-loop vertex correction, spectator scattering, and the penguin diagrams. In case of
푎푝푖푞, setting 퐶
퐷
12 and 퐶
푞
14 to zero (see section 4.2), and using the Fierz symmetry of the
NDR renormalization scheme for the scalar operators [263], we obtain
푎11퐷(푀1푀2) = 퐶
퐷
11푁11,
푎12퐷(푀1푀2) =
퐶퐷11
푁푐
푁12 +
퐶퐷11
푁푐
퐶퐹훼푠
4휋
[
푉12(푀2) +
4휋2
푁푐
퐻12(푀1푀2)
]
, (4.34)
푎푝13푞(푀1푀2) = 퐶
푞
13푁13푞,
푎푝14푞(푀1푀2) =
퐶푞13
푁푐
푁14푞 +
퐶푞13
푁푐
퐶퐹훼푠
4휋
[
푉14(푀2) +
4휋2
푁푐
퐻14(푀1푀2)
]
. (4.35)
The leading-order (naive factorization) terms in (4.33), (4.34) and (4.35) are simply a
combination of short-distance coefficients, except for cases where a vector meson couples
to a scalar current, where it is zero. This is summarized by
푁푖(푀2) =
⎧⎨⎩
1, for 푖 = 3, 4, 5, 12, 14푞,
1, for 푖 = 6, 11, 13푞 and 푀2 = 푃,
0, for 푖 = 6, 11, 13푞 and 푀2 = 푉,
(4.36)
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and the same relation holds for the 푁˜푖 coefficients. The NLO coefficients in (4.33), (4.33)
and (4.35) can mostly be expressed in terms of those already known from the Standard
Model operators, collected in section 2.3.4. For the mirror QCD penguin operators, we
find that they are almost identical to the Standard Model QCD penguins, that is
푉˜푖(푀2) = 푉푖(푀2), for 푀2 = 푃, 푉
0, (4.37)
while in case of transversely polarized vectors we find
푉˜ ∓푖 (푉2) =
⎧⎨⎩
∫ 1
0 푑푥휙푎푉2/푏푉2
[
12 ln 푚푏휇 − 18 + 푔푇 (푥)
]
, for 푖 = 3, 4,∫ 1
0 푑푥휙푏푉2/푎푉2
[
−12 ln 푚푏휇 + 6− 푔푇 (푥¯)
]
, for 푖 = 5,
0, for 푖 = 6,
(4.38)
i.e, 휙푎푉2 , 휙푏푉2 are exchanged with respect to the QCD penguins. The vertex correction in
case of the scalar operator can be read too from the Standard Model expressions, namely
푉11(푀2) = 푉13(푀2) = 푉6(푀2), 푉12(푀2) = 푉14(푀2) = 푉5(푀2). (4.39)
(the first expression is given for completeness, even though it does not enter (4.35), (4.36)
because of 퐶퐷12 = 퐶
푞
14 = 0.). In (4.39) the same exchange of 휙푎푉2 , 휙푏푉2 is understood, as
in (4.38), in the case of transverse helicity amplitudes. In case of the spectator scattering
we find
퐻˜푖(푀1푀2) = 퐻푖(푀1푀2), for 푀2 = 푃, 푉
0, (4.40)
while for transversely polarized vector meson3
퐻˜−푖 (푉1푉2) = 0, 퐻˜
+
푖 (푉1푉2) = 퐻
−
푖 (푉1푉2) (4.41)
Effectively, the expressions are exchanged between the negative and positive helicity with
respect to the Standard Model QCD penguin, for which 퐻+푖 (푉1푉2) = 0. The result for
the scalar operators read
퐻11(푀1푀2) = 퐻13(푀1푀2) = 퐻6(푀1푀2),
퐻12(푀1푀2) = 퐻14(푀1푀2) = 퐻5(푀1푀2), (4.42)
with the exception of the transverse helicity amplitudes, in which case
퐻±11(푀1푀2) = 퐻
±
13(푀1푀2) = 퐻
∓
6 (푀1푀2),
퐻±12(푀1푀2) = 퐻
±
14(푀1푀2) = 퐻
∓
5 (푀1푀2). (4.43)
For the penguin contribution 푃˜ 푝4,6(푀2) one replaces 퐶푖 → 퐶˜푖 in the Standard Model
expression and exchanges the function 퐺−푉2(푠) with the function
퐺+푉2(푠) =
∫ 1
0
푑푦 휙푎2(푦)퐺(푠 − 푖휖, 1 − 푦), (4.44)
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Figure 4.4: Penguin contractions. Due to colour only the second diagram contributes to insertions
of 푄푝11, 푄
푞
13.
in case of the negative helicity amplitudes, while the opposite is true in case of the positive
helicity amplitudes.
There are no penguin contributions to (4.34), (4.35). However, as discussed in 4.2,
the insertion of scalar operators into the penguin diagrams shown in figure 4.4 modifies
the evolution of the (mirror) QCD penguin operators. Accordingly, it also contributes to
the penguin terms 푃˜ 푝4,6(푀2) in 푎˜
푝
4,6(푀1푀2). The correction terms are proportional to the
coefficient functions of the scalar operators and read
훿푃 푝4 (푀1푀2) =
퐶퐹훼푠
4휋푁푐
(
−1
2
)
퐶푏13
[
4
3
log
푚푏
휇
−퐺푓푀2(1)
]
,
훿푃 푝6 (푀1푀2) =
퐶퐹훼푠
4휋푁푐
(
−1
2
)
퐶푏13
[
푁6(푀2)
4
3
log
푚푏
휇
− 퐺ˆ푓푀2(1)
]
, (4.45)
where 퐺푓푀2(푠) equals 퐺푀2(푠) (2.91) for 푀1푀2 = 푃푃,푃푉, 푉 푃, 푉
0푉 0, and 퐺±푀2(푠) for
푉 ±푉 ±, while 퐺ˆ푓푀2(푠) equals 퐺ˆ푀2(푠) 2.95 for 푀1푀2 = 푃푃,푃푉, 푉 푃, 푉
0푉 0, and is zero for
푉 ±푉 ±. Similarly, for the mirror penguin coefficients
훿푃˜ 푝4 (푀1푀2) =
퐶퐹훼푠
4휋푁푐
(
−1
2
){
퐶퐷13
[
4
3
log
푚푏
휇
−퐺푓푀2(0)
]
+퐶퐷11
[
4
3
log
푚푏
휇
−퐺푓푀2(푠푝)
]}
,
훿푃˜ 푝6 (푀1푀2) =
퐶퐹훼푠
4휋푁푐
(
−1
2
){
퐶퐷13
[
푁6(푀2)
4
3
log
푚푏
휇
− 퐺ˆ푓푀2(0)
]
+퐶퐷11
[
푁6(푀2)
4
3
log
푚푏
휇
− 퐺ˆ푓푀2(푠푝)
]}
, (4.46)
where 푠푢 = 0, 푠푐 = (푚푐/푚푏)
2, and now 퐺푓푀2(푠) equals 퐺
∓
푀2
(푠) for 푉 ±푉 ± and else as above.
Note that the explicit scale dependence in 훿푃 푝4,6(푀2), 훿푃˜
푝
4,6(푀2) cancels the extra scale
dependence of the (mirror) QCD penguin coefficients at LL accuracy. At this point we
should mention that the constant terms in the real part of the NLOmatrix elements should,
strictly speaking, only be considered at the NLL order. At this order, our calculation is,
however, incomplete, since we do not consider the 1-loop QCD correction to the initial
condition of the scalar operators, and the 2-loop mixing into the penguin operators, as
well as the small contributions from 퐶퐷12 and 퐶
푞
14. Since we do not need precise results
3to be more precise, 퐻˜−푖 (푉1푉2) and 퐻
+
푖 (푉1푉2) are suppressed by one power of 푚푉1/푚푏 with respect to
the opposite helicity amplitude.
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for the NLO terms, as will be seen below, the present approximation is adequate for our
purpose. However, the complete NLO results for the matrix elements of scalar and mirror
penguin operators given above might be of more general interest.
It remains to analyse the new weak annihilation terms appearing in 4.29. Numerically,
these terms can in some cases be as large as the corresponding 훼푖 amplitudes, but in
general they are not relevant for a precise estimate of the decay amplitudes, and were not
included in [126]. We report here the expressions for the 푏푖 terms corresponding to the
scalar and QCD penguin mirror operators, because of their more general interest for other
extension of the Standard Model, like e.g. the one discussed in chapter 5.
All the new 푏푖 coefficients in 4.29 can be expressed in terms of the Standard Model 푏푖
coefficients, collected in section 2.3.4. Starting from the mirror QCD operators, we find
푏˜푝퐷3,4(푀1푀2) =
⎧⎨⎩
−푏푝퐷3,4(푀1푀2), if 푀1푀2 = 푃푃,
푏푝퐷3,4(푀1푀2), if 푀1푀2 = 푃푉, 푉 푃,
−푏푝퐷3,4(푀1푀2), if 푀1푀2 = 푉 0푉 0,
−푏−,푝퐷3,4 (푀1푀2), if 푀1푀2 = 푉 +푉 +,
−푏+,푝퐷3,4 (푀1푀2), if 푀1푀2 = 푉 −푉 −,
(4.47)
where it is intended that the short-distance coefficients 퐶푖 appearing in 푏
푝퐷
3,4(푀1푀2) have
to be replaced with 퐶˜푖. In the last two lines we have written explicitly the helicity index, to
indicate that the expressions for the 푏±,푝퐷3,4 (푀1푀2) coefficients have the same expressions
of the corresponding Standard Model coefficients, with the helicities exchanged. The
same result holds formally for the singlet coefficients 푏푝퐷푆3,4(푀1푀2), too. In our evaluation,
however, because of their small value, we set all the singlet coefficients to zero. The 푏푖
coefficients originated from the scalar operators can be written in terms of the Standard
Model coefficients 퐴푖,푓2,3 defined in (2.111)-(2.114). We find
푏푝3푞(푀1푀2) =
퐶퐹
2푁2푐
⎧⎨⎩
퐶푞13퐴
푖
2, if 푀1푀2 = 푃푃,
−퐶푞13퐴푖2, if 푀1푀2 = 푃푉, 푉 푃
퐶푞13퐴
푖,0
2 , if 푀1푀2 = 푉
0푉 0,
퐶푞13퐴
푖,−
2 , if 푀1푀2 = 푉
+푉 +,
퐶푞13퐴
푖,+
2 , if 푀1푀2 = 푉
−푉 −,
푏푝4푞(푀1푀2) =
퐶퐹
2푁2푐
⎧⎨⎩
푁푐퐶
푞
13퐴
푓
3 , if 푀1푀2 = 푃푃,
−푁푐퐶푞13퐴푓3 , if 푀1푀2 = 푃푉, 푉 푃
푁푐퐶
푞
13퐴
푓,0
3 , if 푀1푀2 = 푉
0푉 0,
푁푐퐶
푞
13퐴
푓,−
3 , if 푀1푀2 = 푉
+푉 +,
0, if 푀1푀2 = 푉
−푉 −.
(4.48)
푏퐷11(푀1푀2) and 푏
퐷
12(푀1푀2) have the same expressions, with 퐶
푞
13 replaced by 퐶
퐷
11. In the
relations (4.48) we have dropped the terms proportional to 퐶퐷11 = 퐶
푞
14 = 0.
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4.6 Non-leptonic decays
We are now ready to discuss the question whether there are observable effects on non-
leptonic, charmless decays due to Higgs exchange in the MSSM with large tan 훽. To
this end, we compare the new amplitudes to those present in the Standard Model. The
essential features can be deduced from (4.28).
∙ Charged Higgs exchange (훼퐷11,12) contributes directly to tree-dominated decays (such
as 퐵 → 휋휋, 휋휌, 휌휌), but must compete with the sizeable Standard Model tree am-
plitudes 훼1,2. However, since 훼
퐷
11,12 ∝ 푚¯퐷, only the case of 푏 → 푠푢¯푢 transitions is
of interest. But there are no tree-dominated decays of this type, since for 퐷 = 푠 the
tree amplitudes are doubly CKM-suppressed, 휆
(푠)
푢 ≪ 휆(푠)푐 .
∙ The effects from the mirror QCD penguin operators (훼′ 푝3,4) must compete with the
Standard Model penguin amplitudes, which according to (4.12) requires the scalar
operator Wilson coefficients to be of order 1 in general, and of order 0.1 in case of
the plus-helicity amplitude in 퐵¯ → 푉 푉 .
∙ The direct contribution from the FCNC Higgs couplings (훼푝3푞,4푞) is an isospin-
violating effect that must compete only with the small Standard Model electroweak
penguins, and is therefore most likely to lead to an observable effect. Since 훼푝3푞,4푞 ∝
푚¯푞, only the case 푞 = 푠 is of interest. For the case of 퐷 = 푠, the 푏→ 푠푠¯푠 transition
leads to final states with flavour content푀1 = 푞¯푠푠,푀2 = 푠¯푠 with 푞¯푠 the flavour of the
퐵¯ meson spectator antiquark. This singles out the decay modes 퐵¯ → 퐾¯(∗)(휂(′), 휙)
and 퐵¯푠 → (휂(′), 휙)(휂(′), 휙). For the case of 퐷 = 푑, the potentially interesting modes
are 퐵¯ → 퐾¯(∗)퐾(∗) and 퐵¯푠 → 퐾(∗)휙. However, in all these decays it is impossible
to extract the EW penguin amplitude, so the new contributions must in fact be
compared to the larger Standard Model QCD penguins.
We now proceed to a more detailed discussion. The numerical amplitude values given
below are calculated using the input parameters defined in table 2.2 and in section 2.3.5.
The Wilson coefficients are evaluated at the scale 휇 = 푚푏 = 4.2GeV.
푩 → 푷푷,푷푽
In table 4.1 we show the numerical results of the 훼푖 amplitude coefficients defined in (4.28)
for the decay modes 퐵¯ → 퐾¯휂, 퐾¯∗휂, 퐾¯휙. (휂푠 in the table refers to the strange component
of 휂, see (2.36) and [66].) To evaluate the Higgs contributions we assume the largest
values of the coefficient functions allowed by the constraints from leptonic decays derived
in section 4.3, in detail: 퐶푠11(푚푏) = −0.08, 퐶푠13(푚푏) = 0.001, 퐶푏13(푚푏) = 0.05.
Among the Higgs penguin amplitudes 훼푝3푞 is the larger of 훼
푝
3푞,4푞, since 훼
푝
4푞 is colour-
suppressed and is further reduced by the radiative correction given in (4.34), (4.35). How-
ever, the strong constraint on 퐶푠13 renders 훼
푝
3푞 always negligible, in particular as it should
be compared to the QCD penguin amplitude 훼푝4 rather than the electroweak penguin.
This remains true for VP amplitudes despite the fact that the Standard Model penguin
amplitude is smaller for these final states, and for PV amplitudes, where 훼푝3푞 vanishes.
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퐾¯휂푠 퐾¯
∗휂푠 퐾¯휙
훼1 0.966 + 0.021푖 [휋퐾¯] 0.981 + 0.021푖 [휌퐾¯] 0.973 + 0.021푖 [휋퐾¯
∗]
훼2 0.351 − 0.084푖 [퐾¯휋] 0.260 − 0.084푖 [퐾¯∗휋] 0.323 − 0.084푖 [퐾¯휌]
훼푠11 −0.059 [휋퐾¯] −0.059 [휌퐾¯] 0 [휋퐾¯∗]
훼푠12 0.003 + 0.003푖 [퐾¯휋] −0.006 − 0.003푖 [퐾¯∗휋] 0.004 + 0.003푖 [퐾¯휌]
훼푢3 −0.0013 + 0.0046푖 0.0027 + 0.0046푖 0.0006 − 0.0005푖
훼푢4 −0.095 − 0.040푖 0.038 + 0.008푖 −0.031 − 0.017푖
훿푃 푢4 1.4 ⋅ 10−5 1.4 ⋅ 10−5 1.4 ⋅ 10−5
훿푃 푢6 1.4 ⋅ 10−5 1.4 ⋅ 10−5 −1.5 ⋅ 10−5
훼˜푢3 7.8 ⋅ 10−5 − 0.0001푖 2.8 ⋅ 10−5 + 0.0001푖 (1.4− 1.3푖) ⋅ 10−5
훼˜푢4 0.0035 + 0.0015푖 0.0011 + 0.0003푖 −0.0013 − 0.0006푖
훿푃˜ 푢4 −0.0005 − 0.0007푖 −0.0005 − 0.0007푖 −0.0005 − 0.0007푖
훿푃˜ 푢6 −0.0006 − 0.0007푖 −0.0006 − 0.0007푖 −0.0003
훼푢3,EW −0.0089 − 0.0002푖 −0.0091 − 0.0002푖 −0.0082 − 0.0001푖
훼푢4,EW −0.0016 + 0.0006푖 −0.0025 + 0.0008푖 −0.0024 + 0.0007푖
훼푢3푠 0.00078 0.00078 0
훼푢4푠 (−6.3− 3.7푖) ⋅ 10−5 (9.7 + 3.7푖) ⋅ 10−5 (−6.3 − 3.7푖) ⋅ 10−5
Table 4.1: Numerical results for the 훼푖 coefficients of some representative Δ푆 = 1 decay channels.
The value of 훼푢4 corresponds to the Standard Model contribution only. The final states 퐾¯휂푠, 퐾¯
∗휂푠,
퐾¯휙 do not receive tree-amplitude contributions. For 훼1,2 and 훼
푠
11,12, we therefore provide results
for the final states in square brackets.
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(퐾¯∗휙)00 (퐾¯∗휙)−− (퐾¯∗휙)++
훼1 [휌퐾¯
∗] 0.987 + 0.021푖 1.101 + 0.041푖 1.018
훼2 [퐾¯
∗휌] 0.240 − 0.084푖 −0.173 − 0.169푖 0.170
훼푠11 [휌퐾¯
∗] 0 0 0
훼푠12 [퐾¯
∗휌] −0.007 − 0.003푖 −0.002 −0.247 − 0.068푖
훼푢3 0.0001 − 0.0005푖 −0.0023 − 0.0010푖 −0.0035
훼푢4 −0.026 − 0.015푖 −0.044 − 0.017푖 −0.031
훿푃 푢4 1.4 ⋅ 10−5 0.7 ⋅ 10−5 2.2 ⋅ 10−5
훿푃 푢6 −1.5 ⋅ 10−5 0 0
훼˜푢3 (−0.2 + 1.3푖) ⋅ 10−5 (5.1 + 2.3푖) ⋅ 10−6 0.0010
훼˜푢4 0.0011 + 0.0006푖 0.0001 + 5.5 ⋅ 10−5푖 0.0173 + 0.0074푖
훿푃˜ 푢4 −0.0005 − 0.0007푖 −0.0004 − 0.0007푖 −0.0007 − 0.0007푖
훿푃˜ 푢6 −0.0003 0 0
훼푢3,EW −0.0084 − 0.0001푖 0.0044 − 0.0003푖 −0.009
훼푢4,EW −0.0017 + 0.0007푖 0.0015 + 0.0014푖 −0.0015
훼푢3푠 0 0 0
훼푢4푠 (9.7 + 3.7푖) ⋅ 10−5 2.0 ⋅ 10−5 0.0031 + 0.0008푖
Table 4.2: Numerical results for the 훼푖 coefficients pertaining to the three helicity amplitudes of
퐵¯ → 푉 푉 decays. The value of 훼푢4 corresponds to the Standard Model contribution only. To compare
the absolute values of the helicity amplitudes the numbers for the (00,−−,++) parameters must
be multiplied by 퐴퐾∗휙 =
푖퐺F√
2
푚퐵푓휙 (푚퐵퐴
퐵→퐾∗
0 ,푚휙퐹
퐵→퐾∗
− ,푚휙퐹
퐵→퐾∗
+ ). The estimates above use
퐹퐵→푉1+ = 0.06 in order to compare with the maximal Standard Model ++ amplitude. The final
state 퐾¯∗휙 does not receive tree contributions. For 훼1,2 and 훼푠11,12, we therefore provide results for
the final states in square brackets.
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푩 → 푽 푽
The effect of Higgs exchange is also negligible in case of the longitudinal amplitude in
퐵¯ → 푉 푉 decays, since it follows the same pattern as for the PV decays with 푀2 = 푉 .
Due to the inverted hierarchy of the transverse polarization amplitudes, see (4.32), the
minus-helicity amplitude is suppressed, while the plus-helicity amplitude is enhanced by a
factor of 푚푏/ΛQCD relative to the Standard Model. To compare the Higgs contributions to
the plus-helicity amplitude in the Standard Model, in table 4.2 we show the 훼푖 coefficients
assuming 퐹퐵→푉1+ = 0.06, which is the upper limit allowed in [179]. It is evident that the
magnitude of the Higgs-induced 훼푖 coefficients is now larger for the plus amplitude than
for PP, PV final states and the other polarization amplitudes. In fact, 훼푢3푠 would now be
comparable to the Standard Model penguin amplitude, if it were not annihilated by the
projection on the vector meson at tree level, see (4.36). Thus, among amplitudes with the
same flavour topology, we find that only 훼푠12 is larger than the corresponding Standard
Model colour-suppressed tree amplitude 훼2. The mirror QCD penguin amplitude 훼
′푢
4
amounts to a substantial fraction of the standard penguin amplitude that may reach one
if 퐹퐵→푉1+ is smaller than the assumed value. This would affect the azimuthal angular
distribution of Δ푆 = 1 decays; in practice, however, the effect is unobservable. Not only
is the amplitude very small in absolute terms, but the tree amplitudes are also subleading
to the penguin amplitudes in Δ푆 = 1 decays.
It is straightforward to compute branching fractions, CP asymmetries and polarization
observables including the Higgs-exchange contributions. However, since the 훼푖 parameters
discussed above form the basic constituents of observables, it follows that any modification
of the Standard Model predictions will be invisible within theoretical uncertainties.
4.7 Conclusion
Motivated by the interest in the minimally flavour-violating MSSM with large tan 훽 owing
to its potentially large impact on leptonic 퐵 decays, we analysed non-leptonic 퐵 decays
in this model. The hadronic and leptonic flavour-changing interactions are closely related,
which allows us to translate the present limit on the 퐵푠 → 휇+휇− branching fraction, and
the observation of 퐵+ → 휏+휈휏 into a constraint on the Wilson coefficients of the relevant
scalar four-quark operators. We then calculated the matrix elements of scalar operators
and mirror QCD penguin operators at next-to-leading order in the framework of QCD
factorization and find that the limits on leptonic 퐵 decay branching fractions exclude
any visible effects in hadronic decays, but for an academic exception: the positive-helicity
amplitude of 퐵¯ → 푉 푉 may receive order one modifications relative to the Standard Model,
but this amplitude is too small to be detected at present or planned 퐵 factories.
Chapter 5
Non-leptonic 푩 decays in a
supersymmetric grand unified
theory
5.1 Introduction
Grand Unified theories (GUT) constitute an interesting extension of the Standard Model.
The running of the strong, the weak and the electromagnetic coupling suggests that they
could unify in a unique force at some high energy scale 푀GUT and, indeed, this is realized
with good accuracy in the context of the MSSM, the latter providing also the necessary
stabilization for the electroweak symmetry breaking scale. The basic hypothesis is that the
Standard Model gauge group, GSM=SU(3)퐶×SU(2)퐿×U(1)푌 , is embedded into a simple
group at 푀GUT, such as SU(5) or SO(10). The latter is probably the most natural GUT
group: both the Standard Model gauge and matter fields are unified, introducing only one
additional matter particle, the right-handed neutrino. It is an anomaly-free theory and
therefore explains the nontrivial cancellations of the anomalies in the Standard Model.
Moreover, it contains 퐵 − 퐿 as a local symmetry, 퐵 and 퐿 being the baryon and lepton
number, respectively. The breaking of 퐵 − 퐿 provides light neutrino masses through the
seesaw mechanism. In this way, neutrino masses are linked to the breaking of the GUT
symmetry itself. Remarkably, 푀GUT ≈ 1016 GeV is of the right order of magnitude to
generate neutrino masses in the sub-eV range.
As in case of the MSSM with large tan 훽, in order to satisfy the strong constraints
imposed by low energy processes on the flavour structure of the theory, one is forced to
assume a minimal flavour violating scenario for the quark sector, i.e., one considers the
Yukawa coupling as the only source of flavour violation; moreover, the supersymmetry
breaking terms are assumed to be universal at a fundamental scale, that here we assume
to be 푀Pl ≃ 1019 GeV.
On the other side, the observation of neutrino masses and oscillations introduces the
possibility of having flavour violation in the lepton sector, too. This is usually encoded
in the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix [289, 290]. In contrast
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to the quark sector of the Standard Model, where the mixing is realized in terms of
small mixing angles, the PMNS matrix contains two large angles, the neutrino solar and
atmospheric mixing angles, with the latter being close to maximal.
In the Standard Model, the effects of the quark and lepton mixing are confined to
the two sector of the theory. In GUTs however, the separation of quarks and leptons
is removed, since they are unified at high energy. As a consequence, their masses and
mixing are related to each other. While there are many possible ways to relate the two
sectors, it is natural to expect imprints of the lepton mixing into the quark sector, and
viceversa. In particular, it arises the interesting possibility to observe effects of the two
large neutrino mixing angles in the down-type right-handed quark mixing. In the Standard
Model these effects would be unobservable, due to the absence of right-handed flavour-
changing currents at the weak scale. In the context of supersymmetry, however, flavour
changing right-handed currents arise through loop effects, because of the mixing of the
corresponding scalar partners of quarks and leptons. This involves in particular the 푏푅 -
푠푅 quark mixing, so that large effects are expected in 퐵푠 physics.
These ideas were investigated in a particular GUT model [278], constructed with the
specific aim of accommodating in a consistent model the observed large solar and at-
mospheric neutrino mixing angles. Subsequently, the flavour structure of the model was
analysed in [279–287], where a full renormalization group analysis of the model was de-
veloped. In these works it was found the possibility of having a large supersymmetric
contribution to the 퐵푠 − 퐵¯푠 mixing, comparable in magnitude with the Standard Model
one. Large effects were found in the 푏 → 푠훾 transition and in the 휏 → 휇훾 decay, too.
Analysing the predicted particle spectrum, however, it was found that strong constraints
come from the LEP bound on the lightest Higgs boson, namely 푀ℎ0 ≥ 114.4 GeV, which
forces the gluino mass to be larger than ∼ 300 GeV, and the down-type squark masses to
be larger than ∼ 1 TeV. Despite these constraints, however, sizeable flavour effects were
found to be still possible.
In this chapter we propose to investigate further the Chang-Masiero-Murayama (CMM)
model, in the context of non-leptonic decays, to see if the large effects found in the 퐵¯푠 −
퐵푠 can be observed in these processes too, and if further insight can be gained. The
analysis is motivated by the naive expectation of finding sizeable effects in non-leptonic
퐵 decays, because the operators contributing to these decays have the same structure as
those contributing to the 퐵¯푠−퐵푠 mixing. Moreover, because of the vectorial nature of the
flavour-changing currents, one expects relevant contributions not only in case of 퐵 → 푃푃
decays, but also in case of 퐵 → 푃푉 , 퐵 → 푉 푉 decays, in contrast to the large tan 훽
scenario. The new contributions are expected to show different patterns with respect to
the Standard Model amplitudes because of the right-handed nature of the flavour changing
currents. Besides these features, the model exhibit isospin violation as well. Finally, the
presence of a new weak phase related to the phases in the PMNS matrix, identified with
휙퐵푠 , could alter significantly some CP asymmetries.
The results of our analysis shows that while all these effects are realized at the level
of the decay amplitudes, their magnitude is in general too small to affect significantly
the branching ratio and other experimental observables. Even if the largest deviations
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Figure 5.1: Four-quark interactions in the CMM model.
observed are somehow larger than the one expected in the large tan 훽 scenario, especially
in 퐵 → 푃푉 decays, they are still to small, in order to emerge from the present theoretical
and experimental uncertainties.
5.2 Four-quark operators in the Chang-Masiero-Murayama
model
In supersymmetric theories, new four-quark operators arise, if one considers penguin and
box diagrams with the exchange of gluinos and squarks in the loop, as in figure 5.1. These
diagrams give usually small contributions, and therefore they are less important e.g. in the
large tan 훽 scenario, with respect to the tan 훽 enhanced scalar operators. They become
relevant in scenarios where a large mass splitting between the squark masses is generated
and 풪(1) flavour changing quark-squark-gluinos couplings are present. These conditions
are indeed satisfied in the CMM model. We refer to appendix C for a brief review of the
model, that we consider here in the set-up elaborated in [287]. In view of the requirements
above, the important features to be considered can be summarized as follows:
∙ because of the renormalization group equation, the universality of the soft terms
assumed at 푀Pl is no longer present at the electroweak scale. For instance, in case
of the 푑˜푅 soft breaking terms one has
M2
푑˜푅
(푀푍) = diag
(
푚2
푑˜
,푚2
푑˜
,푚2
푑˜
(1−Δ푑˜)
)
. (5.1)
The important point here is to consider 푀Pl as the fundamental scale, rather than
푀GUT, as usually assumed. The reason to take 푀Pl as the fundamental scale is
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simply motivated by the fact that, in absence of a specific grand unified model, the
analysis of the region between 푀Pl and 푀GUT cannot be performed. This, however,
misses potentially important flavour effects. In the CMM model a complete chain of
grand-unified theories is constructed up to 푀Pl, so that the renormalization group
analysis can be performed up to this scale, and this allows for rather large values
of Δ푑˜, because of the fast renormalization group evolution between 푀Pl and 푣0, the
vev of the SU(5) singlet 45퐻 Higgs field (see appendix C for the definition of the
GUT chain and fields).
∙ In the basis where the down quarks are mass eigenstates, the so-called super-CKM
basis, the soft mass matrix (5.1) is no longer diagonal; in particular, all the elements
of the 2-3 block are of comparable size:
M˜2
푑˜
= R†푑M
2
푑˜
R푑 = 푚
2
푑˜
⎛⎜⎜⎝
1− sin2 휃Δ푑˜/2 sin(2휃)푒−푖휙퐾Δ푑˜/4 sin 휃푒−푖휙퐵푑Δ푑˜/2
sin(2휃)푒푖휙퐾Δ푑˜/4 1− cos2 휃Δ푑˜/2 − cos 휃푒−푖휙퐵푠Δ푑˜/2
sin 휃푒푖휙퐵푑Δ푑˜/2 − cos 휃푒푖휙퐵푠Δ푑˜/2 1−Δ푑˜/2
⎞⎟⎟⎠ ,
(5.2)
where the matrix R푑 is defined in appendix C. This is a direct consequence of
the GUT relation between the right-handed down-quark and the left-handed lepton
Yukawa couplings, as explained in appendix C1.
The second item guarantees the existence of flavour changing 푑푅퐼 푑˜푅퐽 푔˜ couplings, whose
Feynman rules are collected in appendix C. The first one guarantees that smaller cancella-
tions occur, when loop processes like those in figure 5.1 are considered: having degenerate
squark masses would result in a “GIM” mechanism for the superpartners of the Standard
Model particles, suppressing flavour changing processes.
The relevant new operators can be collected in the effective Hamiltonian
ℋCMM푒푓푓 =
퐺퐹√
2
∑
푝=푢,푐
휆(퐷)푝
(
6∑
푖=3
퐶˜푞,퐷푖 푄˜
푞
푖 + 퐶˜8푔푄˜8푔
)
, (5.3)
where the 푄˜푞푖 are defined as
2
푄˜푞3 = (퐷¯푖푏푖)푉+퐴 (푞¯푗푞푗)푉+퐴, 푄˜
푞
4 = (퐷¯푖푏푗)푉+퐴 (푞¯푗푞푖)푉+퐴,
푄˜푞5 = (퐷¯푖푏푖)푉+퐴 (푞¯푗푞푗)푉−퐴, 푄˜
푞
6 = (퐷¯푖푏푗)푉+퐴 (푞¯푗푞푖)푉−퐴, (5.4)
1The full squark mass matrix is a 6 × 6 matrix, with the left-handed down squark in the upper 3 × 3
block, and the right-handed ones in the 3× 3 lower block. The diagonalization of the full matrix gives six
mass eigenstates. Here we neglect the effects of the two 3× 3 blocks outside the diagonal, (the “left-right”
and “right-left” blocks), so that one has 3 mass eigenvalues for the right-handed squarks and 3 for the
left-handed ones. This is a good approximation in the decoupling limit, assumed in this chapter, too,
because the “left-right” and “right-left” blocks are of order 휇EW×휇푆 , with 휇푆 the typical scale of the soft
supersymmetry breaking terms, while the blocks on the diagonal are of order 휇2푆.
2Actually, two operators more, 푄˜푞7 = (푞¯푖푏푖)푉+퐴 (퐷¯푗푞푗)푉−퐴, 푄˜
푞
8 = (푞¯푖푏푗)푉+퐴 (퐷¯푗푞푖)푉−퐴 could be con-
structed. We don’t consider them here, because for 푞 = 퐷 = 푠 they are Fierz equivalent to 푄˜푠5,6, while for
푞 = 푑, 푏 they are very small.
Note also the different notation with respect to [288]=“GKN”, i.e., we have 푄˜푞3,4 = 푄˜
푞
3,4,GKN, 푄˜
푞
5,6 =
푄˜푞1,2,GKN, 푄˜
푞
7,8 = 푄˜
푞
5,6,GKN. Our choice is motivated by the preference of labelling with the same number
operators with the same (mirror) Dirac structure.
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where 푖, 푗 are colour indices and 퐷 = 푑, 푠. The new operators have the same Dirac
structure as the corresponding QCD mirror penguin operators, but here no sum over 푞
appears, and they depend on 푞 itself, thus allowing for isospin violation. The corresponding
short-distance coefficients at the scale 휇푆 = 풪(푚푞˜퐿퐼 ,푚푑˜푅퐼 ,푚푢˜푅퐼 ,푚푔˜) were calculated in a
generic MSSM model in [288], and in the context of the CMM Model in [280]. Our aim
is to provide expressions for them based on the parametrization of the mixing matrix R푑
proposed in [287], that is slightly more general than the one in [280]. Moreover, we find
it useful to give two intermediate results, which help to better understand the structure
of the short distance coefficients, and they can be used in contexts more generic than the
CMM model itself.
The first is derived directly from [288], and it is based on a generic expression for the
mixing matrix R푑:
퐶˜푢,퐷3 (휇푆) =
1
−휆(퐷)푡
훼2푠(휇푆)
2
√
2퐺퐹푚2푔˜
{
[R푑]퐼푏[R푑]
∗
퐼퐷훿퐽푢 퐿3(푥푑˜푅퐼 푔˜, 푥푢˜푅퐽 푔˜)
+ [R푑]퐼푏[R푑]
∗
퐼퐷 푃0(푥푑˜푅퐼 푔˜)
}
,
퐶˜푑,퐷3 (휇푆) =
1
−휆(퐷)푡
훼2푠(휇푆)
2
√
2퐺퐹푚2푔˜
{
[R푑]퐼푏[R푑]
∗
퐼퐷[R푑]퐽푑[R푑]
∗
퐽푑 퐿3(푥푑˜푅퐼 푔˜, 푥푑˜푅퐽 푔˜)
+ [R푑]퐼푏[R푑]
∗
퐽퐷[R푑]퐽푑[R푑]
∗
퐼푑 퐿4(푥푑˜푅퐼 푔˜, 푥푢˜푅퐽 푔˜)
+ [R푑]퐼푏[R푑]
∗
퐼퐷 푃0(푥푑˜푅퐼 푔˜)
}
,
퐶˜푢,퐷4 (휇푆) =
1
−휆(퐷)푡
훼2푠(휇푆)
2
√
2퐺퐹푚2푔˜
{
[R푑]퐼푏[R푑]
∗
퐼퐷훿퐽푢 퐿4(푥푑˜푅퐼 푔˜, 푥푢˜푅퐽 푔˜)
+ [R푑]퐼푏[R푑]
∗
퐼퐷 푃0(푥푑˜푅퐼 푔˜)
}
,
퐶˜푑,퐷4 (휇푆) =
1
−휆(퐷)푡
훼2푠(휇푆)
2
√
2퐺퐹푚
2
푔˜
{
[R푑]퐼푏[R푑]
∗
퐼퐷[R푑]퐽푑[R푑]
∗
퐽푑 퐿4(푥푑˜푅퐼 푔˜, 푥푑˜푅퐽 푔˜)
+ [R푑]퐼푏[R푑]
∗
퐽퐷[R푑]퐽푑[R푑]
∗
퐼푑 퐿3(푥푑˜푅퐼 푔˜, 푥푑˜푅퐽 푔˜)
− 3[R푑]퐼푏[R푑]∗퐼퐷 푃0(푥푑˜푅퐼 푔˜)
}
,
퐶˜푞,퐷5 (휇푆) =
1
−휆(퐷)푡
훼2푠(휇푆)
2
√
2퐺퐹푚2푔˜
{
[R푑]퐼푏[R푑]
∗
퐼퐷훿퐽푞 퐿5(푥푑˜푅퐼 푔˜, 푥푞˜퐿퐽 푔˜)
+ [R푑]퐼푏[R푑]
∗
퐼퐷 푃0(푥푑˜푅퐼 푔˜)
}
,
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퐶˜푞,퐷6 (휇푆) =
1
−휆(퐷)푡
훼2푠(휇푆)
2
√
2퐺퐹푚2푔˜
{
[R푑]퐼푏[R푑]
∗
퐼퐷훿퐽푞 퐿6(푥푑˜푅퐼 푔˜, 푥푞˜퐿퐽 푔˜)
+ [R푑]퐼푏[R푑]
∗
퐼퐷 푃0(푥푑˜푅퐼 푔˜)
}
,
퐶˜8푔(휇푆) =
1
−휆(퐷)푡
휋훼푠(휇푆)√
2퐺퐹푚2푔˜
{
[R푑]퐼푏[R푑]
∗
퐼퐷퐺8(푥푑˜푅퐼 푔˜)
}
, (5.5)
where a sum over the flavour indices 퐼, 퐽 is understood. The loop functions 퐿3,4,5,6(푥, 푦)
arise in the calculation of the box diagrams and can be expressed in terms of two functions
퐹 (푥, 푦) and 퐺(푥, 푦):
퐿3(푥, 푦) = −5
9
퐹 (푥, 푦) +
1
36
퐺(푥, 푦),
퐿4(푥, 푦) =
1
3
퐹 (푥, 푦) − 7
12
퐺(푥, 푦),
퐿5(푥, 푦) =
1
18
퐹 (푥, 푦)− 5
18
퐺(푥, 푦),
퐿6(푥, 푦) =
7
6
퐹 (푥, 푦) +
1
6
퐺(푥, 푦), (5.6)
which in turn read
퐹 (푥, 푦) = − 푥 ln푥
(푥− 푦)(푥− 1)2 −
푦 ln 푦
(푦 − 푥)(푦 − 1)2 −
1
(푥− 1)(푦 − 1) ,
퐺(푥, 푦) =
푥2 ln푥
(푥− 푦)(푥− 1)2 +
푦2 ln 푦
(푦 − 푥)(푦 − 1)2 +
1
(푥− 1)(푦 − 1) . (5.7)
The function 푃0(푥) arises in the computation of the penguin diagram and it is expressed
as a function of 퐴(푥), 퐵(푥):
푃0(푥) =
1
2
퐴(푥) +
2
9
퐵(푥), (5.8)
which in turn read
퐴(푥) =
1
2(1− 푥) +
(1 + 2푥) ln 푥
6(1− 푥)2 ,
퐵(푥) = −11− 7푥+ 2푥
2
18(1 − 푥)3 −
ln푥
3(1− 푥)4 . (5.9)
The loop function appearing in 퐶˜8푔 reads
퐺8(푥) = −3퐶(푥) + 4
3
퐷(푥), (5.10)
with
퐶(푥) =
1− 푥2 + 2푥 ln 푥
4(푥− 1)3 ,
퐷(푥) =
−2− 3푥+ 6푥2 − 푥3 − 6푥 ln 푥
6(푥− 1)4 . (5.11)
5.2 Four-quark operators in the Chang-Masiero-Murayama model 125
In (5.5), the argument of the loop functions refers to ratios of the supersymmetric particles,
namely 푥푞˜퐿퐼 푔˜ = 푚
2
푞˜퐿퐼
/푚2푔˜, 푥푑˜푅퐼 푔˜ = 푚
2
푑˜푅퐼
/푚2푔˜, 푥푢˜푅퐼 푔˜ = 푚
2
푢˜푅퐼
/푚2푔˜, where 푚
2
푞˜퐿퐼
, 푚2
푑˜푅퐼
, 푚2푢˜푅퐼
are the mass eigenvalues of the squark soft bilinear terms.
The expressions in (5.5) can be made more explicit simply by exploiting the unitarity
of the mixing matrix R푑 and the mass degeneracy of the first two squark states (5.1)
3,
without any further assumption on R푑. The result is
퐶˜푢,퐷3 (휇푆) =
1
−휆(퐷)푡
훼2푠(휇푆)
2
√
2퐺퐹푚2푔˜
[R푑]3푏[R푑]
∗
3퐷
{[
퐿3(푥푏˜푅푔˜, 푥푢˜푅푔˜)− 퐿3(푥푑˜푅 푔˜, 푥푢˜푅푔˜)
]
+푃0(푥푏˜푅 푔˜)− 푃0(푥푑˜푅 푔˜)
}
,
퐶˜푑,퐷3 (휇푆) =
1
−휆(퐷)푡
훼2푠(휇푆)
2
√
2퐺퐹푚2푔˜
{
[R푑]3푏[R푑]
∗
3퐷
[
퐿3(푥푏˜푅푔˜, 푥푑˜푅 푔˜)− 퐿3(푥푑˜푅 푔˜, 푥푑˜푅 푔˜)
+ [R푑]3푑[R푑]
∗
3푑
(
퐿3(푥푑˜푅 푔˜, 푥푑˜푅 푔˜)− 2퐿3(푥푏˜푅 푔˜, 푥푑˜푅 푔˜) + 퐿3(푥푏˜푅 푔˜, 푥푏˜푅 푔˜)
)
+푃0(푥푏˜푅푔˜)− 푃0(푥푑˜푅 푔˜)
]
+ 훿퐷푑 [R푑]3푏[R푑]
∗
3푑
[
퐿4(푥푏˜푅 푔˜, 푥푑˜푅 푔˜)− 퐿4(푥푑˜푅 푔˜, 푥푑˜푅 푔˜)
]
+ [R푑]3푑[R푑]
∗
3퐷
[
훿푏푑
(
퐿4(푥푏˜푅 푔˜, 푥푑˜푅 푔˜)− 퐿4(푥푑˜푅 푔˜, 푥푑˜푅 푔˜)
)
+ [R푑]3푏[R푑]
∗
3푑
(
퐿4(푥푑˜푅 푔˜, 푥푑˜푅 푔˜)− 2퐿4(푥푏˜푅 푔˜, 푥푑˜푅 푔˜) + 퐿4(푥푏˜푅 푔˜, 푥푏˜푅푔˜)
)]}
,
퐶˜푢,퐷4 (휇푆) =
1
−휆(퐷)푡
훼2푠(휇푆)
2
√
2퐺퐹푚2푔˜
[R푑]3푏[R푑]
∗
3퐷
{[
퐿4(푥푏˜푅푔˜, 푥푢˜푅푔˜)− 퐿4(푥푑˜푅 푔˜, 푥푢˜푅푔˜)
]
+3
[
푃0(푥푏˜푅푔˜)− 푃0(푥푑˜푅 푔˜
]
)
}
,
퐶˜푑,퐷4 (휇푆) =
1
−휆(퐷)푡
훼2푠(휇푆)
2
√
2퐺퐹푚2푔˜
{
[R푑]3푏[R푑]
∗
3퐷
[
퐿4(푥푏˜푅푔˜, 푥푑˜푅 푔˜)− 퐿4(푥푑˜푅 푔˜, 푥푑˜푅 푔˜)
+ [R푑]3푑[R푑]
∗
3푑
(
퐿4(푥푑˜푅 푔˜, 푥푑˜푅 푔˜)− 2퐿4(푥푏˜푅 푔˜, 푥푑˜푅 푔˜) + 퐿4(푥푏˜푅 푔˜, 푥푏˜푅 푔˜)
)
− 3
(
푃0(푥푏˜푅푔˜)− 푃0(푥푑˜푅 푔˜)
)]
+ 훿퐷푑 [R푑]3푏[R푑]
∗
3푑
[
퐿3(푥푏˜푅 푔˜, 푥푑˜푅 푔˜)− 퐿3(푥푑˜푅 푔˜, 푥푑˜푅 푔˜)
]
3this is valid also for 푀2푢˜ and 푀
2
푞˜ , provided one substitutes 푑→ 푢, 푞 in (5.1)
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+ [R푑]3푑[R푑]
∗
3퐷
[
훿푏푑
(
퐿3(푥푏˜푅푔˜, 푥푑˜푅 푔˜)− 퐿3(푥푑˜푅 푔˜, 푥푑˜푅 푔˜)
)
+ [R푑]3푏[R푑]
∗
3푑
(
퐿3(푥푑˜푅 푔˜, 푥푑˜푅 푔˜)− 2퐿3(푥푏˜푅 푔˜, 푥푑˜푅 푔˜) + 퐿3(푥푏˜푅 푔˜, 푥푏˜푅 푔˜)
)]}
,
퐶˜푞,퐷5 (휇푆) =
1
−휆(퐷)푡
훼2푠(휇푆)
2
√
2퐺퐹푚2푔˜
[R푑]3푏[R푑]
∗
3퐷
{[
퐿5(푥푏˜푅 푔˜, 푥푞˜퐿푔˜)− 퐿5(푥푑˜푅 푔˜, 푥푞˜퐿푔˜)
]
+푃0(푥푏˜푅 푔˜)− 푃0(푥푑˜푅푔˜)
}
,
퐶˜푞,퐷6 (휇푆) =
1
−휆(퐷)푡
훼2푠(휇푆)
2
√
2퐺퐹푚2푔˜
[R푑]3푏[R푑]
∗
3퐷
{[
퐿6(푥푏˜푅 푔˜, 푥푞˜퐿푔˜)− 퐿6(푥푑˜푅 푔˜, 푥푞˜퐿푔˜)
]
+3
[
푃0(푥푏˜푅 푔˜)− 푃0(푥푑˜푅 푔˜)
]}
퐶˜8푔(휇푆) =
1
−휆(퐷)푡
휋훼푠(휇푆)√
2퐺퐹푚2푔˜
[R푑]3푏[R푑]
∗
3퐷
{
퐺8(푥푏˜푅 푔˜)−퐺8(푥푑˜푅 푔˜)
}
. (5.12)
Expressions specific for the CMM model can be obtained substituting in (5.12) the explicit
expression for the products of the mixing matrix R푑:
[R푑]3푏[R푑]
∗
3푑 = −
1
2
푒−푖휙퐵푑 sin 휃,
[R푑]3푏[R푑]
∗
3푠 =
1
2
푒−푖휙퐵푠 cos 휃,
[R푑]3푠[R푑]
∗
3푑 = −
1
2
푒−푖(휙퐵푑−휙퐵푠 ) cos 휃 sin 휃,
[R푑]3푑[R푑]
∗
3푑 =
1
2
sin2 휃,
[R푑]3푠[R푑]
∗
3푠 =
1
2
cos2 휃,
[R푑]3푏 [R푑]
∗
3푏 =
1
2
. (5.13)
From (5.5) and (5.12) we deduce already many features of the new short distance co-
efficients. First, using the approximate relation (훼s/훼em)(푀
2
푊 /휇
2
푆) ∼ 1, one can estimate
퐶˜푞3,...6 to be of the same order as the electroweak penguin short-distance coefficients times
the loop functions. This immediately tells us that no large effects can be expected in
non-leptonic 퐵 decays, unless sizeable isospin violation is generated. Then, looking at
(5.5) and (5.12), one notes that there are indeed various sources of isospin violation: in
퐶˜푞3 , 퐶˜
푞
4 it originates between the up- and down-type short-distance coefficients, due to the
additional contribution of the diagram in figure 5.1 (b) to 퐶˜푑3,4. A second source of isospin
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violation between the up- and down type short-distance coefficients arises because of the
different arguments in the box functions 퐿푖(푥, 푦), and depends on the ratio 푚
2
푑˜푅
/푚2푢˜푅 .
Other sources of isospin violation depend specifically on the different matrix elements of
R푑. Needless to say, one has to look more closely at each contribution, in order to esti-
mate the real magnitude of the isospin violation, and in the end all these effects tend to
be small.
In order to see why, we start looking at the matrix elements in (5.13). As described
in appendix C, the angle 휃 governs the mixing between the first two down squark families
and it is strongly constrained by 퐾 and 퐵푑 mixing. In [287] it was found 휃
max ∼ 1∘, so
that in (5.13) it is safe to set sin 휃 ≃ sin2 휃 = 0, cos 휃 ≃ cos2 휃 = 1. This immediately rules
out the possibility of having new contributions to Δ퐷 = 1 transitions, leaving the Δ푆 = 1
case. At the same time, the additional contributions to 퐶˜푑3,4 with respect to 퐶˜
푢
3,4 drop out
in case of the first family.
Numerical evaluation and parameter space
More insight into the features of 퐶˜푞3,...6 requires a numerical estimate of the penguin and
box functions 푃0(푥), 퐿푖(푥, 푦), which depend directly on the particle spectrum. In the
CMM model (and, more generally, in GUTs) the various mass parameters are related
at the high scales by unification conditions, so that the only way to perform a precise
evaluation is to calculate the low energy spectrum by means of a renormalization group
evolution from the high scales. Here we use the Mathematica code written by the authors
of [283–286], which implements the relations between the set of basic input parameters
and the remaining ones at the electroweak scale. In the CMM model the large number
of free MSSM parameters shrinks to six input parameters at the electroweak scale, in
addition to 휃 and the phases 휙퐾 , 휙퐵푑 , 휙퐵푠 . According to [283–286], they can be chosen to
be the gluino mass 푚푔˜, the first generation 푑˜푅 and 푢˜푅 soft masses 푚푑˜ and 푚푢˜, the ratio
of the (11)-element of the trilinear and Yukawa couplings 푎1푑 = (퐴푑)11/(푌푑)11, the phase
of the 휇 parameter in the Higgs potential arg(휇) and the ratio of the two Higgs-doublet
VEVs, tan 훽. Note that similar inputs are usually considered in other specific scenarios
such as minimal supergravity or the constrained MSSM. Nevertheless, the absence of
grand unification there leads to very different phenomenologies, because quark and lepton
parameters are not related to each other. For instance, in non-unified models the fields
can be rotated independently and the large lepton mixing angles do not become visible in
the quark sector.
The short-distance coefficients in (5.5), (5.12) are most sensitive to the gluino mass 푚푔˜
and the mass splitting Δ푑˜, because of the loop function difference 푓(푥푏˜푅 , . . .)− 푓(푥푑˜푅 , . . .)
appearing almost everywhere in 퐶˜푞3,...6. We therefore perform a more detailed analysis of
the dependence of the short-distance coefficients on 푚푔˜ and 푚푑˜, while we fix the other
parameters to some values, as suggested by phenomenological considerations. The pa-
rameter 푎1푑, for instance, is constrained by the requirement of avoiding the scalar fermion
acquiring VEVs, because this would lead to charge and colour breaking. One finds [284]
−2.5 < 푎1푑/푚푑˜ < 2.5, and here we will choose 푎1푑/푚푑˜ = 1.8, following [287]. Moreover,
we assume arg(휇) = 0. These conditions give a rather large allowed space for 푚푔˜ and 푚푑˜
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Figure 5.2: Value of the lightest Higgs boson mass in the 푚푔˜ - 푚푑˜ plane, left, and of the mass
splitting Δ푑˜, in the same plane, right. In the left plot excluded regions correspond to negative squark
and sleptons masses; in the right plot excluded regions include the LEP bound on the lightest Higgs
boson mass.
around 1 TeV. Finally, we take 푚푢˜ = 푚푑˜ and tan 훽 = 5. This value is justified because
too small values of tan 훽, tan 훽 ≤ 3, are forbidden by the bounds on the light Higgs boson
mass, 푀ℎ0 ≥ 114.4 GeV; on the other side, tan 훽 cannot be too large in this model, in
order to have a large top Yukawa coupling, and to preserve the hierarchy between the top
and bottom Yukawa couplings.
In [287] it was found that a strong constraint on the parameter space is given by the
bounds on the light Higgs boson mass; other processes reflecting the large atmospheric
neutrino mixing angles, like 휏 → 휇훾, 푏→ 푠훾 give some additional constraints. In figure 5.2
we show in the left plot the predicted value of the light Higgs boson mass in the plane 푚푑˜
- 푚푔˜, for (300 < 푚푔˜ < 1000) GeV, (500 < 푚푑˜ < 3000) GeV: the constraint 푀ℎ0 ≥ 114.4
GeV forbids gluino masses 푚푔˜ ≤ 300 GeV, and down squark masses 푚푑˜ ≤ 1 TeV. The
excluded region on the bottom right corner and on the left upper corner are excluded,
because in these regions the squark masses become negative. In the right plot we show the
corresponding mass splitting Δ푑˜, without the region excluded by the constraints. Large
values of Δ푑˜ are possible for small values of the gluino mass, and medium - large values
of the down quark masses. These results agrees with [287].
The analysis of the loop functions entering 퐶˜푞3,...6 gives the following results: first,
퐿3,...,6(푥, 푦) and 푃0(푥) range from some per mill to some per cent, in the parameter space
region considered. Most important, the functions 퐿3,4,5(푥, 푦) and 퐿6(푥, 푦), 푃0(푥), have
opposite sign. As a result, 퐿3,5(푥, 푦) interfere destructively with 푃0(푥) in 퐶˜
푞
3,5, 퐿6(푥, 푦)
interferes destructively with −3푃0(푥) in 퐶˜푞6 , while 퐿4(푥, 푦) interferes constructively with
−3푃0(푥) in 퐶˜푞4 . Because of these patters, 퐶˜푞3,5 turn out to be very small; the cancellation
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Figure 5.3: Absolute value of the short-distance coefficients 퐶˜푞3 , at the high scale 푀푍 .
in 퐶˜푞6 is partially counterbalanced by the factor 3 multiplying the penguin function, so
that still 퐶˜푞6 ≫ 퐶˜푞3,5. 퐶˜푞4 is the largest short-distance coefficient.
With these elements at hands we can return to the the issue of isospin violation.
It is now clear that this is expected to be a minor effect: because of the assumption
휃 = 0, in fact, there is only one additional contribution to 퐶˜푠,푏3,4 with respect to 퐶˜
푑
3,4, which
is anyway small; on the other hand, because of the assumption 푚푢˜ = 푚푑˜ at the high
scale, the box functions 퐿푖(푥푑˜푅퐼 푔˜, 푥푢˜푅퐽 푔˜) and 퐿푖(푥푑˜푅퐼 푔˜, 푥푑˜푅퐽 푔˜) are almost equal, eliminating
the possibility of having sizeable isospin violation between the up-type short-distance
coefficients 퐶˜푢푖 and the down type ones 퐶˜
푑
푖 . Of course, the condition 푚푢˜ = 푚푑˜ is suggested
by the idea of choosing a universal soft quark mass at the high scale, but it is not imposed
by any GUT relation, or by phenomenological constraints. It would therefore be interesting
to investigate the effect of having 푚푢˜ ∕= 푚푑˜. Because this possibility is not (yet) fully
implemented in the Mathematica code of [283–286], we leave the analysis for a future
work. Here we note only that, because of the interference pattern between the penguin
and the box function, the effect of having 푚푢˜ ∕= 푚푑˜ should be not too sizeable. On the
other hand, an analysis of a similar scenario, in which one has new physics with isospin
violation between the up and down type short-distance coefficients, is analysed in chapter
6, where we consider the possibility of having new physics in the electroweak penguin
sector.
This analysis shows that, within the standard conditions usually considered in minimal
supergravity scenarios, like the assumption of a universal soft mass for the squark at high
energy, there is no room for a large isospin violation in the model. Since the various
퐶˜푖푞 with same 푖 but different 푞 are almost equal, their effects sum up, giving a total
contribution which has the structure of the mirror QCD penguins. They have therefore
to compete with the Standard Model QCD penguin, whose magnitude is one order of
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Figure 5.4: Absolute value of the short-distance coefficients 퐶˜푞4 , at the high scale 푀푍 .
magnitude larger. One has however to keep in mind the possility of having a large new
weak phase associated with the new short-distance coefficients, which is most likely to
reveal its presence in CP asymmetry obsrvables. As a visual summary, in pictures 5.3 -
5.7 we show the absolute value of the short-distance coefficients in the 푚푑˜ - 푚푔˜ plane.
Renormalization group evolution
The short distance coefficients, calculated so far at the high scale 휇푆 = 푀푍
4 must be
evaluated at the scale 휇 = 푚푏 by means of the renormalization group equations. Because
of the small isospin violation, it would be a good approximation to combine 퐶˜푞푖 into QCD-
like mirror operators; then, one could use immediately the anomalous dimension (up to
the NLL level) of the corresponding QCD penguin operators to evolve 퐶˜푖 to the low scale.
We prefer however to provide a more general result, deriving the leading logarithmic (LL)
anomalous dimension for 푄˜푞3,...,6. This will be useful in view of an analysis where a larger
isospin violation is present, e.g. in case of 푚푢˜ ∕= 푚푑˜.
Each pair of operators (푄푞3, 푄
푞
4), (푄
푞
5, 푄
푞
6) evolves independently under the renormal-
ization group evolution. Their anomalous dimension at LL reads (in units of 훼s/(4휋))
훾3,42×2 =
(
− 6푁푐 6
6 − 6푁푐
)
, (5.14)
4In fact, it would be more correct to consider 휇푆 = 풪(푚푞˜퐿퐼 ,푚푑˜푅퐼 ,푚푢˜푅퐼 ,푚푔˜) ∼ 500 GeV, as stated
in the previous section. We assume here 휇푆 = 푀푍 , following the Mathematica code of [283–286], which
gives as output the MSSM parameters at the scale 휇푆 = 푀푍 . This choice leaves out only a potential
mixing of the operators between 휇 = 500 GeV and 휇 = 푀푍 , which however should be small, since
훼s(푀푍)/훼s(500GeV) ≃ 1.26.
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Figure 5.5: Absolute value of the short-distance coefficients 퐶˜푞5 , at the high scale 푀푍 .
for (푄푞3, 푄
푞
4), while in case of (푄
푞
5, 푄
푞
6) we have
훾5,62×2 =
(
6
푁푐
−6
0 −6푁푐 + 6푁푐
)
. (5.15)
With 훼s(푚푏)/훼s(푀푍) ≃ 1.88, we obtain
퐶˜푞3(푚푏) ≃ 1.12 퐶˜푞3 (푀푍)− 0.28 퐶˜푞4 (푀푍),
퐶˜푞4(푚푏) ≃ −0.28 퐶˜푞3 (푀푍) + 1.12 퐶˜푞4 (푀푍),
퐶˜푞5(푚푏) ≃ 0.92 퐶˜푞5 (푀푍),
퐶˜푞6(푚푏) ≃ 0.35 퐶˜푞5 (푀푍) + 1.96 퐶˜푞6 (푀푍). (5.16)
As in chapter 5 we can use the 2-loop NDR scheme anomalous dimension matrix (ADM)
[53,263],
훾3,4;2−loops2×2 =
(
−212 − 2푓9 72 + 2푓3
7
2 +
2푓
3 −212 − 2푓9
)
, (5.17)
훾5,6;2−loops2×2 =
⎛⎝ 1376 + 152푁2푐 − 223푁푐푛푓 −1003 푁푐 + 3푁푐 + 223 푛푓
−712 푁푐 − 18푁푐 + 4푛푓 −2036 푁2푐 + 4796 + 152푁2푐 +
10
3 푁푐푛푓 − 223푁푐푛푓
⎞⎠ , (5.18)
to obtain
퐶˜푞3(푚푏) ≃ 1.11 퐶˜푞3 (푀푍)− 0.25 퐶˜푞4 (푀푍),
퐶˜푞4(푚푏) ≃ −0.25 퐶˜푞3 (푀푍) + 1.11 퐶˜푞4 (푀푍),
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Figure 5.6: Absolute value of the short-distance coefficients 퐶˜푞6 , at the high scale 푀푍 .
퐶˜푞5(푚푏) ≃ 0.93 퐶˜푞5 (푀푍) + 0.07 퐶˜푞6 (푀푍),
퐶˜푞6(푚푏) ≃ 0.37 퐶˜푞5 (푀푍) + 2.04 퐶˜푞6 (푀푍). (5.19)
The 2-loop result differs less than 10% from the one loop result. Since it is not completely
consistent, because we do not have the 1-loop correction to the initial conditions at the
scale 푀푍 , we will not consider it. Next, we have to take into account that the new
operators mix with the mirror QCD penguin operators. The structure of the ADM reads
훾 =
⎛⎜⎜⎜⎜⎜⎝
훾6×6 06×6 010×6 010×6
06×6 훾˜6×6 010×6 010×6
06×10 훾˜
34−p
6×10 훾
34
10×10 010×10
06×10 훾˜
56−p
6×10 010×10 훾
56
10×10
⎞⎟⎟⎟⎟⎟⎠ , (5.20)
where we used the same notation as in (4.10). In this case 훾3410×10 is block diagonal, with
five identical 2 × 2 blocks given by 훾3,42×2; similarly, 훾5610×10 is block diagonal, with five
identical 2 × 2 blocks given by 훾5,62×2. We have 5 copies of each 2 × 2 matrix, because we
have to take into account the possible 5 operators 푄˜푞3,...6 with 푞 = 푢, 푑, 푠, 푐, 푏. The matrices
훾˜34−p6×10 and 훾˜
56−p
6×10 describe the mixing of the operators 푄˜
푞
3,...6 into the mirror QCD penguin
operators. We find in this case that no mixing with the Standard Model QCD penguin
arises. One has [훾˜34−p6×10 ]
푇 = (Γ푇34∣Γ푇34∣Γ푇34∣Γ푇34∣Γ푇34), [훾˜56−p6×10 ]푇 = (Γ푇56∣Γ푇56∣Γ푇56∣Γ푇56∣Γ푇56), with
Γ34 =
(
0 0 − 43푁푐 −43 − 43푁푐 −43
0 0 − 23푁푐 −23 − 23푁푐 −23
)
, (5.21)
Γ56 =
(
0 0 0 0 0 0
0 0 13푁푐 −13 13푁푐 −13
)
. (5.22)
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Figure 5.7: Absolute value of the short-distance coefficients 퐶˜푞8푔 , at the high scale 푀푍 .
Solving the full RGE leaves (5.16) unchanged and generates the mirror QCD penguin
operators with short-distance coefficients
퐶˜푖(푚푏) ≈ 퐶SM푖 (푚푏)
(
1.87
∑
푞
퐶˜푞3(푀푍) + 0.75
∑
푞
퐶˜푞4(푀푍)
− 0.07
∑
푞
퐶˜푞5(푀푍)− 0.67
∑
푞
퐶˜푞6(푀푍)
)
, 푖 = 3 . . . 6. (5.23)
Since both the Standard Model QCD penguin coefficients and 퐶˜푞3,...,6(푀푍) are small, the
penguin mixing effects are small. We include them here in order to have cancellation of
the scale dependence with the corresponding NLO contribution to the matrix elements of
the QCD mirror operators.
We conclude this section considering the evolution equation for 퐶˜7훾 and 퐶˜8푔. We set
퐶˜7훾 to zero at the high scale, because we didn’t calculate the photon penguin, and in the
literature evaluations exist only in the mass insertion approximation, which may not be
good here, due to the large mixing among squarks. Even if a precise evaluation of 퐶˜7훾
would be interesting in view of the enhanced contribution to 퐵 → 푉 푉 decays, we leave
this calculation for a future work. We note however that, in general, 퐶˜7훾 has a small effect
on hadronic 퐵 decays, since it gets suppressed by 훼em/훼s.
Because of the mixing with 퐶˜8푔, and since 퐶˜1(푀푍) = 0, we get at the low scale [53]
퐶˜7훾(푚푏) =
8
3
(
휂
14
23 − 휂 1623
)
퐶˜8푔(푀푍), (5.24)
with 휂 ≡ 훼s(푀푍 )훼s(푚푏) . Similarly, we obtain
퐶˜8푔(푚푏) = 휂
14
23 퐶˜8푔(푀푍), (5.25)
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so that 퐶˜8푔(푚푏) < 퐶˜8푔(푀푍).
Constraints from Δ푀푠
In the CMM model large flavour effects are already constrained by the bounds on the
particle spectrum [279–281, 283–287]. Once these limits are taken into account, the pre-
dicted flavour violation in processes like the 푏 → 푠훾 and 휏 → 휇훾 decays can be reduced
below the current experimental level by considering minor cuts in the parameter space.
In this context, we concluded that effects in non-leptonic decays are expected to be small.
It is therefore important to check whether constraints from other flavour processes reduce
further modifications in these decays. We focus here only on the 퐵푠 − 퐵¯푠 mass differ-
ence, because this process involves diagrams similar to those appearing in non-leptonic 퐵
decays. We leave for a future work a more thorough comparison with the 푏 → 푠훾 and
휏 → 휇훾 decays. Correlation with other processes is not immediate as in the large tan 훽
scenario. Here we cannot relate directly the short distance coefficients of non-leptonic and
other flavour processes, because diagrams with gluinos and squarks in the loops do not
enter e.g. in leptonic or semi-leptonic decays. It is however possible to compare results
of different processes by means of the RGE, starting from the same set of fundamental
parameters. In case of the 푏→ 푠훾 and 휏 → 휇훾 decays we take into account the constraints
obtained in [279–281,283–285,287] whose study is still in progress [286].
For a comprehensive review of the 퐵푠 − 퐵¯푠 mixing we refer to [291, 292]. We provide
here only the basic elements to calculate the mass difference. We follow the analysis
developed in [287]. The oscillation of a 푃 0 − 푃¯ 0 meson system can be described by a
Schro¨dinger-type equation
푖
푑
푑푡
(
∣푃 0(푡)⟩
∣푃¯ 0(푡)⟩
)
=
[
푀푃 − 푖
2
Γ푃
]( ∣푃 0(푡)⟩
∣푃¯ 0(푡)⟩
)
, (5.26)
where 푀푃 and Γ푃 are two 2 × 2 hermitian matrices. They describe the four transitions
푃 0/푃¯ 0 → 푃 0/푃¯ 0 via virtual and physical intermediate states, respectively. The physical
states ∣푃 01 ⟩ and ∣푃 02 ⟩ are obtained by diagonalizing 푀푃 − 푖2Γ푃 . Here we are interested in
the local contribution to the off-diagonal element of 푀푃 ,
푀푃12 =
1
2푀푃
〈
푃 0
∣∣ℋΔ퐹=2eff ∣∣푃¯ 0〉 , (5.27)
because defining the 퐵푠 mass difference as Δ푀푠 =푀
푠
퐻 −푀 푠퐿, one has
Δ푀푠 = 2∣푀퐵푠12 ∣; (5.28)
in 5.27 푀푃 indicates the average meson mass (푀푃퐿 +푀푃퐻 )/2.
The effective Hamiltonian ℋΔ퐹=2eff is given by a sum over effective operators and in
general it can be written in terms of eight effective operators,
ℋΔ퐹=2eff =
퐺2퐹푀
2
푊
16휋2
8∑
푖=1
퐶푖푃 (휇푃 )푄
푖
푃 (휇푃 ), (5.29)
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Figure 5.8: Absolute value of the new contribution to Δ푀CMM푠 in the CMM model.
defined e.g. in [251]. Here 휇푃 ∼푀푃 .
In the Standard Model only one of these operator contributes,
푄VLL퐵푠 = (푞¯퐿훾휇푏퐿)(푞¯퐿훾휇푏퐿), (5.30)
that originates from box diagrams with the exchange of a 푊 bosons and top quarks. The
corresponding short-distance coefficient reads
퐶VLL퐵푠 (휇퐵푠) = 4푈퐵푠(휇퐵푠)(휆
푠
푡 )
2휂퐵푆0(푥푡), (5.31)
where the factor
푈퐵푠(휇) = [훼s(휇)]
−6/23
[
1 +
훼s(휇)
4휋
퐽5
]
(5.32)
encodes the (휇퐵푠)-dependent part of the short-distance QCD correction up to NLO, while
휂퐵 accounts for their (휇퐵푠)-independent contribution. For the definition of all the other
parameters entering in (5.32), including their numerical value and the loop function 푆0(푥푡),
we refer to [287], according to which we choose our inputs. The matrix element of 푄VLL퐵푠
is given by 〈
퐵0푠
∣∣푄VLL퐵푠 ∣∣퐵¯0푠〉 = 23푀2퐵푠푓2퐵푠퐵퐵푠(휇), (5.33)
where 푓퐵푠 is the decay constant of the meson. The scale dependence of 푈퐵푠(휇) cancels
that of 퐵퐵푠(휇); one introduces therefore the renormalization group invariant parameters
퐵ˆ퐵푠 = 푈퐵푠(휇)퐵퐵푠(휇). This results in
(푀퐵푠12 )
SM =
퐺2퐹푀
2
푊
12휋2
푀퐵푠푓
2
퐵푠퐵ˆ퐵푠(휆
푠
푡 )
2휂퐵푆0(푥푡). (5.34)
136 Chapter 5. Non-leptonic 푩 decays in a supersymmetric grand unified theory
In the CMM model the dominant new contribution is given by gluino box diagrams,
like the ones in figure 5.1 (a) and (b) where the 푠푅 and 푏푅 quarks appear as external states
in the lower line. This contribution gives rise to the operator
푄VRR퐵푠 = (푞¯푅훾휇푏푅)(푞¯푅훾휇푏푅). (5.35)
The corresponding short-distance coefficient at the high scale 휇푆 reads
퐶CMM퐵푠 (휇푆) =
16휋2
퐺2퐹푀
2
푊
훼2푠(푀푆)
2푚2푔˜
3∑
퐼,퐽=1
(R푑)퐼푏(R푑)
∗
퐼푑(R푑)퐽푏(R푑)
∗
퐽푏 퐿0(푥푑˜푅퐼 푔˜, 푥푑˜푅퐽 푔˜), (5.36)
and the loop function reads
퐿0(푥, 푦) =
11
18
퐺(푥, 푦)− 2
9
퐹 (푥, 푦). (5.37)
Because of the absence of a penguin contribution and the different box function it is
not possible to correlate directly Δ푀퐵푠 with the non-leptonic short-distance coefficients.
Therefore, we compare them using the same set of basic parameters. The short-distance
coefficients in (5.36) can be rearranged as in (5.12), exploiting the mass degeneracy of the
first two generations, and the unitarity of R푑:
퐶CMM퐵푠 (휇푆) =
16휋2
퐺2퐹푀
2
푊
훼2푠(푀푆)
2푚2푔˜
[(R푑)3푏(R푑)
∗
3푑]
2
⋅
{
퐿0(푥푑˜푅 푔˜, 푥푑˜푅 푔˜)− 2퐿0(푥푑˜푅 푔˜, 푥푏˜푅 푔˜) + 퐿0(푥푏˜푅 푔˜, 푥푏˜푅 푔˜)
}
, (5.38)
then the new contribution to Δ푀푠 in the CMM model reads
(푀퐵푠12 )
CMM =
훼2푠(푀푆)
6푚2푔˜
푀퐵푠푓
2
퐵푠퐵ˆ퐵푠
푒−2푖휙퐵푠 cos2 휃
4
휂퐵휂6
푟
⋅
{
퐿0(푥푑˜푅 푔˜, 푥푑˜푅 푔˜)− 2퐿0(푥푑˜푅 푔˜, 푥푏˜푅 푔˜) + 퐿0(푥푏˜푅 푔˜, 푥푏˜푅 푔˜)
}
, (5.39)
where the additional factor 휂퐵휂6/푟 arises when expressing the short-distance coefficient
at the scale 푚퐵푠 ,
퐶CMM퐵푠 (휇퐵푠) = 푈퐵푠(휇퐵푠)
1
푟
휂6 퐶
CMM
퐵푠 (휇푆), (5.40)
see [287] for further details. In figure 5.8 we show Δ푀푠 in the 푚푑˜ - 푚푔˜ plane, assuming
that only (푀퐵푠12 )
CMM contributes to it, i.e. Δ푀CMM푠 = 2∣(푀퐵푠12 )CMM∣. In the region where
the non-leptonic short-distance coefficients are large, Δ푀CMM푠 is comparable in size with
the Standard Model contribution, Δ푀SM푠 = 18.42 ps
−1. Despite the strong experimental
constraint on Δ푀푠, a new contribution as large as the Standard model one is still possible,
because of the relative phase between the two terms. Depending on the set of parameters
used, only a constraint on the phase ∣2휙퐵푠 ∣ can arise. Here we consider the experimental
results
Δ푀 exp푠 = (17.78 ± 0.12) ps−1, 휙exp푠 = (−0.77+0.29−0.37) ∪ (−2.36+0.37−0.29) rad, (5.41)
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Figure 5.9: Comparison between theoretical prediction and experimental result for Δ푀푠 and 휙푠.
The band around the experimental result correspond to the 3 휎 uncertainty; the theoretical error
band represents the 1 휎 uncertainty.
where the phase is defined as
휙푠 = arg
푀퐵푠12
(푀퐵푠12 )
SM
, (5.42)
and
Δ푀푠 = 2∣(푀퐵푠12 )SM + (푀퐵푠12 )CMM∣. (5.43)
In figure 5.9 we show Δ푀푠 and 휙푠 as a function of 2휙퐵푠 , compared with the experimental
results within its 3 sigma range. In figure 5.9 we fix 푚푔˜ = 370 GeV, 푚푑˜ = 1800 GeV. The
very narrow experimental uncertainty on Δ푀푠 is evident, which implies the constraint
(1.4 <∼ ∣2휙퐵푠 ∣ <∼ 2.4) rad. (5.44)
The phase 휙푠 gives a weaker constraint. These results agree with [287], when compared
with the values of 푚푔˜, 푚푑˜ used there. We will take the constraint (5.44) into account
in our phenomenological analysis in section 5.4. Our conclusion is that there are no
large additional constraints on the non-leptonic short-distance coefficients, at least from
the Δ푀푠 mass difference. We note also that since the loop function 퐿0 appearing in
퐶CMM퐵푆 does not depend on the up-type squark masses, Δ푀푠 is not able to give additional
constraints in case of 푚푢˜ ∕= 푚푑˜. Since this condition affects only the quark sector, non-
leptonic 퐵 decays remain the only low energy process that could test this possibility.
We conclude this section by giving, in table 5.1, the numerical values for the new short
distance coefficient, at the low scale 푚푏, compatible with the constraint on the light Higgs
boson mass. The value chosen corresponds, at the high scale, to the point 푚푔˜ = 370 GeV,
푚푑˜ = 1800 GeV considered above.
5.3 Hadronic matrix elements for 푩 →푴1푴2
The matrix elements of the operators in (5.3) can be derived easily from the results ob-
tained in chapter 4. In the following we assume 휃 = 0, so that only Δ푆 = 1 transitions
are modified. Accordingly, the index 퐷 will be always 퐷 = 푠, and therefore we suppress
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∣퐶˜푢,푐,푑3 ∣ ∣퐶˜푢,푐,푑4 ∣ ∣퐶˜푢,푐,푑,푠5 ∣ ∣퐶˜푢,푐,푑,푠6 ∣ ∣퐶˜7훾 ∣
휇 = 푚푏 0.00062 -0.00134 0.00017 -0.00168 -0.0028
∣퐶˜푠,푏3 ∣ ∣퐶˜푠,푏4 ∣ ∣퐶˜푏5∣ ∣퐶˜푏6∣ ∣퐶˜8푔∣
휇 = 푚푏 0.00030 -0.00138 0.00005 -0.00157 -0.0198
Table 5.1: Absolute value of the short distance coefficients 퐶˜푞푖 at the scale 푚푏. The full short-
distance coefficients are obtained multiplying the modulus listed here by 푒−푖휙퐵푠 .
it from the notation. Inserting it back in the equations is straightforward. The inclusion
of the new current-like and the mirror QCD penguin operators can be taken into account
defining the following transition operators:
풯 푝퐴 = 훿푝푢[훼1(푀1푀2)퐴([푞¯푠푢][푢¯퐷]) + 훼2(푀1푀2)퐴([푞¯푠퐷][푢¯푢])]
+ [훼푝3(푀1푀2) + 훼˜
푝
3(푀1푀2)]
∑
푞=푢,푑,푠
퐴([푞¯푠퐷][푞¯푞])
+ [훼푝4(푀1푀2) + 훼˜
푝
4(푀1푀2)]
∑
푞=푢,푑,푠
퐴([푞¯푠푞][푞¯퐷])
+ 훼푝3,EW(푀1푀2)
∑
푞=푢,푑,푠
3
2
푒푞 퐴([푞¯푠퐷][푞¯푞])
+ 훼푝4,EW(푀1푀2)
∑
푞=푢,푑,푠
3
2
푒푞 퐴([푞¯푠푞][푞¯퐷])
+
∑
푞=푢,푑,푠
훼˜푝3푞(푀1푀2)퐴([푞¯푠퐷][푞¯푞])
+
∑
푞=푢,푑,푠
훼˜푝4푞(푀1푀2)퐴([푞¯푠푞][푞¯퐷]), (5.45)
and
풯 푝퐵 = 훿푝푢
[
푏1(푀1푀2)
∑
푞′
퐵([푢¯푞′][푞¯′푢][퐷¯푏]) + 푏2(푀1푀2)
∑
푞′
퐵([푢¯푞′][푞¯′퐷][푢¯푏])
]
+
[
푏푝3(푀1푀2) + 푏˜
푝
3(푀1푀2)
]∑
푞,푞′
퐵([푞¯푞′][푞¯′퐷][푞¯푏])
+
[
푏푝4(푀1푀2) + 푏˜
푝
4(푀1푀2)
]∑
푞,푞′
퐵([푞¯푞′][푞¯′푞][퐷¯푏])
+ 푏푝3,EW(푀1푀2)
∑
푞,푞′
3
2
푒푞퐵([푞¯푞
′][푞¯′퐷][푞¯푏])
+ 푏푝4,EW(푀1푀2)
∑
푞,푞′
3
2
푒푞퐵([푞¯푞
′][푞¯′푞][퐷¯푏])
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+ 훿푝푢
[
푏푆1(푀1푀2)
∑
푞′
퐵([푢¯푢][푞¯′푞′][퐷¯푏]) + 푏푆2(푀1푀2)
∑
푞′
퐵([푢¯퐷][푞¯′푞′][푢¯푏])
]
+
[
푏푝푆3(푀1푀2) + 푏˜
푝
푆3(푀1푀2)
]∑
푞,푞′
퐵([푞¯퐷][푞¯′푞′][푞¯푏])
+
[
푏푝푆4(푀1푀2) + 푏˜
푝
푆4(푀1푀2)
]∑
푞,푞′
퐵([푞¯푞][푞¯′푞′][퐷¯푏])
+ 푏푝푆3,EW(푀1푀2)
∑
푞,푞′
3
2
푒푞퐵([푞¯퐷][푞¯
′푞′][푞¯푏])
+ 푏푝푆4,EW(푀1푀2)
∑
푞,푞′
3
2
푒푞퐵([푞¯푞][푞¯
′푞′][퐷¯푏])
+ 푏˜푝3푞(푀1푀2)
∑
푞,푞′
퐵([푞¯푞′][푞¯′퐷][푞¯푏]) + 푏˜푝4푞(푀1푀2)
∑
푞,푞′
퐵([푞¯푞′][푞¯′푞][퐷¯푏])
+ 푏˜푝푆3푞(푀1푀2)
∑
푞,푞′
퐵([푞¯푞′][푞¯′퐷][푞¯푏]) + 푏˜푝푆4푞(푀1푀2)
∑
푞,푞′
퐵([푞¯푞′][푞¯′푞][퐷¯푏]), (5.46)
where the sum over 푞, 푞′ is over 푢, 푑, 푠. The expression for the coefficients 훼˜푝3,4(푀1푀2)
has been given in (4.30). The expression for 훼˜푝3푞,4푞(푀1푀2) is identical to (4.30), provided
one substitutes 훼˜푝3,4(푀1푀2) with 훼˜
푝
3푞,4푞(푀1푀2). Comparing with (4.30), we observe that
the matrix elements of the operators 푄˜푞푖 obey the same modified helicity hierarchy (4.32)
as the mirror QCD penguin ones, when 푀1푀2 = 푉 푉 ; this is a consequence of the fact
that the two types of operators have the same Dirac structure, but only different flavour
content.
The NLO expression of the coefficients 푎˜푝푖 has been given in (4.33); the one of the
coefficients 푎˜푝푖푞 is similar, but there are no penguin contraction contributions. One has
푎˜푝푖푞(푀1푀2) =
(
퐶˜푞푖 +
퐶˜푞푖±1
푁푐
)
푁˜푖(푀2)
+
퐶˜푞푖±1
푁푐
퐶퐹훼푠
4휋
[
푉˜푖(푀2) +
4휋2
푁푐
퐻˜푖(푀1푀2)
]
, (5.47)
where the definition of the quantities 푁˜푖(푀2), 푉˜푖(푀2), 퐻˜푖(푀1푀2) has been given in section
4.5. The insertion of the operators 푄˜푞푖 into the diagrams of figure 4.4 gives an additional
contribution to the penguin correction of the mirror QCD penguin operators, whose scale
dependence cancels the one from the evolution of the mirror short-distance coefficient in
(5.23). We find
훿푃˜ 푝4 (푀1푀2) =
퐶퐹훼푠
4휋푁푐
{ ∑
푞=푠,푏
퐶˜푞3
[
4
3
log
푚푏
휇
+
2
3
−퐺푓푀2(푠푞)
]
+
∑
푞=푢,푑,푠,푐,푏
(
퐶˜푞4 + 퐶˜
푞
6
)[4
3
log
푚푏
휇
−퐺푓푀2(푠푞)
]}
,
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훿푃˜ 푝6 (푀1푀2) =
퐶퐹훼푠
4휋푁푐
{ ∑
푞=푠,푏
퐶˜푞3
[
푁6(푀2)
4
3
log
푚푏
휇
+
2
3
− 퐺ˆ푓푀2(푠푞)
]
+
∑
푞=푢,푑,푠,푐,푏
(
퐶˜푞4 + 퐶˜
푞
6
)[
푁6(푀2)
4
3
log
푚푏
휇
− 퐺ˆ푓푀2(푠푞)
]}
, (5.48)
where 푠푞 = 0 for 푞 = 푢, 푑, 푠, while 푠푐 = (푚푐/푚푏)
2 and 푠푏 = 1. 퐺
푓
푀2
(푠) equals 퐺푀2(푠)
of (2.91) for 푀1푀2 = 푃푃,푃푉, 푉 푃, 푉
0푉 0, and 퐺∓푀2(푠) for 푉
±푉 ±, while 퐺ˆ푓푀2(푠) equals
퐺ˆ푀2(푠) of (2.95) for푀1푀2 = 푃푃,푃푉, 푉 푃, 푉
0푉 0, and is zero for 푉 ±푉 ±. The annihilation
contribution of the mirror QCD penguin operator has been given in (4.47); the annihilation
contribution of the operators 푄˜푞푖 has the same structure, provided one substitutes the
coefficients 푏˜푝3,4(푀1푀2) with 푏˜
푝
3푞,4푞(푀1푀2), where the index 푞 is added, to intend that the
short-distance coefficients appearing there are the 퐶˜푖푞.
5.4 Non-leptonic decays
With the results of sections 5.2 and 5.3 at hand, we are now able to face the question
whether the new contributions arising in the CMM model are observable in non-leptonic
퐵 decays. To this end, we compare the new amplitudes with those present in the Standard
Model. The essential features can be deduced from (5.45), (5.46).
∙ In principle, each 훼˜푝3푞,4푞 is an isospin violating contribution, and it should compete
with the electroweak penguin amplitude of the Standard Model. However, since
the various 훼˜푝푖푞 with same 푖 but different 푞 are numerically very similar, their effect
sums up, and in the end they give a contribution similar in structure to the mirror
QCD penguin amplitudes. This is a direct consequence of the results found for the
short-distance coefficients in section 5.2. Consequently, they have to be compared
with the larger Standard Model QCD penguin amplitude 훼푝3 and 훼
푝
4.
∙ The same is true for the “proper” mirror QCD penguin amplitudes 훼˜푝3,4, so that they
have to be compared with 훼푝3 and 훼
푝
4 as well.
∙ Given the results illustrated in the two items above, one expects modifications mainly
in QCD penguin dominated 퐵 decays. Recalling that the new contributions are
present only in case of Δ푆 = 1 transitions, this means that modifications could arise
in case of 퐵¯ → 휋퐾¯, 퐵¯ → 퐾¯휂(′), 퐵¯ → 퐾¯퐾 decays, and the corresponding 푃푉 , 푉 푃
and 푉 푉 modes.
∙ The sensitivity to the new contributions could be enhanced by the right-handed
nature of the transition involved. Because of this feature, in fact, one expects a
different correlation between e.g. the branching ratios of decays into 푃푃 , 푃푉 , 푉 푃
and 푉 푉 final states, with respect to the opposite case in which the new physics
would have the same helicity as the Standard Model operators. Moreover, the new
contribution to the positive helicity amplitude in case of decays into 푉 푉 final states
is expected to be of the same order as the new contribution to the negative one, and
one has to check if this can affect the angular observables of these decays.
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∙ The important element to take into account in the analysis is the potentially large
new weak phase. While the (CP averaged) branching ratios are not sensitive to a new
phase, its effects are more likely to appear in the CP asymmetries. Because of the
large uncertainties associated with the direct CP asymmetry, more interesting here
is the time dependent CP asymmetry5 [282], which has a relatively small theoretical
uncertainty, since it is proportional to the real part of the hadronic amplitude (6.12).
In the following we comment in more on detail the numerical results collected in tables
5.2 and 5.3 for the 훼푖 coefficients. Numerical results are obtained using the parameters
listed in table 2.2, or as otherwise explained in chapter 2. The short-distance coefficients
are evaluated at the scale 휇 = 푚푏 = 4.2 GeV.
푩 → 푷푷, 푷푽
In table 5.2 we show the numerical results of the 훼푖 amplitude coefficients defined in (5.45)
for the decay modes 퐵¯ → 퐾(∗)휂(′),퐾휙, evaluated using the values of the short-distance
coefficients collected in table 5.1 The values of the mirror QCD penguin short-distance
coefficients can be derived using (5.23). Similar results can be found for the other relevant
decay modes 퐵¯ → 휋퐾¯, 휌퐾¯, 휋퐾¯∗. Since ∣퐶˜푞4,6∣ ≫ ∣˜퐶푞3,5∣, we obtain 훼˜푝4푞 ≫ 훼˜푝3푞. The effect of
훼˜푝3푞 on the total amplitude is therefore negligible, being two orders of magnitude smaller
than 훼푝3, the Standard Model amplitude with the same flavour structure, and 3 orders of
magnitude smaller than the dominant penguin amplitude 훼푝4. The new contribution 훼˜
푝
4푞 is
of the same order of magnitude as the electroweak penguin short-distance coefficients, even
if it is always smaller than the large electroweak coefficient 훼푝3,EW. As explained above,
however, 훼˜4푞 has to be compared with 훼4, which is always one order of magnitude larger.
For this reason, small modifications are expected in the branching ratios, because the new
amplitudes have to compete with the Standard Model amplitudes 훼푐푖 , which in turn are
multiplied by the large CKM factor 휆
(푠)
푐 . In case of time dependent CP asymmetries,
however, because of the presence of the new weak phase, the new amplitudes 훼˜푐푖 have to
compete with the 훼푢푖 amplitudes, which in turn are multiplied by the small CKM factor
휆
(푠)
푢 . This suppression compensate the difference between 훼˜
푝
4푞 and 훼
푝
4, making the time
dependent CP asymmetries quite sensitive to the new amplitudes.
Since the factorization properties of the 훼˜4푞 and 훼4 are similar, the ratio between the
two amplitudes stays fairly constant between the different 푃푃 , 푃푉 and 푉 푉 final states, so
that the same level of modification is expected in the various decay modes. In addition, we
also note that the mirror QCD penguin amplitudes are always very small and negligible,
as expected from (5.23), with the exception of 훼˜4 which is of the same order as 훼˜4푞.
푩 → 푽 푽
Results for the amplitude coefficients of the decays 퐵¯ → 퐾∗휙 (퐵¯ → 휌퐾∗) are collected
in table 5.3. In general, the new contributions follow the same patters as for the 푃푉
decays. It is therefore more interesting to inspect the inverted helicity hierarchy of the
5both the direct and the time dependent CP asymmetries are defined in chapter 6, (6.7), (6.11) and
(6.12).
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퐾¯휂푠 퐾¯
∗휂푠 퐾¯휙
훼1 0.966 + 0.021푖 [휋퐾¯] 0.981 + 0.021푖 [휌퐾¯] 0.973 + 0.021푖 [휋퐾¯
∗]
훼2 0.351 − 0.084푖 [퐾¯휋] 0.260 − 0.084푖 [퐾¯∗휋] 0.323 − 0.084푖 [퐾¯휌]
훼푢3 −0.0013 + 0.0046푖 0.0027 + 0.0046푖 0.0006 − 0.0005푖
훼푢4 −0.095 − 0.040푖 0.038 + 0.008푖 −0.031 − 0.017푖
훼푢3,EW −0.0089 − 0.0002푖 −0.0091 − 0.0002푖 −0.0082 − 0.0001푖
훼푢4,EW −0.0016 + 0.0006푖 −0.0025 + 0.0008푖 −0.0024 + 0.0007푖
훼˜푢3/푒
−푖휙퐵푠 0.00024 + 8.3 ⋅ 10−7푖 0.00020 − 8.3 ⋅ 10−7푖 −9.5 ⋅ 10−7 + 4.9 ⋅ 10−7푖
훼˜푢4/푒
−푖휙퐵푠 −0.00190 − 0.00044푖 0.00034 − 0.00009푖 0.00115 + 0.00016푖
훼˜푢3푢/푒
−푖휙퐵푠 −0.00006 − 0.00023푖 0.00027 + 0.00023푖 −0.00003 − 0.00003푖
훼˜푢4푢/푒
−푖휙퐵푠 0.00360 + 0.00005푖 0.00142 − 0.00005퐼 −0.00106 − 0.00006푖
훼˜푢3푑/푒
−푖휙퐵푠 −0.00006 − 0.00023푖 0.00027 + 0.00023푖 −0.00003 − 0.00003푖
훼˜푢4푑/푒
−푖휙퐵푠 0.00360 + 0.00005푖 0.00142 − 0.00005푖 −0.00106 − 0.00006푖
훼˜푢3푠/푒
−푖휙퐵푠 0.00027 − 0.00023푖 −0.00006 + 0.00023푖 −0.00036 − 0.00002푖
훼˜푢4푠/푒
−푖휙퐵푠 0.00378 + 0.00002푖 0.00127 − 0.00002푖 −0.00124 − 0.00003푖
Table 5.2: Numerical results for the 훼푖 coefficients of some representative Δ푆 = 1 decay channels.
In case the amplitude coefficient does not exist for the decay considered, as in case e.g. of the tree
amplitude 훼1, we provide results from the 퐵¯ → 휋퐾¯, 휌퐾¯, 휋퐾¯∗ decays.
new transverse polarization amplitudes. In order to estimate the plus-helicity amplitude
we take the upper limit of the form factor, 퐹퐵푉1+ = 0.06, as in section 4.6. We obtain
that the coefficients 훼˜+푖 , 훼˜
+
푖푞 are larger than the corresponding ones in the 푃푃 , 푃푉 modes
and the other helicity amplitudes. Moreover, 훼˜+4푞 is now of the same order as 훼
+
4 ; with
the assumption above on 퐹퐵푉1+ , 훼˜
+
4푞 ≤ 훼+4 . However, if a smaller form factor is taken,
훼˜+4푞 can easily become the largest penguin contribution to the amplitude. This would
affect the azimuthal angular distribution of the Δ푆 = 1 퐵 → 푉 푉 decays However, since
the transverse amplitudes are small in absolute terms and have large uncertainties, these
effects are small, and probably unobservable. We leave a more precise analysis of the
angular observables to a future work.
One can easily derive expressions for the branching ratios, CP asymmetries and other
observables. In Fig. 5.10 and 5.11 we provide a few examples, which support the consid-
erations written above. Modifications to the branching ratios are small, and always much
smaller than the theoretical uncertaintes, so that it is unlikely to be able to observe such ef-
fects in experiments. Larger modifications arise in case of the time dependent CP asymme-
tries. The golden channels here are the decays 퐵¯0 → 퐾¯0휂′, 퐵¯0 → 퐾¯0휙, whose time depen-
dent CP asymmetry has the smallest theoretical uncertainty, and the modification due to
the new contribution is expected to be of the same order, or even larger. The graphs repre-
sent the observables as a function of 휙퐵푠 . One should note that, because of the constraints
from Δ푀푠, 휙퐵푠 is constrained to lie in the range (0.7
<∼ ∣휙퐵푠 ∣ <∼ 1.2)∪ (1.9 <∼ ∣휙퐵푠 ∣ <∼ 2.4)
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(퐾¯∗휙)00 (퐾¯∗휙)−− (퐾¯∗휙)++
훼1 [휌퐾¯
∗] 0.987 + 0.021푖 1.101 + 0.041푖 1.077 + 0.0005
훼2 [퐾¯
∗휌] 0.240 − 0.084푖 −0.173 − 0.169푖 −0.082 + 0.001푖
훼푢3 0.0001 − 0.0005푖 −0.0023 − 0.0010푖 −0.0017
훼푢4 −0.026 − 0.015푖 −0.044 − 0.017푖 −0.034
훼푢3,EW −0.0084 − 0.0001푖 0.0044 − 0.0003푖 −0.0095
훼푢4,EW −0.0017 + 0.0007푖 0.0015 + 0.0014푖 0.0007
훼˜푢3 5.04 ⋅ 10−7 − 4.89 ⋅ 10−7푖 −1.10 ⋅ 10−7 −0.00002 − 0.00001푖
훼˜푢4 −0.00109 − 0.00018푖 −0.00001 − 0.00002푖 −0.00248 − 0.00174푖
훼˜푢3푢 0.00005 + 0.00003푖 0.00001 0.00192 + 0.00057푖
훼˜푢4푢 0.00112 + 0.00004퐼 0.00011 0.01470 + 0.00104퐼
훼˜푢3푑 0.00005 + 0.00003퐼 0.00001 0.00192 + 0.00057퐼
훼˜푢4푑 0.00112 + 0.00004퐼 0.00011 0.01470 + 0.00104퐼
훼˜푢3푠 0.00038 + 0.00002퐼 0.00004 0.00553 + 0.00051퐼
훼˜푢4푠 0.00127 + 0.00001퐼 0.00012 0.01523 + 0.00051퐼
Table 5.3: Numerical results for the 훼푖 coefficients pertaining to the three helicity am-
plitudes of 퐵¯ → 푉 푉 decays. To compare the absolute values of the helicity am-
plitudes the numbers for the (00,−−,++) parameters must be multiplied by 퐴퐾∗휙 =
푖퐺F√
2
푚퐵푓휙 (푚퐵퐴
퐵→퐾∗
0 ,푚휙퐹
퐵→퐾∗
− ,푚휙퐹
퐵→퐾∗
+ ). The estimates above use 퐹
퐵→푉1
+ = 0.06 in or-
der to compare with the maximal Standard Model ++ amplitude. In case the amplitude coefficient
does not exist for the decay considered we provide results from the 퐵¯ → 휌퐾¯∗ decays. The Standard
Model coefficients are equal to that in table 4.2, except in case of the positive helicity. In table
4.2 we provided the leading order expression for it, while here the full NLO result is considered,
according to the definitions given in section 4.5.
rad.
5.5 Conclusion
In this chapter we have considered a well motivated supersymmetric grand unified sce-
nario, in which the large neutrino mixing angles give rise to a large mixing between the
right-handed quarks. In the model, supersymmetry is a key ingredient, not only for
the stabilization of the electroweak scale, but also because it allows the mixing among
right-handed quarks to become physical, thanks to the flavour-changing couplings arising
between quarks, squarks and gluinos. The construction of a whole chain of grand unified
theories up to the Plank scale allows to describe the low energy observables in terms of a
few fundamental parameters, so that the model is predictive and gives specific signatures
and correlations. In this scenario, bounds from the particle spectrum, such as the lightest
Higgs boson 푀ℎ0 , limit the possibility of having large flavour violation; however, sizeable
effects are still expected, in particular in case of 휏 → 휇훾, 푏 → 푠훾 and Δ푀푠. The large
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푏푅 - 푠푅 mixing suggests possible large effects in non-leptonic decays too, in particular
since a new weak phase arises. This motivation is at the basis of the present analysis.
We compared non-leptonic decays with 퐵¯푠 meson mixing, and found that the latter does
not constrain significantly new contributions in these decays. On the basis of the results
found in [279–281,283–287] we conclude that also 휏 → 휇훾, 푏→ 푠훾 decays do not give (yet)
strong additional constraints, once the Higgs boson mass bound is taken into account. We
find that the new contributions to non-leptonic 퐵 decays are predicted to be small. This
is because the new short-distance coefficients appearing in the model can reach at most
the order of magnitude of the electroweak penguin coefficients, but they exhibit a small
isospin violation, so that they have to compete with the larger short-distance QCD pen-
guin coefficients. We found that a larger isospin violation could arise when relaxing the
condition 푚푢˜ = 푚푑˜. We leave however the analysis of the case 푚푢˜ ∕= 푚푑˜ for a future work.
Here we were interested in deriving results within the “standard” minimal supergravity
scenario, which assumes a common soft mass for all the squark. In this set-up we expect
small modifications of non-leptonic branching ratios, though we find larger deviations in
case of the time dependent CP asymmetries, which are in reach of the future LHCb and
퐵 factories. Order one modifications can also arise for the 퐵¯ → 푉 푉 positive helicity
amplitudes. In this case however the positive helicity amplitudes are themselves a small
effect compared with the longitudinal helicity amplitude, and they are affected by large
uncertainties, so that it is more difficult to find observables sensitive to this effect. We
reserve to perform a more detailed analysis of the 퐵¯ → 푉 푉 decays angular observables in
a future work.
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Figure 5.10: The first four pictures represent the branching ratios of the QCD penguin dominated
modes 퐵¯ → 휋−퐾¯0, 휌−퐾¯0, 휋−퐾¯∗0, 휌−퐾¯∗0; the last two pictures represent the time dependent CP
asymmetries of 퐵¯0 → 휋0퐾¯0, 휌0퐾¯0. The coloured band represent the theoretical error; the central
line the Standard Model prediction; the wavy line the prediction in the CMM model.
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Figure 5.11: Branching ratios of the QCD penguin dominated modes 퐵¯0 → 퐾¯0휂′, 퐾¯∗0휂′, 퐾¯0휙,
left, and the corresponding charged modes 퐵− → 퐾−휂′,퐾∗−휂′,퐾−휙, right. The last two pictures
represent the time dependent CP asymmetries of 퐵¯0 → 퐾¯0휂′, 퐾¯0휙, which show the largest deviation
from the Standard Model prediction.
Chapter 6
Non-leptonic 푩 decays with new
physics in the electroweak penguin
sector
6.1 Introduction
Another approach to the search for new physics in non-leptonic 퐵 decays is to look for
actual discrepancies between the experimental data and the theoretical predictions. In this
case one proceeds in a model independent way, trying to find patterns in the data, which
may point to a particular new physics scenario. The main limitations of the approach
are on one hand the statistics of the experimental data, which however is expected to
improve as long as more data becomes available; on the other hand, the uncertainties on
the theoretical predictions may set limits on the predictive power of the methods.
To clarify the last issue, we recall from chapter 2 that the most difficult part of the
decay amplitude to be evaluated is the hadronic matrix element, which involves QCD
interactions at or below the scale 푚푏. To overcome this problem, various methods have
been developed. One of the most used in this type of analysis is the exploitation of QCD
flavour symmetries, which was described briefly in chapter 1. Within this approach, one
tries to relate the matrix elements of different decays, in order to extrapolate them from
decays which are measured with greater precision, and that are supposed to receive no (or
very small) new physics contributions, like the tree level dominated 퐵¯ → 휋휋 decays. As
anticipated in the introduction, the drawback of this method is that the matrix elements
are not calculated from first principles: consequently, only a few sets of decay modes can
be predicted, since, for instance, matrix elements of transitions to 푃푃 , 푃푉 and 푉 푉 states
cannot be related.
On the other hand, the method of QCD factorization used in this thesis has some
limitations, too, as explained in chapter 2, because of the presence of large subleading
contributions, which are not calculable within the method and need to be parameterized
phenomenologically. Despite this problem, the QCD factorization approach allows one
to make reliable predictions, because the orderliness of the method itself tell us in which
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cases one should be careful and interpret the result with more regard, because e.g. a soft
phase could arise, which would fake the presence of a new weak phase.
Taking these considerations into account, the purpose of this chapter is to perform
a model independent analysis [128], using as a starting point the discrepancies between
experimental data and theoretical predictions recently found in the 퐵¯ → 휋퐾¯ decays.
Many analyses where performed on these modes, using both SU(3) flavour symmetries and
QCD factorization for the evaluation of the hadronic matrix elements, which point in the
direction of new physics in the electroweak penguin sector [293–310]. However, the present
experimental results do not allow us to draw firm conclusions. It is therefore important
to consider other decays, which could also be affected by new physics in the electroweak
penguin sector. To this class belongs e.g. the 푃푉 , 푉 푃 , 푉 푉 modes corresponding to
the 퐵¯ → 휋퐾¯ decays, i.e. the 퐵¯ → 휌퐾¯, 퐵¯ → 휋퐾¯∗ 퐵¯ → 휌퐾¯∗ decays. These decays
where analysed e.g. in [311, 312, 318], but the experimental data on these decays does
not allow yet to clarify the picture. We point out here that there could be as well other
interesting decays of the 퐵푠 meson to look for, namely the 퐵¯푠 → 휙휋 and the 퐵¯푠 → 휙휌
decays, which could give more insight. Contrary to the 퐵¯ → 휋퐾¯ decays these modes are
pure isospin-breaking transitions, and therefore they are expected to be very small within
the Standard Model [313], with a branching ratio of order a few 10−7 [67, 179]. Their
structure is very simple and they are the only non-leptonic 퐵 decays which are dominated
by electroweak penguin contributions, so that they are very sensitive to new physics in
this sector. Besides, they cannot be calculated by means of flavour symmetries, so that
the QCD factorization method is here essential. While there are not yet experimental
analyses on these decays, our work shows that their branching ratio could be 2 to 4 times
larger than in the Standard Model, if new physics in the electroweak penguin sector is
present. If confirmed, this prediction can help in clarifying the discrepancies found in the
other decay modes.
6.2 Analysis of the 푩¯ → 흅푲¯ modes
In recent years tensions were found, at the ∼ 2 휎 level, between theoretical predictions
and experimental results, in the 퐵¯ → 휋퐾¯ decays. These differences, however, have de-
creased since the first time they were found, so that the picture is not yet clear, in order
to claim for new physics. As a starting point, therefore, our aim is to review the theo-
retical prediction of QCD factorization for these decay modes, comparing them with the
current experimental status. The main features of these decays can be understood in the
approximation defined in [67], in which one neglects the annihilation contribution pro-
portional to 휆푢, all the electroweak penguin terms except 훼
푐
3,EW and all the electroweak
annihilation contributions. The first assumption is justified because the annihilation terms
proportional to 휆푢 are strongly CKM suppressed with respect to the ones proportional
to 휆푐; this amounts to set 훽1 = 훽2 = 훽
푢
3 = 훽
푢
4 = 0. Similarly, all the neglected terms in
the electroweak penguin sector are strongly suppressed with respect to 훼푐3,EW. With this
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approximation, the amplitudes of the 퐵¯ → 휋퐾¯ decays read
풜퐵−→휋−퐾¯0 = 퐴휋퐾¯휆(푠)푐 훼ˆ푐4
(
1 +
∣∣∣∣∣휆
(푠)
푢
휆
(푠)
푐
∣∣∣∣∣ 훼ˆ푢4훼ˆ푐4 푒−푖훾
)
,
√
2풜퐵−→휋0퐾− = 퐴휋퐾¯휆(푠)푐 훼ˆ푐4
(
1 +
퐴퐾¯휋
3
2훼
푐
3,EW
퐴휋퐾¯ 훼ˆ
푐
4
+
∣∣∣∣∣휆
(푠)
푢
휆
(푠)
푐
∣∣∣∣∣ 퐴휋퐾¯(훼1 + 훼ˆ푢4 ) +퐴퐾¯휋훼2퐴휋퐾¯ 훼ˆ푐4 푒−푖훾
)
,
풜퐵¯0→휋+퐾− = 퐴휋퐾¯휆(푠)푐 훼ˆ푐4
(
1 +
∣∣∣∣∣휆
(푠)
푢
휆
(푠)
푐
∣∣∣∣∣ (훼1 + 훼ˆ푢4)훼ˆ푐4 푒−푖훾
)
,
√
2풜퐵¯0→휋0퐾¯0 = −퐴휋퐾¯휆(푠)푐 훼ˆ푐4
(
1− 퐴퐾¯휋
3
2훼
푐
3,EW
퐴휋퐾¯훼ˆ
푐
4
+
∣∣∣∣∣휆
(푠)
푢
휆
(푠)
푐
∣∣∣∣∣ 퐴휋퐾¯훼ˆ푢4 −퐴퐾¯휋훼2퐴휋퐾¯훼ˆ푐4 푒−푖훾
)
, (6.1)
where the various symbols were defined in chapter 2. We recall that 훼ˆ푐4 = 훼
푐
4+훽
푐
3, so that,
with the approximation above, 훽푐3 is the only annihilation contribution entering the decay
amplitudes. In (6.1) we have written the decay amplitudes in such a way as to collect
the dominant common penguin contribution, and we have explicitly indicated the terms
proportional to the weak angle 훾. In this way it is immediate to rewrite the amplitudes
in terms of the following ratios:
푟T ≡ −
∣∣∣∣∣휆(푠)푢휆(푠)푐
∣∣∣∣∣ 훼1훼ˆ푐4 , 푟C ≡ −
∣∣∣∣∣휆(푠)푢휆(푠)푐
∣∣∣∣∣ 푅휋퐾¯훼2훼ˆ푐4 ,
푟P ≡
∣∣∣∣∣휆
(푠)
푢
휆
(푠)
푐
∣∣∣∣∣ 훼ˆ푢4훼ˆ푐4 , 푟EW ≡ 푅휋퐾¯
3
2훼3,EW
훼ˆ푐4
, (6.2)
where 푅휋퐾¯ ≡ 퐴퐾¯휋/퐴휋퐾¯ . Explicitly, (6.1) becomes
풜퐵−→휋−퐾¯0 = 퐴휋퐾¯휆(푠)푐 훼ˆ푐4
(
1 + 푟P푒
−푖훾) ,
√
2풜퐵−→휋0퐾− = 퐴휋퐾¯휆(푠)푐 훼ˆ푐4
(
1 + 푟EW − (푟T + 푟C − 푟P)푒−푖훾
)
,
풜퐵¯0→휋+퐾− = 퐴휋퐾¯휆(푠)푐 훼ˆ푐4
(
1− (푟T − 푟P)푒−푖훾
)
,
√
2풜퐵¯0→휋0퐾¯0 = −퐴휋퐾¯휆(푠)푐 훼ˆ푐4
(
1− 푟EW + (푟C + 푟P)푒−푖훾
)
. (6.3)
The utility of this notation is that the common penguin amplitude often drops out when
considering ratios of physical observables. Moreover, the coefficients 푟푖 can be related
directly to physical quantities because they are physically meaningful, contrary to the
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flavour amplitudes 훼푖 whose absolute phase cannot be determined. The coefficients 푟푖
are in general small; 푟T, 푟C, and 푟P are small because of the CKM suppression factor,
which is of order 휆2푅푏/(1 − 휆2) ∼ 휆2 ≃ 0.05. Among these coefficients, 푟T is the largest,
and represents the colour-allowed tree-to-penguin ratio. In QCD factorization it has the
smallest uncertainty, because the coefficient 훼1 is proportional at tree level to the large
short-distance coefficient 퐶1, while the one-loop correction, which is the major source of
uncertainty, is proportional to the smaller coefficient 퐶2. This is opposite to 푟C, which
represents the colour-suppressed tree-to penguin ratio. In case of the coefficient 훼2 in
fact the role of 퐶1 and 퐶2 are interchanged, so that the one-loop correction is much more
important, but contains the uncertainties from the Gegenbauer moments, the masses 푚푠
and 푚푐, and the divergent twist-three contribution to the spectator scattering correction,
parameterized by the phenomenological parameter 푋퐻 . In our analysis this term will be
the main source of uncertainty. The penguin ratio 푟P is the smallest one, because of the
QCD factorization prediction 훼푢4 ≃ 훼푐4, and it can often be neglected with respect to the
other ratios. Finally, the electroweak-to-QCD penguin ratio is not CKM suppressed, but
it is of the same order as 푟T because of the small electroweak short-distance coefficients
with respect to the QCD penguin ones. Using the inputs in table 2.2, we obtain
푟T = 0.18
+0.06
−0.05 + 0.007
+0.020
−0.055푖,
푟C = 0.07
+0.04
−0.05 − 0.016+0.027−0.035푖,
푟P = 0.018
+0.005
−0.003 + 0.004
+0.002
−0.001푖,
푟EW = 0.14
+0.05
−0.04 + 0.005
+0.015
−0.043푖. (6.4)
These patterns are useful to better understand the origin of QCD factorization predictions.
In table 6.1 we compare the theoretical predictions and the experimental results for a series
of observables useful to our analysis. Considering first the branching ratios, one notes
that, because of their large uncertainties, it is often more useful to consider ratios or sums
of them (“sum rules”), which are suggested by the isospin symmetries which relate the
amplitudes in the Standard Model. In this way one minimizes the theoretical uncertainties
and highlights possible discrepancies originated by (isospin-breaking) new contributions.
In this respect, it is useful to consider the following ratios [19,55,314,315],
푅푐 ≡ 2Br(퐵
− → 휋0퐾−) + Br(퐵+ → 휋0퐾+)
Br(퐵− → 휋−퐾0) + Br(퐵+ → 휋+퐾0)
≃ 1 + ∣푟EW∣2 + ∣푟T∣2 + ∣푟C∣2 + 2Re(푟EW) + 2Re(푟T푟∗C)
− 2Re(푟T + 푟C) cos 훾 − 2Re (푟EW(푟∗T + 푟∗C)) cos 훾 + ⋅ ⋅ ⋅ ,
푅푛 ≡ 1
2
Br(퐵¯0 → 휋+퐾−) + Br(퐵0 → 휋−퐾+)
Br(퐵¯0 → 휋0퐾¯0) + Br(퐵0 → 휋0퐾0)
≃ 1 + ∣푟T∣2 − ∣푟EW∣2 − ∣푟C∣2 − 2Re(푟T) cos 훾 + 2Re(푟EW)− 2Re(푟C)
+ 2Re(푟EW푟
∗
C) cos 훾 − 4Re(푟T) (Re(푟EW)− Re(푟C)) cos 훾 + ⋅ ⋅ ⋅ ,
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푅 ≡ 2 Γ(퐵¯
0 → 휋0퐾¯0) + Γ(퐵− → 휋0퐾−)
Γ(퐵− → 휋−퐾¯0) + Γ(퐵¯0 → 휋+퐾−)
≃ 1 + ∣푟EW∣2 + ∣푟C∣2 − Re(푟EW푟∗T) cos 훾 − Im(푟EW푟∗T) sin 훾
− 2Re(푟EW푟∗C) cos 훾 − 2Im(푟EW푟∗C) sin 훾 +Re(푟T푟∗C) + ⋅ ⋅ ⋅ , (6.5)
which have small uncertainties. In the Standard Model, 푅푐 and 푅푛 are expected to
be a bit larger than one, see table 6.1, while 푅 is expected to be close to 1, since the 푟푖
parameters appear only in quadratic form. The difference of these predictions with respect
to the experimental results have decreased during the years and now they agree within
the experimental and theoretical errors, even if the central values are still different.
More interesting are the discrepancies one finds when considering the CP asymmetries.
Parameterizing the Standard Model amplitude as
풜(퐵¯ → 푓) ∝ 1 + 푑푒−푖훾 , (6.6)
the direct CP asymmetries reads
퐴CP ≡ Br(퐵¯ → 푓¯)− Br(퐵 → 푓)
Br(퐵¯ → 푓¯) + Br(퐵 → 푓)
=
2 Im(푑) sin 훾
1 + 2Re(푑) cos 훾 + ∣푑∣2 ∼ 2 Im(푑) sin 훾, (6.7)
where the last expansion is allowed by the smallness of the parameter 푑, which is always
doubly CKM suppressed, as one can see explicitly by comparing (6.6) with (6.3). Using
(6.7), one obtains
퐴CP(퐵
− → 휋−퐾¯0) ∼ 2 Im(푟P) sin 훾,
퐴CP(퐵
− → 휋0퐾−) ∼ −2 Im
(
푟T + 푟C
1 + 푟EW
)
sin 훾,
퐴CP(퐵¯
0 → 휋+퐾−) ∼ −2 Im(푟T) sin 훾,
퐴CP(퐵¯
0 → 휋0퐾¯0) ∼ 2 Im
(
푟C
1− 푟EW
)
sin 훾. (6.8)
The corresponding numerical results are collected in table 6.1. The result for 퐴퐶푃 (퐵
− →
휋−퐾¯0) is a well known prediction of QCD factorization and it tells us that, because of
the smallness of 푟P, 퐴퐶푃 (퐵
− → 휋−퐾¯0) ∼ 0. More generally, in view of the comments we
wrote in section 2.2.3, 2.3.5, the important prediction here is not the precise value of the CP
asymmetries, but the fact that they are all predicted to be small, not exceeding the 10%,
because of the absence of a mechanism able to generate large strong rescattering phases.
This generates a conflict with the experimental data, in particular when considering the
following difference between direct CP asymmetries:
Δ퐴CP = 퐴CP(퐵
− → 휋0퐾−)−퐴CP(퐵¯0 → 휋+퐾−)
∼ −2
[
Im
(
푟C
1 + 푟EW
)
− Im
(
푟T푟EW
1 + 푟EW
)]
sin 훾, (6.9)
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which, as a consequence of (6.8), it is predicted to be small, while the experimental result
is seven times larger. Taking errors into account, this makes a deviation of 1.5휎, which
is not yet a strong indication of deviation from the Standard Model, despite the large
difference in the central values, because of the large error on the theoretical prediction.
The picture becomes more unclear, when 퐴CP(퐵¯
0 → 휋0퐾¯0) is taken into account: this
is because, according to (6.8), (6.9), in the Standard Model one predicts a correlation
Δ퐴CP ∼ −퐴CP(퐵¯0 → 휋0퐾¯0)1, which is not seen in the experimental data, see table 6.1,
because the value shown there is a correlated average of the opposite result from Babar
and Belle, [335,336]:
퐴퐶푃 (퐵¯
0 → 휋0퐾¯0) =
{
(−0.13 ± 0.13± 0.3), Babar
(0.14 ± 0.13 ± 0.6), Belle
(6.10)
The experimental picture is completed by the time dependent CP asymmetry 푆CP, which
is defined by
Br(퐵¯0(푡)→ 푓)− Br(퐵0(푡)→ 푓)
Br(퐵¯0(푡)→ 푓) + Br(퐵0(푡)→ 푓) ≡ 푆CP sin(Δ푚퐵푡)− 퐶CP cos(Δ푚퐵푡), (6.11)
where 퐶CP = −퐴CP is the direct CP asymmetry, up to a sign. In terms of the parametriza-
tion (6.6) we have
푆CP ≃ sin 2훽 + 2Re(푑) cos 2훽 sin 훾, (6.12)
which gives
푆퐶푃 (퐵¯
0 → 휋0퐾¯0) ≃ sin 2훽 + 2Re
(
푟C
1− 푟EW
)
cos 2훽 sin 훾. (6.13)
In this case, the theoretical prediction has a ∼ 1휎 deviation from the experimental value.
Given this analysis, the observed discrepancies are just “tensions”, which could be ac-
counted for in the Standard Model, considering the uncertainties of the QCD factorization
approach. One can, however, take these results at face value and interpret them as an
indication of new physics contributions. Many works in the literature have analysed this
possibility, [298–310], with the conclusion that the data could be explained better in a
scenario with new physics in the electroweak penguin sector, with a large new weak phase.
To see this, let’s assume that a new contribution with the structure of the electroweak
penguin, but with a new weak phase 훿푧 arises, 푟
′
EW푒
−푖훿푧 . Then the 퐵¯ → 휋퐾¯ amplitudes
get modified according to
풜퐵−→휋−퐾¯0 = 퐴휋퐾¯휆(푠)푐 훼ˆ푐4
(
1 + 푟P푒
−푖훾) ,
√
2풜퐵−→휋0퐾− = 퐴휋퐾¯휆(푠)푐 훼ˆ푐4
(
1 + 푟EW − (푟T + 푟C − 푟P)푒−푖훾 + 푟′EW푒−푖훿푧
)
,
풜퐵¯0→휋+퐾− = 퐴휋퐾¯휆(푐)푢 훼ˆ푐4
(
1− (푟T − 푟P)푒−푖훾
)
,
√
2풜퐵¯0→휋0퐾¯0 = −퐴휋퐾¯휆(푠)푐 훼ˆ푐4
(
1− 푟EW + (푟C + 푟P)푒−푖훾 − 푟′EW푒−푖훿푧
)
. (6.14)
1the second term in (6.9) is much smaller than the first one, because of the product of the two small
factors 푟T푟EW.
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Observable Theory Experiment
Br(퐵¯0 → 휋0퐾¯0) 5.48+4.43−3.05 9.8+0.6−0.6
Br(퐵¯0 → 휋+퐾¯−) 13.4+9.4−6.6 19.4+0.6−0.6
Br(퐵− → 휋0퐾¯−) 9.18+5.71−4.18 12.9+0.6−0.6
Br(퐵− → 휋−퐾¯0) 15.0+10.6−7.5 23.1+1.0−1.0
푅푐(휋퐾) 1.23
+0.24
−0.20 1.12
+0.07
−0.07
푅푛(휋퐾) 1.22
+0.28
−0.22 0.99
+0.07
−0.07
푅(휋퐾) 1.03+0.03−0.02 1.07
+0.05
−0.05
퐴CP(퐵¯
0 → 휋0퐾¯0) −0.023+0.056−0.076 −0.010+0.10−0.10
퐴CP(퐵¯
0 → 휋+퐾¯−) −0.006+0.109−0.038 −0.098+0.012−0.012
퐴CP(퐵
− → 휋0퐾¯−) 0.020+0.132−0.050 0.050+0.025−0.025
퐴CP(퐵
− → 휋−퐾¯0) 0.005+0.008−0.003 0.009+0.025−0.025
Δ퐴CP 0.026
+0.053
−0.049 0.148
+0.027
−0.028
푆CP(퐵¯
0 → 휋0퐾¯0) 0.80+0.06−0.08 0.57+0.17−0.17
Table 6.1: Theoretical versus experimental results for the 퐵¯ → 휋퐾¯ decays. The experimental
data are taken from [44]. The original results can be found in [325–336].
The amplitudes contain a new weak phase, and they can be written in general as
풜(퐵¯ → 푓) ∝ 1 + 푑푒−푖훾 + 푑푁푒−푖휑. (6.15)
In terms of (6.15), the direct and the time dependent CP asymmetries now read
퐴CP =
2 Im(푑) sin 훾 + 2 Im(푑푁 ) sin휑+ 2 Im(푑푑
∗
푁 ) sin(훾 − 휑)
1 + 2Re(푑) cos 훾 + 2Re(푑푁 ) cos휑+ 2Re(푑푑
∗
푁 ) cos(훾 − 휑) + ∣푑∣2 + ∣푑푁 ∣2
∼ 2 Im(푑) sin 훾 + 2 Im(푑푁 ) sin휑, (6.16)
푆CP =
sin 2훽 + 2Re(푑) sin(훾 + 2훽) + 2Re(푑푁 ) sin(휑+ 2훽)
1 + 2Re(푑) cos 훾 + 2Re(푑푁 ) cos휑+ 2Re(푑푑
∗
푁 ) cos(훾 − 휑) + ∣푑∣2 + ∣푑푁 ∣2
+
2Re(푑푑∗푁 ) sin(훾 + 휑+ 2훽) + ∣푑∣2 sin(2훾 + 2훽) + ∣푑푁 ∣2 sin(2휑+ 2훽)
1 + 2Re(푑) cos 훾 + 2Re(푑푁 ) cos휑+ 2Re(푑푑∗푁 ) cos(훾 − 휑) + ∣푑∣2 + ∣푑푁 ∣2
∼ sin 2훽 + 2Re(푑) cos 2훽 sin 훾 + 2Re(푑푁 ) cos 2훽 sin휑. (6.17)
Using (6.16), (6.17) the direct CP asymmetries in (6.8) become
퐴CP(퐵
− → 휋−퐾¯0) ∼ 2 Im(푟푃 ) sin 훾,
퐴CP(퐵
− → 휋0퐾−) ∼ −2 Im
(
푟T + 푟C
1 + 푟EW
)
sin 훾 + 2Im(푟′EW) sin 훿푧 ,
퐴CP(퐵¯
0 → 휋+퐾−) ∼ −2 Im(푟T) sin 훾,
퐴CP(퐵¯
0 → 휋0퐾¯0) ∼ 2 Im
(
푟C
1− 푟EW
)
sin 훾 − 2Im(푟′EW) sin 훿푧. (6.18)
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As a consequence, the difference Δ퐴CP reads
Δ퐴CP ∼ −2
[
Im
(
푟C
1 + 푟EW
)
− Im
(
푟T푟EW
1 + 푟EW
)]
sin 훾 + 2Im(푟′EW) sin 훿푧. (6.19)
The main point here is that, contrary to the Standard Model electroweak contribution,
the new one is not suppressed by 푟T, so that a large new weak phase could indeed give
a significant contribution to Δ퐴CP. Moreover, the correlation with 퐴CP(퐵¯
0 → 휋0퐾¯0) is
maintained, so that this scenario predicts also a large (negative) direct CP asymmetry
for 퐵¯0 → 휋0퐾¯0, in accordance with the Babar result. At this point, however, we can
note the drawback of this hypothesis: the new contribution always appears together with
푟C, so that, in principle, similar results could be achieved in the Standard Model, if an
enhancement of the colour-suppressed tree-to-penguin ratio is present, as suggested by the
large branching ratios Br(퐵¯ → 휋0휋0) and Br(퐵¯ → 휋0퐾¯0). We recall, however, that in
QCD factorization it is anyway difficult to get such a large phase. An aid in clarifying
this ambiguity could be given by the time-dependent CP asymmetry: one has
푆CP(퐵¯
0 → 휋0퐾¯0) ≃ sin 2훽 + 2Re
(
푟C
1− 푟EW
)
cos 2훽 sin 훾
− 2Re(푟′EW) cos 2훽 sin 훿푧. (6.20)
The “hadronic hypothesis” of an enhanced 푟C leads to a large value of 푆퐶푃 (퐵¯
0 → 휋0퐾¯0),
close to one [310]; on the other hand, the hypothesis of new physics in the electroweak
sector can contribute in lowering 푆CP to values closer to the experimental data, depending
on the sign of Re(푟′EW) and sin(훿푧 + 2훽). Finally, we observe that since 푟C and 푟EW give
the same contribution to 푅푐, 푅푛 and 푅, both hypotheses considered here bring them to
values closer to the experimental results, so that they cannot add much information for
the solution of this ambiguity.
6.3 Consequences on other decay modes
6.3.1 The 푩¯풔 → 흓흅, 푩¯풔 → 흓흆 decays
Because of the present inconclusive status of the 퐵¯ → 휋퐾¯ decays, the only way one
has in order to sort out the puzzle is to analyse other decays where new physics in the
electroweak sector could have a sizeable effect. On one hand, this means to consider the
퐵¯ → 휌퐾¯, 퐵¯ → 휋퐾¯∗ and 퐵¯ → 휌퐾¯∗ decays, because they have the same flavour structure
as the 퐵¯ → 휋퐾¯ decays, but, in particular in case of the 푃푉 , 푉 푉 decays, the dominant
penguin contribution 훼ˆ푐4 is smaller, so that they are more sensitive to modifications in the
other terms of the amplitudes. On the other hand, the 퐵푠 decays 퐵¯푠 → 휙휋, 퐵¯푠 → 휙휌 are
dominated by the electroweak penguin amplitude 훼3,EW and they appear as the golden
modes to probe new physics in the electroweak sector. The structure of these decays is
very simple; in the approximation described at the beginning of section 6.2 their amplitude
reads
풜퐵¯푠→휙푀2 =
퐴휙푀2√
2
(
휆(푠)푢 훼2(휙푀2) +
3
2
휆(푠)푐 훼3,EW(휙푀2)
)
, (6.21)
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Figure 6.1: Ratios 푟휙휋 and 푟휋K. Real part, blue, and imaginary part, red.
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Figure 6.2: Ratios 푟0휙휌 and 푟
−1
휙휌 . Real part, blue, and imaginary part, red.
where 푀2 = 휋, 휌 depending on the decay considered. In the 푉 푉 case, an index ℎ for the
helicity amplitudes has to be added to 풜 and the flavour amplitudes 훼푖 in (6.21).
In the Standard Model one finds
Br(퐵¯푠 → 휋0휙) = 0.15+0.11−0.04 ⋅ 10−6, 퐴CP(퐵¯푠 → 휋0휙) = 0.27+0.49−0.62,
Br(퐵¯푠 → 휌0휙) = 0.43+0.28−0.11 ⋅ 10−6, 퐴CP(퐵¯푠 → 휋0휙) = 0.18+0.53−0.61. (6.22)
Moreover, it will be useful to consider the branching ratio of the decay into longitudinally
polarized vector mesons 휌 and 휙,
Br0(퐵¯푠 → 휌0휙) = 0.36+0.26−0.09 ⋅ 10−6, (6.23)
as well as the ratios
Br(퐵¯푠 → 휌0휙)
Br(퐵¯푠 → 휋0휙)
= 2.33+0.10−0.08,
Br0(퐵¯푠 → 휌0휙)
Br(퐵¯푠 → 휋0휙)
= 2.80+0.37−0.25, (6.24)
in which the form factor cancels, and which have relatively small uncertainties compared
to the branching ratios in (6.22). Besides the electroweak flavour amplitude, from (6.21)
we see that these decays receive a contribution from 훼2, too, in the same way it happens
for the 퐵¯ → 휋퐾¯ decays. Once again, therefore, given the large uncertainty on this
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coefficient, one has to face the possibility of having an enhanced amplitude from both a
new electroweak contribution, or from an enhanced hadronic contribution to 훼2. In order
to deal with this ambiguity, we focus on the QCD factorization prediction for the ratio of
the two parts of the amplitudes: defining
푟ℎ휙푀2 ≡
∣∣∣∣∣휆
(푠)
푢
휆
(푠)
푐
∣∣∣∣∣ 23 훼ℎ2훼푐, ℎ3,EW , (6.25)
one finds
Re(푟휙휋) = −0.41+0.41−0.37, Im(푟휙휋) = 0.13+0.30−0.30,
Re(푟휋K) = −0.58+0.43−0.35, Im(푟휋K) = 0.15+0.23−0.22,
Re(푟0휙휌) = −0.39+0.39−0.35, Im(푟0휙휌) = 0.13+0.29−0.28,
Re(푟−1휙휌 ) = −0.20+0.45−0.48, Im(푟−1휙휌 ) = −0.15+0.43−0.43. (6.26)
(6.26) tells us that the part of the amplitude proportional to 훼2 can never be larger than
the electroweak contribution 훼3,퐸푊 , within hadronic (and CKM) uncertainties of QCD
factorization. This result is confirmed by a parameter space scan: in figure 6.1 we show
on the left the real (blue) and imaginary part (red) of 푟휙휋, for 3000 points in the space of
the QCD factorization input parameters: the scattered points range in the error intervals
of (6.26). For comparison, in (6.26) we have included the value of the same ratio for
the 퐵¯0 → 휋0퐾¯0 decay, which appears also in the right plot of figure 6.1. In this case
the ratio is a bit larger, so that the effect of a hadronically enhanced 훼2 could be more
relevant. We note, however, that this is true only for the real part of the ratio, confirming
our expectation that it is difficult to get large soft phases in QCD factorization. In any
case, because of the different parameters involved in the 퐵¯푠 → 휋휙 decay, we observe a
clear dominance of the electroweak flavour amplitude. In figure 6.2 we show the same
ratio for the 휌휙 final state. While the situation is similar for the longitudinal helicity
amplitude, a slightly larger uncertainty arises in case of the negative one, and this reflects
the well known problem that the transverse helicity amplitudes do not factorize at leading
order (see discussion at the end of section 2.2.2), resulting in a larger uncertainty. In
figure 6.3 we show the branching ratios Br(퐵¯푠 → 휋0휙), Br(퐵¯푠 → 휋0휌) for the same
points: one can see that they range in the intervals Br(퐵¯푠 → 휋0휙) ∈ [0.10, 0.30] ⋅ 10−6,
Br(퐵¯푠 → 휋0휌) ∈ [0.35, 0.90]⋅10−6 , in agreement with the QCD factorization errors reported
in (6.22). This analysis allows us to conclude that a new electroweak contribution of the
same order as the Standard Model one, 훼′3,EW ≃ 훼3,EW, could easily enhance the branching
fraction of these decays by a factor ∼4, which is not possible to obtain from an enhanced
훼2, within QCD factorization. The resulting branching ratios then would be of order
∼ 10−6 and therefore easy to observe.
6.3.2 푩¯ → 흆푲¯, 푩¯ → 흅푲¯∗ and 푩¯ → 흆푲¯∗ decays
These decays have the same flavour structure as the 퐵¯ → 휋퐾¯ decays, but the dominant
penguin amplitude 훼ˆ푐4 is predicted to be smaller. Naively, this is because 푎6 vanishes at
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Figure 6.3: Branching ratios Br(퐵¯푠 → 휙휋0), Br(퐵¯푠 → 휌휋0).
tree level when 푀2 = 푉 . As a consequence, effects of the other flavour amplitudes are
enhanced. Quantitatively, one can estimate the expected enhancement by inspecting the
value taken by the ratios 푟푖 in case of these decays, whose decay amplitudes are given by
(6.1), (6.3) with obvious substitutions of the 휋 and 퐾 indices. Within the input values of
table 2.2 we obtain2
푟T(휌퐾¯) = −0.42+0.22−0.27 − 0.16+0.38−0.16푖,
푟C(휌퐾¯) = −0.23+0.18−0.14 − 0.02+0.20−0.09푖,
푟P(휌퐾¯) = 0.019
+0.006
−0.003 + 0.002
+0.002
−0.002푖,
푟EW(휌퐾¯) = −0.41+0.22−0.24 − 0.16+0.37−0.16푖, (6.27)
푟T(휋퐾¯
∗) = 0.40+0.38−0.12 + 0.05
+0.13
−0.30푖,
푟C(휋퐾¯
∗) = 0.10+0.12−0.10 − 0.02+0.07−0.11푖,
푟P(휋퐾¯
∗) = 0.018+0.007−0.004 + 0.006
+0.006
−0.002푖,
푟EW(휋퐾¯
∗) = 0.27+0.24−0.08 + 0.03
+0.09
−0.20푖, (6.28)
푟0T(휌퐾¯
∗) = 0.54+0.45−0.20 − 0.30+0.41−0.30푖,
푟0C(휌퐾¯
∗) = 0.13+0.22−0.17 − 0.15+0.19−0.19푖,
푟0P(휌퐾¯
∗) = 0.017+0.006−0.006 + 0.006
+0.006
−0.004푖,
푟0EW(휌퐾¯
∗) = 0.45+0.36−0.19 − 0.25+0.35−0.25푖. (6.29)
The ratios are now larger, as anticipated. Note also that in case of 퐵¯ → 휌퐾¯ decays
the ratios 푟T, 푟C and 푟EW have opposite sign with respect to the the other two cases.
Starting from these results, one can deduce the theoretical predictions for the ratios 푅푐,
푅푛, 푅 and the CP asymmetries collected in tables 6.2, 6.3, 6.4. The addition of a new
electroweak amplitude would modify the decay amplitudes according to (6.14) and the
CP asymmetries according to (6.18), (6.19), (6.20), with obvious replacement of 휋퐾¯ with
2in case of 퐵¯ → 휌퐾¯∗ the superscript 0 is added, to indicate that we refer to ratios of the longitudinal
amplitude coefficients.
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Observable Theory Experiment
Br(퐵¯0 → 휌0퐾¯0) 3.14+3.72−1.62 5.4+0.9−1.0
Br(퐵¯0 → 휌+퐾¯−) 4.29+6.15−2.59 8.6+0.9−1.1
Br(퐵− → 휌0퐾¯−) 1.58+2.43−1.04 3.81+0.48−0.46
Br(퐵− → 휌−퐾¯0) 3.61+5.94−2.43 8.0+1.5−1.4
푅푐(휌퐾) 0.88
+0.46
−0.30 0.95
+0.24
−0.19
푅푛(휌퐾) 0.68
+0.28
−0.22 0.80
+0.20
−0.15
푅(휌퐾) 1.21+0.30−0.20 1.12
+0.18
−0.17
퐴CP(퐵¯
0 → 휌0퐾¯0) 0.006+0.198−0.105 0.01+0.20−0.20
퐴CP(퐵¯
0 → 휌+퐾¯−) 0.22+0.19−0.51 0.15+0.06−0.06
퐴CP(퐵
− → 휌0퐾¯−) 0.39+0.34−1.04 0.37+0.11−0.11
퐴CP(퐵
− → 휌−퐾¯0) 0.009+0.005−0.015 −0.12+0.17−0.17
Δ퐴CP 0.17
+0.17
−0.54 0.22
+0.13
−0.13
푆CP(퐵¯
0 → 휌0퐾¯0) 0.45+0.20−0.14 0.54+0.18−0.21
Table 6.2: Theoretical versus experimental results for the 퐵¯ → 휌퐾¯ decays, taken from [44]. The
original results can be found in [337–348].
휌퐾¯, 휋퐾¯∗ and 휌퐾¯∗. One could therefore analyse the experimental results in tables 6.2,
6.3, 6.4, to see if this data, too, can be accomodated better within a scenario with new
physics in the electroweak sector. Since the purpose of this chapter is to focus first on
the 퐵푠 decays, we leave a more detailed analysis of the 퐵¯ → 휌퐾¯, 휋퐾¯∗, 휌퐾¯∗ modes for a
future work. Nevertheless, we will consider these decays as constraints on the new physics
scenario described in section 6.4, as explained in section 6.5.
6.4 A viable scenario: the flavour-changing 풁0 penguin
The only way to perform a more quantitative analysis is to consider a specific new physics
scenario. In principle, one could assume that new physics is likely to appear in one single
operator, (“dominance of an individual new physics operator”, [295]), but this is indeed
not the case in some of the most common extensions of the Standard Model. Despite the
fact that we have performed also this type of analysis, we prefer to focus here on a specific
new physics scenario. We will show that in this case one finds most of the times specific
signatures and correlations, which would not appear from a model independent analysis
in which only one operator is varied.
There are various models in which new physics is expected to appear in the electroweak
penguin sector of the theory. In generic supersymmetric models, for instance, gluino box
and penguin diagrams can contribute to the electroweak penguin operators; in chapter 5
we have seen that this is e.g. the case in the CMM model, if the condition 푚푢˜ ∕= 푚푑˜ is
satisfied at the high scale. Another possibility is to consider the existence of additional
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Observable Theory Experiment
Br(퐵¯0 → 휋0퐾¯∗0) 1.40+1.22−1.44 2.4+0.7−0.7
Br(퐵¯0 → 휋+퐾¯∗−) 4.98+3.21−3.98 10.3+1.1−1.1
Br(퐵− → 휋0퐾¯∗−) 4.25+2.25−2.94 6.9+2.3−2.3
Br(퐵− → 휋−퐾¯∗0) 5.23+3.33−4.49 9.9+0.8−0.9
푅푐(휋퐾
∗) 1.62+1.18−0.50 1.39
+0.49
−0.48
푅푛(휋퐾
∗) 1.77+2.40−0.66 2.15
+0.91
−0.54
푅(휋퐾) 1.11+0.25−0.10 0.91
+0.24
−0.24
퐴CP(퐵¯
0 → 휋0퐾¯∗0) −0.03+0.20−0.38 −0.15+0.12−0.12
퐴CP(퐵¯
0 → 휋+퐾¯∗−) −0.09+0.49−0.22 −0.23+0.08−0.08
퐴CP(퐵
− → 휋0퐾¯∗−) −0.02+0.39−0.18 0.04+0.29−0.29
퐴CP(퐵
− → 휋−퐾¯∗0) 0.009+0.021−0.005 −0.038+0.042−0.042
Δ퐴CP 0.07
+0.15
−0.16 0.27
+0.30
−0.30
Table 6.3: Theoretical versus experimental results for the 퐵¯ → 휋퐾¯∗ decays, taken from [44]. The
original results can be found in [337–348].
Observable Theory Experiment
Br(퐵¯0 → 휌0퐾¯∗0) 1.75+1.55−0.81 5.6+1.6−1.6
Br(퐵¯0 → 휌+퐾¯∗−) 4.47+3.39−1.81 0+12−0
Br(퐵− → 휌0퐾¯∗−) 4.03+2.82−1.77 0+6.1−0
Br(퐵− → 휌−퐾¯∗0) 4.63+3.36−1.54 9.2+0.8−0.9
퐴CP(퐵¯
0 → 휌0퐾¯∗0) −0.24+0.32−0.18 0.09+0.19−0.19
퐴CP(퐵¯
0 → 휌+퐾¯∗−) 0.33+0.11−0.38 —
퐴CP(퐵
− → 휌0퐾¯∗−) 0.35+0.18−0.34 0.20+0.32−0.29
퐴CP(퐵
− → 휌−퐾¯∗0) 0.002+0.013−0.006 −0.01+0.16−0.16
Table 6.4: Theoretical versus experimental results for the 퐵¯ → 휌퐾¯∗ decays, taken from [44]. The
original results can be found in [337–348].
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“horizontal” gauge symmetries, which would give rise to the presence of extra 푍 bosons,
which could mediate new four-quark FCNC. Similarly, extra gauge bosons arise in models
of extra dimensions. In all these scenarios the new contribution to the electroweak penguin
operators arises from integrating out the new heavy particles, and due to the dimension
six of the four-quark operators one expects the new contribution to scale like 1/푀2푋 ,
where 푀2푋 represents the mass of the new particles appearing in the loops. Another
interesting possibility is to have a model with a 푍푠¯푏 coupling. Such a possibility arises, for
instance, in models with a fourth generation, or in models with an extra gauge symmetry,
through the 푍-푍 ′ mixing. For a more exhaustive list of models where a new 푍푠¯푏 coupling
could arise, we refer to [316]. This scenario is particularly interesting, because the 푍푠¯푏
coupling has dimension four, so that its magnitude is expected to be proportional to
some symmetry breaking terms, but it does not need to contain any 1/푀푋 suppression In
other words, it is formally non-decoupling, even if it should be noted that the requirement
of naturalness in the size of the SU(2)퐿×U(1)푌 breaking terms suggests that also the
adimensional coupling above should decouple in the limit 푀푋/푀푍 →∞. Because of the
simplicity of this scenario, which can be described with the introduction of only two new
coupling constants, we will focus in the following on this model, analysing quantitatively
the modifications predicted in the 퐵¯ → 휋퐾¯ and the 퐵¯푠 → 휙휋, 휙휌 decays.
6.4.1 The model
We start with a brief description of the model, following closely [288]. The flavour-changing
푍푑¯푖푑푗 couplings can be accounted for by the effective Lagrangian
ℒ푒푓푓푍 = −
푔
4 cos 휃푊
∑
퐼 ∕=퐽
푑¯퐼
[
휅퐼퐽퐿 훾
휇(1− 훾5) + 휅퐼퐽푅 훾휇(1 + 훾5)
]
푑퐽푍휇, (6.30)
where 퐼, 퐽 are generation indices, as usual. Here we are interested in the two (complex)
couplings 휅푏푠퐿 and 휅
푏푠
푅 . Since the flavour violating couplings are expected to be small, the
flavour-diagonal couplings of the 푍 bosons are to leading order the same as in the Standard
Model. As a consequence, at the electroweak scale one can write the following effective
hamiltonian:
ℋeff = 퐺퐹√
2
[
휅푏푠퐿 (푠¯푏)푉−퐴 + 휅
푏푠
푅 (푠¯푏)푉+퐴
]∑
푞
[
퐶푞퐿(푞¯푞)푉−퐴 + 퐶
푞
푅(푞¯푞)푉+퐴
]
, (6.31)
where
퐶푢퐿 =
1
2
− 2
3
sin2 휃푊 , 퐶
푢
푅 = −
2
3
sin2 휃푊 ,
퐶푑퐿 = −
1
2
+
1
3
sin2 휃푊 , 퐶
푑
푅 =
1
3
sin2 휃푊 . (6.32)
These effective couplings can be matched with the standard form of the four-quark oper-
ators appearing the weak effective Hamiltonian. One obtains corrections to the Standard
Model short-distance coefficients as well as new contributions to the mirror operators:
훿퐶3(휇푍) = − 휅
푏푠
퐿
6(−휆(푠)푡 )
퐶˜5(휇푍) = − 휅
푏푠
푅
6(−휆(푠)푡 )
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SM 훿퐶푖/퐶푖 퐶˜푖/퐶푖
퐶1 1.08126 0.0 0.0
퐶2 -0.19031 0.0 0.0
퐶3 0.01369 −0.230 휅
푏푠
퐿
6.9⋅10−4 −0.006
휅푏푠푅
6.9⋅10−4
퐶4 -0.03565 −0.024 휅
푏푠
퐿
6.9⋅10−4 −0.001
휅푏푠푅
6.9⋅10−4
퐶5 0.00870 −0.012 휅
푏푠
퐿
6.9⋅10−4 −0.297
휅푏푠푅
6.9⋅10−4
퐶6 -0.04188 −0.004 휅
푏푠
퐿
6.9⋅10−4 0.023
휅푏푠푅
6.9⋅10−4
퐶7 -0.00009 +28.209
휅푏푠퐿
6.9⋅10−4 −94.744
휅푏푠푅
6.9⋅10−4
퐶8 0.00047 −2.046 휅
푏푠
퐿
6.9⋅10−4 6.872
휅푏푠푅
6.9⋅10−4
퐶9 -0.00972 −1.000 휅
푏푠
퐿
6.9⋅10−4 0.298
휅푏푠푅
6.9⋅10−4
퐶10 0.00173 −1.280 휅
푏푠
퐿
6.9⋅10−4 0.382
휅푏푠푅
6.9⋅10−4
Table 6.5: Short-distance coefficients at the scale 푚푏.
훿퐶7(휇푍) = −2
3
휅푏푠퐿 sin
2 휃푊
(−휆(푠)푡 )
퐶˜7(휇푍) =
2
3
휅푏푠푅 cos
2 휃푊
(−휆(푠)푡 )
훿퐶9(휇푍) =
2
3
휅푏푠퐿 cos
2 휃푊
(−휆(푠)푡 )
퐶˜9(휇푍) = −2
3
휅푏푠푅 sin
2 휃푊
(−휆(푠)푡 )
. (6.33)
Having the values of the short-distance coefficients at the high scale 휇Z ∼ 푚푊 , it is
straightforward to obtain their values at the low scale 휇푏 ∼ 푚푏 by means of the RGE. Since
the strong and the electromagnetic interactions are chirally invariant, the Standard Model
four-quark operators and the corresponding mirror operators have the same evolution
under the RGE. Here we use the two-loop anomalous dimension, following [53, 65], as
described briefly in section 2.3.2. Because of the mixing between different operators, at
the low scale all the QCD penguin and the electroweak penguin short-distance coefficients
are modified. Similarly, QCD and electroweak mirror coefficients are generated. The
former are controlled by the parameter 휅푏푠퐿 , while the latter depend on 휅
푏푠
푅 . In table 6.5 we
provide the ratios 훿퐶푖/퐶푖, 퐶˜푖/퐶푖 at the scale 푚푏. The normalization of the 휅
푏푠
퐿,푅 coefficient
is fixed in order to have a new contribution of order one to the coefficient 퐶9. The largest
new contribution arises for the electroweak coefficients, in particular in case of 훿퐶9 and
퐶˜7.
6.4.2 Hadronic matrix elements for 푩¯ →푴1푴2
The evaluation of the hadronic matrix elements is straightforward, using the results of
chapter 2 for the Standard Model operators and the results of chapter 4 for the mirror
operators. Since the mirror operators have the same flavour structure as the corresponding
operators in the Standard Model, their contribution to the amplitude can be obtained
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훼푝3,EW 훼˜
푝
3,EW
푎푝9 + 훿푎
푝
9 − 푎푝7 − 훿푎푝7 −푎˜푝9 + 푎˜푝7 if 푀1푀2 = 푃푃
푎푝9 + 훿푎
푝
9 + 푎
푝
7 + 훿푎
푝
7 푎˜
푝
9 + 푎˜
푝
7 if 푀1푀2 = 푃푉
푎푝9 + 훿푎
푝
9 − 푎푝7 − 훿푎푝7 푎˜푝9 − 푎˜푝7 if 푀1푀2 = 푉 푃
푎푝9 + 훿푎
푝
9 + 푎
푝
7 + 훿푎
푝
7 −푎˜푝9 − 푎˜푝7 if 푀1푀2 = 푉 0푉 0
푎푝9 + 훿푎
푝
9 + 푎
푝
7 + 훿푎
푝
7 −푓푀1± (푎˜푝9 + 푎˜푝7) if 푀1푀2 = 푉 ±푉 ±
Table 6.6: Contribution to the dominant electroweak penguin amplitude in the modified 푍0 sce-
nario
adding a 훼˜푖 coefficient for each 훼푖 appearing in the transition operators in (2.37) and (2.51).
The relation between the mirror penguin amplitudes 훼˜3,4 and the coefficient 푎˜3,4,5,6 has
been given in (4.30). The relation between 훼˜3EW,4EW and 푎˜7,8,9,10 can be easily deduced,
and reads
훼˜푝3EW(푀1푀2) =
⎧⎨⎩
−푎˜푝9(푀1푀2) + 푎˜푝7(푀1푀2), if 푀1푀2 = 푃푃,
푎˜푝9(푀1푀2) + 푎˜
푝
7(푀1푀2), if 푀1푀2 = 푃푉,
푎˜푝9(푀1푀2)− 푎˜푝7(푀1푀2), if 푀1푀2 = 푉 푃,
−푎˜푝9(푀1푀2)− 푎˜푝7(푀1푀2), if 푀1푀2 = 푉 0푉 0,
−푓푀1± (푎˜푝9(푀1푀2) + 푎˜푝7(푀1푀2)) , if 푀1푀2 = 푉 ±푉 ±,
훼˜푝4EW(푀1푀2) =
⎧⎨⎩
−푎˜푝10(푀1푀2)− 푟푀2휒 푎˜푝8(푀1푀2), if 푀1푀2 = 푃푃,
푎˜푝10(푀1푀2) + 푟
푀2
휒 푎˜
푝
8(푀1푀2), if 푀1푀2 = 푃푉,
푎˜푝10(푀1푀2)− 푟푀2휒 푎˜푝8(푀1푀2), if 푀1푀2 = 푉 푃,
−푎˜푝10(푀1푀2) + 푟푀2휒 푎˜푝8(푀1푀2), if 푀1푀2 = 푉 0푉 0,
푓푀1±
(−푎˜푝10(푀1푀2) + 푟푀2휒 푎˜푝8(푀1푀2)) , if 푀1푀2 = 푉 ±푉 ±.
(6.34)
The NLO expression for the coefficients 푎푖 has been given in (4.33), and the various terms
involved in these expressions have been discussed afterwards. With these results at hand,
it is easy to derive the amplitudes for the decays of interest.
6.4.3 Phenomenology of non-leptonic 푩 decays
Given that there are two independent free parameters in the model, we can consider three
simple scenarios, namely 휅푏푠퐿 ∕= 0, 휅푏푠푅 = 0; 휅푏푠퐿 = 0, 휅푏푠푅 ∕= 0; and 휅푏푠퐿 = 휅푏푠푅 ∕= 0. In the
last scenario we fix 휅푏푠퐿 = 휅
푏푠
푅 in order to have only one complex free parameter for each
model. Our purpose is to fit these complex parameters from the 퐵¯ → 휋퐾¯ decays, and to
study the effects in the 퐵푠 and other decays. We parameterize the complex parameters as
휅푏푠푖 = 푧 exp(−푖훿푧), and fit 푧 and 훿푧.
Each scenario presents specific signatures, which allows one to distinguish easily among
the three possibilities. The interesting point here is that 휅푏푠퐿 and 휅
푏푠
푅 involve new physics
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with opposite chirality: 휅푏푠퐿 rules 푏→ 푠 left-handed transitions, as in the Standard Model,
while 휅푏푠푅 involves 푏→ 푠 right-handed transitions. The operators contributing to the two
transitions are related by a parity transformation, which involve the following relation
between their matrix elements [177]:
⟨푀1푀2∣푄푖∣퐵¯⟩ = −(−)푃푀1푀2 ⟨푀1푀2∣푄˜푖∣퐵¯⟩, ⇒ 푎푖(푀1푀2) ∝ 퐶SM푖 + 훿퐶푖 − (−)푃푓 퐶˜푖,
(6.35)
where 푃푀1푀2 is the parity of the final state. The relations in (6.35) are at the bottom of the
different sign patterns between (6.34) and (2.44), which in turn produce different effects,
when the two cases 휅푏푠퐿 ∕= 0 or 휅푏푠푅 ∕= 0 are considered. In table 6.6 we show explicitly
the effects of (6.35) on the electroweak amplitude coefficients 훼3EW and 훼˜3EW, where we
denote by 푎푖 the Standard Model contribution, by 훿푎푖 the new contribution proportional to
휅푏푠퐿 and by 푎˜푖 the new contribution proportional to 휅
푏푠
푅 . The information contained in this
table becomes clearer, when the values of the short-distance coefficients collected in table
6.5 are taken into account. This additional information, which is strictly model-dependent,
tell us that the main contributions come from 푎9, 훿푎9 and from 푎˜7. Moreover, 훿푎7 is small,
but it gives a contribution which is comparatively larger than the corresponding Standard
Model coefficient 푎7. With these remarks at hand we can draw the following predictions:
in case of new left-handed physics (휅푏푠퐿 ∕= 0), the new contribution 훿푎9 has always the same
sign patterns with respect to the Standard Model contribution; one expects therefore a
similar effect in all the 푃푃 , 푃푉 , 푉 푃 , 푉 푉 decays, unless some “accidental” enhancement
occurs, like the one expected for 푃푉 , 푉 푉 decays due to the absence of scalar currents.
In case of right-handed new physics, instead, (휅푏푠푅 ∕= 0), the main new contribution 푎˜7
has different sign patterns in the 푃푃 , 푃푉 and in the 푉 푃 , 푉 푉 decays: this means that,
if e.g. one fits a phase which gives a destructive interference in the 푃푃 decays, the new
contribution will interfere constructively in case of 푉 푃 , 푉 푉 decays and the effects of new
physics will be enhanced. This is exactly the case for the 퐵¯푠 → 휙휋, 휙휌 decays, but also for
the 퐵¯ → 휋퐾¯∗ decays3. Considering now 훿푎7, we note it contributes with opposite sign to
푉 푃 and 푉 푉 decays. This means that this contribution will interfere constructively in case
of e.g. the 퐵¯푠 → 휙휋 decay, and destructively for the 퐵¯푠 → 휙휌 decay, or viceversa. In case
of right handed new physics, the same effect is obtained through 푎˜9, which has similar
patterns. These effects can be tested clearly by means of the ratios in (6.24). Finally,
it remains to consider the case in which 휅푏푠퐿 = 휅
푏푠
푅 ∕= 0 (parity symmetric new physics).
Because of the patterns of the 휅푏푠퐿 and 휅
푏푠
푅 discussed above, we immediately deduce that
this scenario is not interesting for the 퐵¯푠 → 휙휋, 휙휌 (and 퐵¯ → 휋퐾¯∗) decays, because the
new contributions have the same magnitude, and they cancel, so that no (or very small)
modifications arise. In this case, some interesting information may be deduced instead
from the 퐵¯ → 휌퐾¯ decays.
In Figs. 6.4-6.6 we give the results for the branching ratio of the 퐵¯푠 decays in the three
scenarios discussed here. It is easy to observe that for a new electroweak contribution
around two times the corresponding Standard Model amplitude one gets an order one
enhancement of the branching ratios, depending on the phase 훿푧 . The dependence on the
3the electroweak amplitude is a function of 훼3,EW(퐾¯
∗휋).
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Figure 6.4: Relevant observables for the 퐵¯푠 decay modes in the first scenario, 휅
푏푠
퐿 ∕= 0, 휅푏푠푅 = 0.
phase and the results for the two ratios Br(0)(퐵¯푠 → 휌0휙)/Br(퐵¯푠 → 휋0휙) agrees with the
qualitative prediction derived in this section.
6.4.4 Constraints from semi-leptonic 푩 decays
The modified 푍0 scenario affects also the semi-leptonic 퐵 decays 퐵¯ → 푋푠푙+푙−, 퐵¯ → 푋푠휈휈¯,
which have to be taken into account in our analysis. We focus in particular on 퐵¯ →
푋푠푒
+푒−, which has recently been observed, [349–351] and which provides the strongest
constraints. We follow here [288] and assume that the Standard Model contribution is
negligible with respect to the new one. The effective Hamiltonian for this process reads
ℋeff = 퐺퐹√
2
[
휅푏푠퐿 (푠¯푏)푉−퐴 + 휅
푏푠
푅 (푠¯푏)푉+퐴
]∑
푞
[퐶푒퐿(푒¯푒)푉−퐴 + 퐶
푒
푅(푒¯푒)푉+퐴] , (6.36)
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Figure 6.5: Relevant observables for the 퐵¯푠 decay modes in the second scenario, 휅
푏푠
퐿 = 0, 휅
푏푠
푅 ∕= 0.
where
퐶푒퐿 = −
1
2
+ sin2 휃푊 , 퐶
푒
푅 = sin
2 휃푊 . (6.37)
Normalizing the decay rate to the semi-leptonic rate Γ(퐵¯ → 푋푐푒−휈¯푒) one obtains
Γ(퐵 → 푋푠푒+푒−)
Γ(퐵 → 푋푐푒−휈¯푒) =
∣휅푏푠퐿 ∣2 + ∣휅푏푠푅 ∣2
푓(푚푐/푚푏)∣푉푐푏∣2
(
(퐶푒퐿)
2 + (퐶푒푅)
2
) ≈ 157(∣휅푏푠퐿 ∣2 + ∣휅푏푠푅 ∣2) , (6.38)
where 푓(푚푐/푚푏) ≈ 0.5 is the phase space factor for the semi-leptonic decay Γ(퐵¯ →
푋푐푒
−휈¯푒), and ∣푉푐푏∣ ≈ 0.04. The measured values for the decays considered are [8]
Br(퐵 → 푋푠푒+푒−) = 4.7+1.3−1.3 ⋅ 10−6, (퐵 → 푋푐푒−휈¯푒) = 0.104+0.04−0.04, (6.39)
at 3휎 we get the constraint
3.4 ⋅ 10−4 ≤
√
∣휅푏푠퐿 ∣2 + ∣휅푏푠푅 ∣2 ≤ 7.6 ⋅ 10−4, (6.40)
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Figure 6.6: Relevant observables for the 퐵¯푠 decay modes in the third scenario, 휅
푏푠
퐿 = 휅
푏푠
푅 ∕= 0.
which is indeed very stringent. Recalling from table 6.5 that one gets a new electroweak
contribution 훿푎9 as large as the coefficient 푎9 for 휅
푏푠
퐿 ≃ 6.9⋅10−4, we see comparing with the
upper limit in (6.40) that not much room is left for a new electroweak contribution much
larger than the corresponding Standard Model amplitude. We underline here that, given
this result, a better correlation with the semi-leptonic decays is required, in particular
in view of the recent works in this field [321–323]. On the other hand, we note that the
strong constraints above would not apply to other models, such as a scenario with an extra
gauge boson 푍 ′, because in this case the leptonic charges under the new gauge group can
be taken arbitrarily small (leptophobic 푍 ′ models) [320]. In section 6.5 we will provide
the result of the fit both with and without taking into account the constraint (6.40).
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6.5.1 The fit
The idea of the fit is quite simple: we calculate, within the new physics model, the
expectation value for a set of observables, which are therefore a function of the parameters
휅푏푠퐿,푅, i.e. of 푧 and 훿푧 . We compare then the value obtained at each point in the 푧-훿푧
plane with the experimental measurements. The points in the 푧-훿푧 plane for which the
experimental and the theoretical results are closest are more likely to be realized, i.e. they
represent the parameters according to which the theoretical prediction describes best the
experimental measurements. Technically, this comparison is realized by evaluating at each
point the 휒2 function, defined as ∑
푖
(푥푖 theo − 푥푖 exp)2
휎2푖 exp
, (6.41)
where 푥푖 theo represents the theoretical prediction of a physical observable like a branching
ratio, and 푥푖 exp represents the corresponding experimental measurement. 휎푖 exp represents
the experimental error, i.e. the 1휎 experimental uncertainty: 푥푖 exp ± 휎푖 exp.
The non-trivial part of the analysis is the implementation of the theoretical error, for
which we follow [324]. The point is that the use of the 휒2 function in the fit assumes a
gaussian distribution of the variables involved. This is indeed the case for the experimental
measurements, which are assumed to be distributed like a gaussian around the central
value 푥푖 exp, with standard deviation 휎푖 exp. The same assumption cannot be made for the
theoretical estimates. They depend in fact on a series of input parameters, like the form
factors, the decay constants, etc. which have a flat distribution around the central value;
actually, the meaning of the theoretical error is only that the corresponding observable
can take any value inside the error range, which by itself does not imply any distribution
at all. According to [324], to which we refer for further details, the problem of combining
theoretical and experimental errors can be solved by considering the following 휒2:
휒2 =
∑
푖
⎧⎨⎩
(∣푥푖 exp−푥푖 theo∣−휎푖 theo)2
휎2푖 exp
if ∣푥푖 exp − 푥푖 theo∣ > 휎푖 theo,
0 otherwise.
(6.42)
Since the theoretical error range is asymmetric in case of the observables of interest, we
generalize (6.42) to
휒2 =
∑
푖
⎧⎨⎩
(푥푖 theo−휎푖 theo, inf−푥푖 exp)2
휎2푖 exp
if 푥푖 exp < (푥푖 theo − 휎푖 theo, inf),
(푥푖 exp−(푥푖 theo+휎푖 theo, sup))2
휎2푖 exp
if 푥푖 exp > (푥푖 theo + 휎푖 theo, sup),
0 otherwise,
(6.43)
where 휎푖 theo, sup and 휎푖 theo, inf represent the theoretical upper and lower error respectively,
(푥푖 theo)
+휎푖 theo, sup
−휎푖 theo, inf . Using 6.43 it is possible to define confidence levels (CLs) by means of
the function
CL =
1√
2푁dofΓ(푁dof/2)
∫ ∞
Δ휒2(푦mod)
푒−푡/2푡푁dof/2−1푑푡, (6.44)
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where 푦mod represents the theoretical parameters upon which the function 휒
2 depends,
like the form factors, quark masses, etc., and the function Δ휒2 represent the normalized
휒2 after its minimum has been subtracted: Δ휒2 = 휒2 −min(휒2). 푁dof are the degree of
freedom of the problem; in this case 푁dof = 2. Using this input in (6.44) we obtain
CL = 푒−
Δ휒2(푦mod)
2 . (6.45)
Setting CL = 1 − 68.27/100, CL = 1 − 95.45/100, CL = 1 − 99.73/100, CL = 1 −
99.99/100 we individuate respectively the 1휎, 2휎, 3휎 and 5휎 confidence level. In our 휒2 we
include the ratios 푅푐, 푅푛, 푅, the CP asymmetries 퐴CP(퐵¯
0 → 휋0퐾¯0), 퐴CP(퐵− → 휋−퐾¯0),
푆CP(퐵¯
0 → 휋0퐾¯0) and the CP asymmetry difference Δ퐴CP.
Here we are interested in fitting the parameters 푧, 훿푧 from the experimental information
on the 퐵¯ → 휋퐾¯ decays, and to look for consequences in the 퐵¯푠 decays. We consider
therefore the other decays discussed in section 6.3.2 as constraints: this is necessary since,
as explained there, large modifications are expected in these decays, which already rule
out regions of the 푧-훿푧 plane. In more detail, we set
퐶퐿 =
⎧⎨⎩
퐶퐿 if
{
(푥푖 theo + 휎푖 theo, sup) > (푥푖 exp − 2휎푖 exp, inf)
∨(푥푖 theo − 휎푖 theo, inf) < (푥푖 exp + 2휎푖 exp, sup),
0 otherwise,
(6.46)
i.e. we consider a 2휎 constraint on these decays. Finally, we perform two fits: one in
which we don’t take into account the constraint from semi-leptonic decays, and one in
which we add the constraint from (6.40), considering it as an additional theoretical input
in the 휒2 function.
6.5.2 Results
휅푏푠퐿 ∕= 0, 휅푏푠푅 = 0
In figure 6.7 we show the result of the fit without (left) and with (right) the semi-leptonic
constraint. In figure 6.8 we show the parameter space region excluded by the 퐵¯ →
휌퐾¯, 휋퐾¯∗, 휌퐾¯∗ decays, according to (6.47). These modes gives some constraints on the
first fit, but none in case of the second one, because the semi-leptonic decay provides the
strongest bound, as expected. The result of the first fit is
푧 = 9.6 ⋅ 10−4, 훿푧 = −90.7∘, (6.47)
which corresponds to the following value for the observables in the 퐵¯ → 휋퐾¯ modes:
푅푐 = 1.18
+0.23
−0.18, 퐴CP(퐵¯
0 → 휋0퐾¯0) = −0.03+0.16−0.08,
푅푛 = 1.19
+0.25
−0.20, 푆CP(퐵¯
0 → 휋0퐾¯0) = 0.34+0.18−0.20,
푅 = 1.02+0.04−0.02, Δ퐴CP = 0.06
+0.08
−0.16. (6.48)
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Figure 6.7: Confidence level regions in the 푧-훿푧 plane, according to the first scenario considered,
without (left) and with (right) the constraint from semi-leptonic decay.
One observes a better agreement with the experimental data. Based on this result the
predictions for the 퐵¯푠 decays are
Br(퐵¯푠 → 휙휋0) = 0.47+0.50−0.23∣theo+0.60−0.35∣fit ⋅ 10−6,
Br0(퐵¯푠 → 휌0휙) = 0.48+0.56−0.26∣theo+0.37−0.38∣fit ⋅ 10−6,
Br(퐵¯푠 → 휙휌0) = 0.60+0.56−0.21∣theo+0.43−0.35∣fit ⋅ 10−6,
Br(퐵¯푠 → 휙휌0)
Br(퐵¯푠 → 휙휋0)
= 1.29+0.41−0.23∣theo+0.72−0.40∣fit,
Br0(퐵¯푠 → 휙휌0)
Br(퐵¯푠 → 휙휋0)
= 1.03+0.21−0.18∣theo+1.22−0.33∣fit. (6.49)
These results have to be compared with the Standard Model prediction (6.22), (6.23)
and (6.24). The branching ratio of 퐵¯푠 → 휙휋0 is enhanced by a factor 3 with respect to
the Standard Model, while there is no sizeable modification in the 퐵¯푠 → 휙휌0 decay. On
one hand, this is an unfortunate circumstance, because the latter is easier to measure
in experiments. On the other hand, being able to measure both decays would give the
possibility of inspecting the ratios of the two decay rates, which, according to (6.49), differ
significatively from the Standard Model prediction. This difference is indeed an effect of
훿푎7, which contributes to the two decay amplitudes with opposite sign, as explained in
section 6.4.3. In (6.49) the theoretical error is calculated in the standard way, summing
in quadrature all the errors from each theoretical variable; the “fit error” is obtained
by calculating the maximum and the minimum value taken by the observable inside the
2휎 region individuated by the fit (Fig. 6.9), and subtracting the central value of the
observable.
Taking into account the constraints from semi-leptonic decays, one obtains a smaller
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Figure 6.8: Region (blue) excluded by the experimental data of the 퐵¯ → 휌퐾¯, 휋퐾¯∗, 휌퐾¯∗ decays.
new contribution:
푧 = 6.1 ⋅ 10−4, 훿푧 = −91.0∘; (6.50)
which gives
푅푐 = 1.18
+0.23
−0.19, 퐴CP(퐵¯
0 → 휋0퐾¯0) = −0.03+0.10−0.06,
푅푛 = 1.23
+0.27
−0.22, 푆CP(퐵¯
0 → 휋0퐾¯0) = 0.53+0.11−0.13,
푅 = 1.01+0.02−0.01, Δ퐴CP = 0.05
+0.07
−0.10, (6.51)
and the prediction for the 퐵¯푠 decays reads
Br(퐵¯푠 → 휋0휙) = 0.23+0.28−0.13∣theo+0.19−0.20∣fit ⋅ 10−6,
Br0(퐵¯푠 → 휌0휙) = 0.35+0.39−0.16∣theo+0.20−0.27∣fit ⋅ 10−6,
Br(퐵¯푠 → 휌0휙) = 0.44+0.40−0.15∣theo+0.18−0.23∣fit ⋅ 10−6,
Br(퐵¯푠 → 휌0휙)
Br(퐵¯푠 → 휋0휙)
= 1.91+0.99−0.51∣theo+5.05−0.46∣fit,
Br0(퐵¯푠 → 휌0휙)
Br(퐵¯푠 → 휋0휙)
= 1.50+0.42−0.29∣theo+1.65−0.38∣fit. (6.52)
As a consequence, modifications in the 퐵¯푠 modes are smaller and the decays are probably
difficult to observe.
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Figure 6.9: Branching ratios of the 퐵푠 decays inside the 2 휎 region, without (up) and with (low)
the constraint from semi-leptonic decay.
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Figure 6.10: Region (blue) excluded by the experimental data of the 퐵¯ → 휌퐾¯, 휋퐾¯∗, 휌퐾¯∗ decays,
second scenario.
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Figure 6.11: Confidence level regions in the 푧-훿푧 plane, according to the second scenario consid-
ered, without (left) and with (right) the constraint from semi-leptonic decay.
In case of right-handed new physics the fit of the 휋퐾¯ system points to larger values of
the coupling 휅푏푠푅 . Constraints from the 퐵¯ → 휌퐾¯, 휋퐾¯∗, 휌퐾¯∗ decays are consequently more
important (Fig. 6.10), and they rule out a significant region in the 푧-훿푧 plane, which would
be favoured by the 퐵¯ → 휋퐾¯ decays. After this constraint has been taken into account,
the result of the fit, shown in Fig. 6.11, is
푧 = 16 ⋅ 10−4, 훿푧 = −87.3∘, (6.53)
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which is larger than the outcome of the previous scenario. The predicted values of the
observables in the 휋퐾¯ system are
푅푐 = 1.15
+0.22
−0.17, 퐴CP(퐵¯
0 → 휋0퐾¯0) = −0.16+0.34−0.12,
푅푛 = 1.20
+0.24
−0.20, 푆CP(퐵¯
0 → 휋0퐾¯0) = 0.39+0.28−0.33,
푅 = 1.00+0.06−0.04, Δ퐴CP = 0.23
+0.14
−0.50. (6.54)
The predicted value for the 퐵푠 decays are
Br(퐵¯푠 → 휋0휙) = 1.97+1.16−0.27∣theo+0.18−1.76∣fit ⋅ 10−6,
Br0(퐵¯푠 → 휌0휙) = 1.93+1.12−0.33∣theo+0.32−1.57∣fit ⋅ 10−6,
Br(퐵¯푠 → 휌0휙) = 2.08+1.12−0.34∣theo+0.32−1.66∣fit ⋅ 10−6,
Br(퐵¯푠 → 휌0휙)
Br(퐵¯푠 → 휋0휙)
= 1.05+0.08−0.07∣theo+0.97−0.03∣fit,
Br0(퐵¯푠 → 휌0휙)
Br(퐵¯푠 → 휋0휙)
= 0.97+0.07−0.07∣theo+0.67−0.05∣fit. (6.55)
In this case much larger branching ratios are obtained, around one order of magnitude
larger than in the Standard Model. This is a consequence of two factors: on one hand,
the larger value obtained for ∣휅푏푠푅 ∣; on the other hand, the fact that in 푉 푃 decays the new
contribution interferes constructively with the Standard Model amplitude, for the value
훿푧 found by the fitting procedure. Given such a large deviation, these results should be
analysed with more care, in particular a complete analysis of the 퐵¯ → 휌퐾¯, 휋퐾¯∗, 휌퐾¯∗
decays should be performed, even if they were considered as constraints in the fit above,
because large deviations are expected in those channels, too.
When the semi-leptonic decay data are added to the fit, however, we find again strong
bounds on the ∣휅푏푠푅 ∣ coupling, which is constrained to be three times smaller than the
previous result:
푧 = 5.4 ⋅ 10−4, 훿푧 = −110.2∘. (6.56)
The outcome in the 휋퐾¯ system is
푅푐 = 1.23
+0.24
−0.20, 퐴CP(퐵¯
0 → 휋0퐾¯0) = −0.07+0.11−0.07,
푅푛 = 1.30
+0.33
−0.27, 푆CP(퐵¯
0 → 휋0퐾¯0) = 0.68+0.09−0.12,
푅 = 1.02+0.03−0.03, Δ퐴CP = 0.09
+0.07
−0.17, (6.57)
and in case of the 퐵푠 decays we obtain
Br(퐵¯푠 → 휋0휙) = 0.33+0.20−0.10∣theo+0.51−0.13∣fit ⋅ 10−6,
Br0(퐵¯푠 → 휌0휙) = 0.50+0.31−0.15∣theo+0.60−0.15∣fit ⋅ 10−6,
Br(퐵¯푠 → 휌0휙) = 0.58+0.32−0.14∣theo+0.61−0.16∣fit ⋅ 10−6,
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Br(퐵¯푠 → 휌0휙)
Br(퐵¯푠 → 휋0휙)
= 1.73+0.36−0.17∣theo+0.30−0.34∣fit,
Br0(퐵¯푠 → 휌0휙)
Br(퐵¯푠 → 휋0휙)
= 1.48+0.18−0.14∣theo+0.16−0.28∣fit. (6.58)
The 퐵¯ → 푋푠푙+푙− decay limits the possibility of having a large enhancement of the 퐵¯푠 →
휙휋0, 휙휌0 branching ratios. Eventually, an indication of deviation from the Standard Model
could be given by the ratio of the two decay rates. The effects found for 휅푏푠푅 ∕= 0 are in any
case larger with respect to the scenario with 휅푏푠퐿 ∕= 0, also when the semi-leptonic decay is
taken into account.
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Figure 6.12: Confidence level regions in the 푧-훿푧 plane, according to the third scenario considered,
without (left) and with (right) the constraint from semi-leptonic decay.
This case is not particular interesting in view of modifications in the 퐵푠 decays. Nev-
ertheless, we report here the results for completeness. We find
푧 = 6.4 ⋅ 10−4, 훿푧 = −89.7∘. (6.59)
Confidence level regions as well as constraints from 퐵¯ → 휌퐾¯, 휋퐾¯∗, 휌퐾¯∗ decays are shown
in figures 6.12, 6.13. Then
푅푐 = 1.17
+0.23
−0.18, 퐴CP(퐵¯
0 → 휋0퐾¯0) = −0.09+0.25−0.10,
푅푛 = 1.18
+0.24
−0.20, 푆CP(퐵¯
0 → 휋0퐾¯0) = 0.33+0.23−0.27,
푅 = 1.02+0.05−0.03, Δ퐴CP = 0.13
+0.10
−0.31, (6.60)
and the 퐵¯푠 → 휙휋0, 휙휌0 branching ratios read
Br(퐵¯푠 → 휋0휙) = 0.15+0.11−0.04∣theo+0.001−0.002∣fit ⋅ 10−6,
6.5 Fitting the data: numerical results 175
0 1 2 3 4 5 6
0.0000
0.0005
0.0010
0.0015
0.0020
∆z
z
Figure 6.13: Region (blue) excluded by the experimental data of the 퐵¯ → 휌퐾¯, 휋퐾¯∗, 휌퐾¯∗ decays,
third scenario.
Br0(퐵¯푠 → 휌0휙) = 0.35+0.26−0.10∣theo0.004+−0.01∣fit ⋅ 10−6,
Br(퐵¯푠 → 휌0휙) = 0.47+0.27−0.11∣theo+0.10−0.03∣fit ⋅ 10−6,
Br(퐵¯푠 → 휌0휙)
Br(퐵¯푠 → 휋0휙)
= 3.05+0.54−0.40∣theo+0.73−0.19∣fit,
Br0(퐵¯푠 → 휌0휙)
Br(퐵¯푠 → 휋0휙)
= 2.32+0.11−0.09∣theo+0.01−0.04∣fit. (6.61)
Taking into account the semi-leptonic decay, we get
푧 = 4.0 ⋅ 10−4, 훿푧 = −91.9∘, (6.62)
so that
푅푐 = 1.19
+0.22
−0.19, 퐴CP(퐵¯
0 → 휋0퐾¯0) = −0.07+0.15−0.08,
푅푛 = 1.24
+0.27
−0.22, 푆CP(퐵¯
0 → 휋0퐾¯0) = 0.52+0.14−0.17,
푅 = 1.01+0.03−0.02, Δ퐴CP = 0.09
+0.08
−0.19,
and the 퐵¯푠 → 휙휋0, 휙휌0 decays read
Br(퐵¯푠 → 휋0휙) = 0.15+0.11−0.04∣theo+0.001−0.001∣fit ⋅ 10−6,
Br0(퐵¯푠 → 휌0휙) = 0.36+0.26−0.10∣theo+0.002−0.0.005∣fit ⋅ 10−6,
Br(퐵¯푠 → 휌0휙) = 0.45+0.27−0.11∣theo+0.03−0.003∣fit ⋅ 10−6,
Br(퐵¯푠 → 휌0휙)
Br(퐵¯푠 → 휋0휙)
= 2.91+0.44−0.31∣theo+0.20−0.03∣fit,
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Br0(퐵¯푠 → 휌0휙)
Br(퐵¯푠 → 휋0휙)
= 2.32+0.11−0.09∣theo+0.005−0.02 ∣fit. (6.63)
6.6 Conclusion
In this chapter we performed a new physics analysis following a complementary approach
with respect to the work described in chapters 4 and 5. Instead of analysing non-leptonic 퐵
decay in the context of a specific new physics model, we started analysing the experimental
results, looking for actual discrepancies with respect to the theoretical prediction. The
motivation for this work were a series of recent papers [298–310], where it was pointed
out, using flavour symmetries of QCD for the evaluation of the decay amplitudes, that
discrepancies with the experimental measurement suggest the presence of new physics in
the electroweak penguin sector of the theory.
As a first step, we performed again the study of the 퐵¯ → 휋퐾¯ decays, in which the
discrepancies were found, and updated the analysis by considering the most recent exper-
imental results and using QCD factorization for the evaluation of the amplitudes. The
outcome is that the discrepancies have decreased in the latest experimental averages, and
now they could be accounted for in the Standard Model, assuming an enhanced colour-
suppressed tree contribution, possibly with the exception of the direct CP asymmetry
difference Δ퐴CP = 퐴CP(퐵
− → 휋0퐾−)−퐴CP(퐵¯0 → 휋+퐾−), whose experimental average
deviates ∼ 1.5휎 from the theoretical prediction. Given the difficulties of obtaining a large
rescattering phase in QCD factorization, which could be at the origin of the large Δ퐴CP
observed, and given some inconsistencies in the experimental data, we tried the road to
consider this result as an indication of new physics in the electroweak penguin sector, and
we looked for consequences in other decays.
In this context, modifications are expected in particular in the 퐵¯ → 휌퐾¯, 휋퐾¯∗, 휌퐾¯∗
decays, which have the same flavour structure as the 퐵¯ → 휋퐾¯ decays, and in the 퐵¯푠 →
휙휋, 휙휌 decays, which are electroweak penguin dominated. We focused in particular on
the latter, because their amplitude is very simple and their branching ratio small; the
observation of these decays with a branching ratio 2-to-4 times larger than their Standard
Model expectation would be a clear signal of new physics in the electroweak sector.
In order to make quantitative predictions, we considered an actual model in which
one has new physics in the electroweak sector, namely the modified 푍0 penguin scenario.
We took into account both the possibilities of having left-handed and right-handed 푠¯푏푍0
transitions, and we estimated the value of the corresponding couplings by minimizing the
differences between theoretical predictions and experimental data in the 퐵¯ → 휋퐾¯ decays.
The results obtained were used to estimate the branching ratios of the 퐵푠 decays. An
important point was the inclusion in the analysis of the 퐵¯ → 휌퐾¯, 휋퐾¯∗, 휌퐾¯∗ and the semi-
leptonic 퐵 → 푋푠푙+푙− decays as constraints on the free parameters. While the former give
weak constraints, the latter was found to give the strongest bound: taking it into account,
only small deviations are expected in the 퐵푠 decays.
More in general, because of the interference patterns we found that the 퐵 → 푉 푃, 푉 푉
decays are more sensitive to right-handed new physics than to left-handed one. Given
that the bare results of the fit points to a new large contribution in the electroweak
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sector, of order 1-to-2 times the electroweak amplitude of the Standard Model, it would
be interesting to extend this analysis to other new physics scenarios, in which constraints
from semi-leptonic observables are weaker, such as models with extra gauge symmetries,
or supersymmetric models.
178Chapter 6. Non-leptonic 푩 decays with new physics in the electroweak penguin sector
Chapter 7
Conclusion
In this thesis we have considered various aspects of non-leptonic 퐵 decays. These processes
are very interesting because they allow us to test various aspects of the Standard Model,
and also to look for new physics. The decays are driven at the quark level by the transitions
of the 푏 quark into lighter quarks, and therefore their analysis allows us to extract the
matrix elements of the CKM matrix. Even if this task is made nontrivial by the dominant
effects of low-energy QCD interactions, nowadays many different strategies to address this
problem have been elaborated, and, in the end, this turns out into a better understanding
of low-energy strong interactions, too. The comprehension of QCD interaction in non-
leptonic 퐵 decays allows us not only to extract with better accuracy the CKM matrix
elements, but also to perform new physics searches. This is because the virtual transitions
that convert the 푏 quark into lighter ones occur at the electroweak scale, and we have
various reasons to believe that new physics should manifest at scales just above it.
Our work focused on aspects of non-leptonic decays both in the Standard Model and
beyond. After a general introduction, we have devoted chapter 2 to an exhaustive de-
scription of QCD factorization, i.e. the method used in this thesis to calculate the decay
amplitudes of these processes. The successive chapters focus on our work.
More in detail, chapter 3 concerns a study of 퐵 decays into charmonium states and
a light meson. This work is an extension of [125], and was motivated by previous pa-
pers [191, 192], which found that QCD factorization does not work for these decays even
at leading order in the ΛQCD/푚푏 expansion. We have revisited the problem, showing that
factorization can be achieved, if the bound state scales of charmonium are considered. The
latter are in fact perturbative in the heavy quark limit, and this allowed us to develop a
formalism, based on effective field theory techniques, in which the charmonium states are
treated as non-relativistic bound states. In this framework one has to consider charmo-
nium production through colour-octet operators, whose inclusion allows us to absorb the
divergencies found in the matrix elements of colour-singlet operators, which were the only
ones included in previous analyses. The numerical analysis performed afterwards shows
that for reasonable choices of the input parameters the main features of the data, i.e. large
corrections to (naive) factorization and suppression of the 휒푐2 and ℎ푐 final states, can be
reproduced, even though the suppression of 휒푐2 is not as strong as seen in the data. The
formalism developed for this analysis may be of some interest for a better comprehension
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of other non-leptonic 퐵 decays, because some of the divergences arising in the 퐵 → 퐻푀1
decays are endpoint divergences which appear in the evaluation of the spectator scatter-
ing. These divergences afflict also e.g. non-leptonic 퐵 decays into two light-mesons and
it is not known how to address them in the general case. In our work we have provided
a first example, in which endpoint divergences can be removed by absorbing them into
the matrix elements of colour-octet operators. In chapter 3 we have extended the work
presented in [125] by including the case of 푆-wave, adding the twist-3 contribution to the
spectator scattering, and providing a full numerical analysis including these new results.
The successive chapters contain analyses of non-leptonic 퐵 decays in models of physics
beyond the Standard Model. In chapter 4 and 5 we have considered two specific models,
in order to test the sensitivity of these decays to new physics. In more detail, in chapter
4 we have reported the results obtained in [126], where we considered the MSSM with
large tan 훽, an interesting minimal flavour violating theory, which however can exhibit
large deviations from the Standard Model. In chapter 5 we have considered an interesting
supersymmetric grand unified scenario, in which effects of the large neutrino-mixing angles
appear in the mixing among right-handed quarks. In both cases we find that effects in
non-leptonic 퐵 decays are small, when constraints from leptonic decays in the first case,
and from the particle spectrum and lepton flavour violation in the second case, are taken
into account.
Finally, in chapter 6 we report about the ongoing work [128] in which we took the
opposite approach, i.e. we looked for actual discrepancies between theory predictions and
experimental results, which are found to suggest the possibility of having new physics in
the electroweak penguin sector of the theory. We considered therefore an actual model
in which new physics arises in this sector, namely the modified 푍0 penguin scenario, and
we fitted the flavour-changing couplings of the model from the experimental data of the
퐵¯ → 휋퐾¯ decays. Our interest was primarily to look for effects in other decays, such as
the 퐵¯ → 휌퐾¯, 퐵¯ → 휋퐾¯∗ and 퐵¯ → 휌퐾¯∗ decays, and the 퐵푠 modes 퐵¯푠 → 휙휋, 퐵¯푠 → 휙휌. In
chapter 6 we focus principally on the latter, taking the former as constraints. We find that
sizeable modification in these decays can arise, even if they are reduced consistently when
constraints from semi-leptonic decays are considered. Since there are other scenarios, such
as models with extra gauge bosons, where these constraints do not apply, we concluded
that further analyses on these decays could give interesting results.
Appendix A
Effective Field Theory Review
Effective field theories are a powerful tool in quantum field theory, since they provide a
systematic formalism for the analysis of multi-scale problems. This is particularly im-
portant in QCD, where the value of the running coupling 훼s(휇) can change significantly
between different energy scales. The purpose of this appendix is to review the effective
field theories that are useful in the treatment of the heavy-quark systems considered in
this thesis.
The application of effective field theory to heavy-quark system is mandatory, since
they present a natural separation of scales, 푚푄 ≫ ΛQCD, where 푚푄 represents the mass
of the heavy quarks. In particular we consider both mesons formed by an asymmetric
configuration 푄푞¯, where 푄 represents the heavy quark and 푞¯ a light antiquark (such as
the 퐵 mesons), and systems formed by a pair of heavy quark-antiquark 푄푄¯ (such as
the charmonium states, 퐻). The two systems present quite different features, since the
latter develops weak-coupling bound states in the heavy-quark limit, while the former
don’t. Moreover, the small expansion parameter for the two system is different, being
휆 = (ΛQCD/푚푏)
1/2 for the first, and 푣 for the second, the velocity of the heavy quark.
Indeed, the two systems are described by two different effective field theories, the heavy-
quark effective field theory (HQET) for the 푄푞¯ system, and the non-relativistic (NR) QCD
for the 푄푄¯ states.
The decay of heavy-quarks usually leads to a set of light energetic hadrons, in the
rest frame of the decaying meson. This provides again the presence of two well separated
scales, given by the energy of the light mesons, 퐸 ∼ 푚푄/2, and the hadronic scale ΛQCD.
The elaboration of an effective field theory describing light energetic mesons is however
nontrivial, because only some of the components of the light mesons momenta 푝휇 are large,
while 푝2 ≈ 0. In contrast to HQET, integrating out those large momentum components
leads to a nonlocal theory, that does not admit a local operator product expansion (OPE).
The generalization of the OPE to this case has been achieved with the so-called soft-
collinear effective field theory, (SCET), which deals with light energetic mesons.
SCET, in the two formulations I and II that involve different momentum scales, is at
the basis of the theoretical understanding of non-leptonic 퐵 decays. In the following we
provide a short review of their fields content and scaling, as well as other fundamental
features. HQET, that is required for the treatment of the 퐵 meson, is automatically
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Momentum scaling Terminology
(1, 1, 1) hard
(휆, 휆, 휆) semi-hard
(1, 휆, 휆2) hard-collinear
(휆2, 휆2, 휆2) soft
(1, 휆2, 휆4) collinear
Table A.1: Terminology for the various momentum modes relevant to exclusive 퐵 decays, as
defined in [150]. The momentum componenets are given as (푛+푝, 푝⊥, 푛−푝), but mass dimension
has to be restored by multiplying with appropriate factors of 푚푏.
included. The exposition will follow closely the formulation of SCET given in [84, 150];
we will not consider here the hybrid momentum-position space formulation elaborated
in [81,83]. In the subsequent section we provide also the basic information about NRQCD,
that is necessary for the theoretical treatment of the charmonia systems considered in
chapter 3. More extensive review of NRQCD can be found in [121–124].
A.1 SCETI
Fields
In table A.1 we enumerate the relevant momentum regions appearing in exclusive 퐵 decays,
according to their scaling with respect to the small parameter 휆 = (ΛQCD/푚푏)
1/2. The
SCETI Lagrangian and operators are built from hard-collinear light quark fields 휉퐶 , hard-
collinear gluon field 퐴퐶 and soft light quarks, heavy quarks and gluon fields, denoted by 푞푠,
ℎ푣, 퐴푠, respectively. It corresponds to a theory in which only the hard momentum region
is integrated out. No distinction is made between hard-collinear and collinear momenta,
and this is the reason why we use here the label 퐶 to indicate a generic (hard)-collinear
momentum, instead of hc.
For illustration we focus only on one collinear sector, defined by the momenta decom-
position
푝휇 = (푛+푝)
푛휇−
2
+ 푝휇⊥ + (푛−푝)
푛휇+
2
, (A.1)
so that the individual components of a collinear momentum have the following scaling
behaviour,
푛+푝 ∼ 푚푏, 푝⊥ ∼ 푚푏휆, 푛−푝 ∼ 푚푏휆2, (A.2)
such that 푝2 ∼ 푚2휆2 as required. Here 푛± are the usual light-like vectors, 푛2− = 푛2+ = 0,
푛+푛− = 2. In the following we set 푚푏 = 1 in scaling relation such as A.2, understanding
that the dimension of any quantity is restores by inserting the appropriate power of 푚푏.
A soft field varies significantly only over distances of order 푥 ∼ 1/휆2, so derivatives
acting on these fields scale as
∂휇휙푠 ∼ 휆2휙푠, (A.3)
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where we have indicated by 휙푠 a generic soft field. Hard-collinear fields have significant
variations over 푛−푥 ∼ 1, and 푥⊥ ∼ 1/휆; derivatives acting on them scale therefore as
푛+∂휙퐶 ∼ 휙퐶 , ∂⊥휙퐶 ∼ 휆휙퐶 , 푛−∂휙퐶 ∼ 휆2휙퐶 . (A.4)
We first want to derive scaling rules for the fields; this is read off from the corresponding
propagators in momentum space. In case of the hard-collinear quark field, it can be
decomposed into two fields, containing the two large and small components of the original
spinor. One has
휓퐶 = 휉(푥) + 휂(푥), 휉(푥) =
푛/−푛/+
4
휓퐶(푥), 휂(푥) =
푛/+푛/−
4
휓퐶(푥), (A.5)
where (푛/∓푛/±)/4 are projection operators, and 푛/−휉 = 푛/+휂 = 0. The propagator for the 휉
field then reads
⟨0∣푇휉(푥)휉¯(푦)∣0⟩ = 푛−푛+
4
⟨0∣푇휓퐶(푥)휓¯퐶(푦)∣0⟩푛+푛−
4
=
∫
푑4푝
(2휋)4
푛/−
2
푖푛+푝
푝2 + 푖휖
푒−푖푝(푥−푦). (A.6)
For hard-collinear momentum 푝 the r.h.s is of order 휆2; from this and the analogous
equation for 휂 with 푛+ and 푛− interchanged, one finds
휉 ∼ 휆, 휂 ∼ 휆2. (A.7)
The small 휂 field is usually integrated out from the Lagrangian. In a similar way one
obtains that a soft quark field scale as
푞푠 ∼ 휆2, (A.8)
while in case of hard-collinear and soft gluon fields one has
푛+퐴퐶 ∼ 1, 퐴⊥퐶 ∼ 휆, 푛−퐴퐶 ∼ 휆2, 퐴휇푠 ∼ 휆2; (A.9)
the scaling of hard-collinear and soft gluons is the same as the corresponding momentum
components, and this assure the homogeneity of the covariant derivatives, 푖퐷휇퐶휙퐶 = (푖∂
휇+
푔퐴휇퐶)휙퐶 , 푖퐷
휇
푠 휙푠 = (푖∂
휇 + 푔퐴휇푠 )휙푠. It remains to consider the field for the heavy quark,
whose interactions with hard collinear fields are integrated out. Since the heavy quark
interacts only with soft gluons, it is appropriate to remove the large component 푚푏푣 of a
heavy quark with momentum 푝퐵 = 푚푏푣 + 푘, as in HQET, introducing the field
ℎ푣(푥) =
1 + 푣/
2
푒푖푚푏푣⋅푥푄(푥), (A.10)
which varies significantly only over distances 푥 ∼ 1/휆2, since 푘 is soft. The momentum
space propagator is 1/(푣푘), so
ℎ푣 ∼ 휆3 (A.11)
as for the massless soft quark field.
To conclude this section, we provide the scaling rule for the integration element 푑4푥,
which is needed for the derivation of Feynman rules from the effective action. It can be
shown that in case of an interaction involving hard-collinear fields, or both hard-collinear
and soft fields, the scaling is 푑4푥 ∼ 1/휆4, while in case of soft fields the scaling is 1/휆8.
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Gauge transformation
The theory has a residual gauge invariance from the gauge functions 푈(푥), that can them-
selves be classified as hard-collinear or soft. The proper gauge transformation under which
the theory stays invariant can be individuated noting that soft fields cannot transform un-
der hard-collinear gauge transformation, because this would turn them into hard-collinear
fields; the latter instead can be multiplied by both hard-collinear and soft 푈(푥). We refer
to [84] for a throughout discussion about the derivation of the residual gauge transforma-
tion under which the theory is invariant; we summarize here the result, which reads
hard-collinear: 퐴퐶 → 푈퐶 퐴퐶 푈 †퐶 +
푖
푔
푈퐶
[
퐷푠, 푈
†
퐶
]
, 휉 → 푈퐶 휉,
퐴푠 → 퐴푠, 푞 → 푞,
soft: 퐴퐶 → 푈푠퐴퐶 푈 †푠 , 휉 → 푈푠 휉,
퐴푠 → 푈푠퐴푠 푈 †푠 +
푖
푔
푈푠
[
∂, 푈 †푠
]
, 푞 → 푈푠 푞,
(A.12)
Lagrangian
The derivation of the SCETI Lagrangian is rather technical. One of the important results
is that the Lagrangian derived from tree-level matching is not renormalized at any order in
훼s. The usual approach is to derive first a Lagrangian that is gauge invariant, but whose
terms are not homogeneous in 휆. In a successive step each term is expanded in powers
of 휆, so that the Lagrangian can be written in the end as a sum of terms with definite
scaling in 휆. We will sketch this procedure only for the collinear part of the Lagrangian,
since this allows us to show some important elements entering the SCET formalism, like
the Wilson lines. The Feynman rules derived from the SCETI Lagrangian can be used to
calculate diagrams like the one in fig. 2.13.
The staring point is the Lagrangian for massless quark
ℒ퐶 = 휓¯퐶 (푖 ∕퐷 + 푖휖)휓퐶 , (A.13)
where 휓퐶 is the four-component spinor introduced in A.5, and the covariant derivative
contains the sum of the hard-collinear and the soft gluon field. Inserting the decomposition
A.5, one obtains
ℒ퐶 = 휉¯ ∕푛+
2
푖푛−퐷 휉 + 휂¯
∕푛−
2
푖푛+퐷휂 + 휉¯ (푖 ∕퐷⊥ + 푖휖) 휂 + 휂¯ (푖 ∕퐷⊥ + 푖휖) 휉, (A.14)
where the 푖휖 prescription is indicated explicitly, to show that the prescription from the
original Lagrangian is attached to the transverse derivative. The subsequent step is to
integrate out the small field 휂. Since the Lagrangian is quadratic this amounts to solving
the classical equation of motion, which gives
휂(푥) = −∕푛+
2
1
푖푛+퐷 + 푖휖
푖 ∕퐷⊥ 휉(푥). (A.15)
The result is highly non-local, due to the inverse differential operator acting on the hard-
collinear quark field. This point is at the basis of the difference between SCET and other
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effective field theories that admit a local OPE [78]. One can see this comparing A.15 with
the similar solution for the small component of the heavy quark field 퐻푣 in HQET; in this
case1,
퐻푣 =
1
2푚푏 + 푖푣 ⋅퐷 푖 /퐷⊥ ℎ푣 =
1
2푚푏
∞∑
푛=0
(
− 푖푣 ⋅퐷
2푚푏
)푛
푖 /퐷⊥ ℎ푣, (A.16)
i.e., since the derivative in the denominator produces a power of the residual momentum
푣 ⋅ 푘, the result is “almost local”, and it can be expanded in an infinite series of local
operators (OPE). In SCET however this is not the case. The solution comes from the
introduction of Wilson lines
푊 (푥) = 푃 exp
(
푖푔
∫ 0
−∞
푑푠 푛+퐴(푥+ 푠푛+)
)
, (A.17)
where 푃 denotes path ordering, and 퐴 = 퐴퐶+퐴푠. These objects obey the useful relations
푖푛+퐷푊 =푊 푖푛+∂,
1
푖푛+퐷 + 푖휖
=푊
1
푖푛+∂ + 푖휖
푊 †, (A.18)
and this allows one to turn the inverse covariant derivative into an ordinary derivative,
i.e. an integral, through the relation
1
푖푛+∂ + 푖휖
휙(푥) = −푖
∫ 0
−∞
푑푠 휙(푥+ 푠푛+). (A.19)
The result is
휂(푥) = −∕푛+
2
1
푖푛+퐷 + 푖휖
푖 ∕퐷⊥ 휉(푥) = 푖 ∕푛+
2
푊 (푥)
∫ 0
−∞
푑푠
[
푊 † 푖 ∕퐷⊥ 휉
]
(푥+ 푠푛+). (A.20)
Inserting A.20 into A.14 one simply obtains
ℒ퐶 = 휉¯(푥) 푖푛−퐷 ∕푛+
2
휉(푥) + 푖
∫ 0
−∞
푑푠
[
휉¯ 푖
←−
퐷/⊥푊
]
(푥)
[
푊 † 푖퐷/⊥
∕푛+
2
휉
]
(푥+ 푠푛+), (A.21)
here
←−
퐷 indicates a covariant derivative acting to the left. This is almost the final expression
for the hard-collinear Lagrangian, except that it does not respect a proper power counting,
since terms of different order in 휆 are mixed up. In order to avoid double counting, it is
important to expand all objects in the effective Lagrangian such that the power counting
is consistent. For instance, the different components of the covariant derivative acting on
hard-collinear fields scale like
푖퐷휇 = 푖∂휇 + 푔푠퐴
휇
ℎ푐 + 푔푠퐴
휇
푠 ∼ (1, 휆, 휆2) + (1, 휆, 휆2) + (휆2, 휆2, 휆2). (A.22)
While for 푛−퐷 all the three contributions are of order 휆2, for 푛+퐷 and for 퐷⊥ the
contributions involving the soft gluon field are power suppressed and should be neglected
at leading order. Similarly, in the definition of the Wilson line 푊 the contribution of
the soft gluon field in the exponent is power suppressed and should be neglected, i.e.
푊 = 푊퐶 + 푂(휆). Finally, in interactions with hard-collinear fields, soft fields must
1we do not enters into the details of HQET, for which we refer to [79,80].
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Figure A.1: Tree level matching of the heavy quark current, picture taken from [84]
be multi-pole expanded in order to ensure a proper power counting. This can be seen
considering e.g. the phase factor associated with the coupling of a hard-collinear field
with incoming momentum 푝퐶 to a soft field with incoming momentum 푝푠, producing a
hard-collinear field with outgoing momentum 푝′퐶 :
푆int ∋
∫
푑4푥휙′퐶(푥)휙퐶(푥)휙푠(푥) ∼
∫
푑4푥 푒푖(푝
′
퐶−푝퐶−푝푠)⋅푥 휙′ℎ푐(0)휙ℎ푐(0)휙푠(0). (A.23)
The combined momentum in the exponent scales like a hard-collinear momentum, since
(푝′퐶 − 푝퐶 − 푝푠)휇 ∼ (1, 휆, 휆2). A leading contribution to the action comes therefore from
푥휇 ∼ (휆−2, 휆−1, 1). However, the phase factor involving the soft momentum can be Taylor
expanded:
푒−푖푝푠⋅푥 = 푒−푖푝푠+⋅푥− (1− 푖푝푠⊥ ⋅ 푥⊥ − 푖푝푠− ⋅ 푥+ + . . .) , (A.24)
where the terms inside the brackets scale like 1, 휆, and 휆2, respectively. It follows that in
interactions with hard-collinear fields we should expand soft fields as
휙푠(푥) = (1 + 푥⊥ ⋅ ∂⊥ + . . .)휙푠(푥−). (A.25)
Using these results, the Lagrangian A.21 can be rewritten as
ℒ퐶 = 휉¯(푥) 푖푛 ⋅퐷퐶(푥) 휉(푥) + 휉¯(푥) 푔푠푛− ⋅ 퐴푠(푥−) 휉(푥)
+
(
휉¯ 푖 /퐷퐶⊥푊퐶
)
(푥)
/푛+
2
푖
∫ 0
−∞
푑푡
(
푊 †퐶 푖 /퐷퐶⊥ 휉
)
(푥+ 푠푛+). (A.26)
It is easy to check that each term in A.25 scales like 휆4, which when integrated with the
measure 푑4푥 ∼ 휆−4 gives a leading contribution to the action.
At leading power there are no terms in the Lagrangian containing interactions of soft
quark fields with hard-collinear fields, but there are interactions among soft and hard-
collinear gluons. In principle, one can derive the higher order terms and include the soft
part of the Lagrangian. Since the final result is rather lengthy, we will not report here a
complete expression for the SCETI Lagrangian, for which we refer instead to [84]. In the
following we prefer to focus on the derivation of the heavy-to-light current, that enters in
the definition of the leading operators (2.63).
Heavy-to-light current
Weak interaction processes are mediated by flavour-changing neutral currents, which in
QCD have the general form 퐽 = 휓¯Γ푄, where 푄 is a heavy quark, 휓 a light quark and
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Γ denotes some Dirac structures. Such a transition is at the basis of exclusive 퐵 decays,
and it is therefore important to obtain an expression for this current in SCET. At this
purpose, the first point to note is that the emission of an hard-collinear gluon from the
heavy quark puts it off-shell by an amount of order 푚2푏 . These states do not appear in
SCETI, and must be integrated out. The matching process is shown in fig. A.1, and it
correspond to the evaluation in position space of the current
퐽QCD(푥) = 휓¯(푥) Γ
∞∑
푛=0
1
푖∂/ −푚
(
− 푔퐴/(푥)
)
⋅ ⋅ ⋅ 1
푖∂/−푚
(
− 푔퐴/푐(푥)
)
푄(푥)
= 푒−푖푚 푣⋅푥 휓¯ Γ
(
1− 1
푖퐷/−푚 (1− 푣/) 푔퐴/푐
)
푄푣. (A.27)
The task is to derive an expression of A.27 in terms of only the fields entering the SCETI
Lagrangian, and to expand in the end in powers of 휆. The calculation is rather technical
and we refer for this to [84]. The final result is that the heavy-to-light current can be
organized as[
휓¯(푥) Γ푄(푥)
]
QCD
→ 푒−푖푚푣⋅푥
{
퐽 (퐴) + 퐽 (퐵)
}
= 푒−푖푚푣⋅푥
{
퐽 (퐴0) + 퐽 (퐴1) + 퐽 (퐴2) + 퐽 (퐵1) + 퐽 (퐵2)
}
, (A.28)
where 0, 1, 2. . . represent the power in 휆 of the various terms, and the split of the current in
the 퐴 and 퐵 parts is done for convenience, because the two terms are separately invariant
under the reparametrization of 푛±, as explained in [84]. Expressions for these terms are
given in [84] up to order 휆2; here we provide the expression for the leading order of the
type 퐴 and 퐵 currents, that enter directly in the definition of the leading SCETI operators
2.63:
퐽 (퐴0) = 휉¯ Γ푊퐶 ℎ푣,
퐽 (퐵1) = − 휉¯ Γ 푛/−
2푚
푖퐷/⊥퐶 푊퐶 ℎ푣 . (A.29)
A.2 SCETII
Fields
In SCETII hard and hard-collinear modes are integrated out. This means that the initial
and final states appearing in the theory can have invariant mass only of order 휆4, and
therefore it is suitable for the description of exclusive decays. (SCETI, that admits initial
and final states with invariant mass of order 휆2, can be used to describe inclusive processes,
or as an intermediate matching step between QCD and SCETII.). The theory contains
collinear light quark fields 휉푐, collinear gluon fields 퐴푐, and soft light quark, heavy quark
and gluon fields, denoted respectively 푞푠, ℎ푣 and 퐴푠. The scaling of the fields can be read
off as before from the corresponding propagator in momentum space; soft fields have the
same scaling as in SCETI, while collinear fields scale as
휉푐 =
푛/−푛/+
4
휓푐 ∼ 휆2, 푛+퐴푐 ∼ 1, 퐴⊥푐 ∼ 휆2, 푛−퐴푐 ∼ 휆4. (A.30)
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In this case the integration measure in the action is always of order 1/휆8.
Soft and collinear fields have significant variations over different length scales in the 푛−
and 푛+ directions; consequently, they have to be multipole-expanded in products of soft
and collinear fields, as in case of SCETI. The multipole expansion we need here is however
different, due to the different scaling of the collinear fields. In this case the definition is
휙푠(푥) = 휙푠(푥−) +
푛−푥
2
[푛+∂ 휙푠] (푥−) + . . . ,
휙푐(푥) = 휙푐(푥+) +
푛+푥
2
[푛−∂ 휙푐] (푥+) + . . . , (A.31)
where
푥− ≡ 푛+푥 푛−
2
+ 푥⊥, 푥+ ≡ 푛−푥 푛+
2
+ 푥⊥. (A.32)
Gauge transformation
The theory is invariant under collinear and soft gauge transformations, defined as the
restriction of gauge functions 푈(푥) to the corresponding spatial variations.
The implementation of gauge transformations in the effective theory is not unique,
since field redefinitions or applications of the field equations can be used to alter the
gauge-transformation properties. Considering that in SCETII collinear and soft fields
decouple at leading power in the 휆 expansion, and that the product of a collinear and a soft
field gives an hard-collinear momentum mode, so that general soft gauge transformations
acting on collinear fields (and vice versa) are not allowed, a natural choice for the gauge
transformation is [150]
휉푐 → 푈푐 휉푐, 퐴푐 → 푈푐퐴푐푈 †푐 +
푖
푔
푈푐
[
∂, 푈 †푐
]
,
ℎ푣 → 푈푠 ℎ푣, 푞푠 → 푈푠 푞푠, 퐴푠 → 푈푠퐴푠푈 †푠 +
푖
푔
푈푠
[
∂, 푈 †s
]
. (A.33)
Lagrangian
The derivation of the effective Lagrangian is again rather technical, but straightforward.
It can be organized as a two matching steps from QCD to SCETI, and then to SCETII.
Here we focus on the main features of the effective Lagrangian, referring to the literature
[87, 88, 150, 151] for the complete results. The main feature of the SCETII Lagrangian is
the decoupling of soft and collinear interactions at leading order in the 휆 expansion, so
that the one has
ℒ(0) = ℒ푠 + ℒ푐, (A.34)
with
ℒ푐 = −1
2
tr (퐹휇휈푐퐹
휇휈
푐 ) + 휉¯푐
(
푖푛−퐷푐 + (푖퐷/⊥푐 −푚) 1
푖푛+퐷푐
(푖퐷/⊥푐 +푚)
)
푛/+
2
휉푐,
ℒ푠 = −1
2
tr (퐹휇휈푠퐹
휇휈
푠 ) + 푞¯푠 (푖퐷/푠 −푚) 푞푠 + ℒHQET, (A.35)
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with 푚 ∼ 휆2 the mass of the light quarks. Soft-collinear interactions arise only at order
휆2; we refer to [150] for an expression of higher order terms. The main point is that
these higher-order interactions do not enter in the dynamics of exclusive 퐵 decays: this
is because scattering processes of the type 푠 + 푐 → 푠 + 푐 do not occur (the transition is
from the 퐵 meson, composed only by soft states, to light collinear mesons), and processes
푠 + 푠 → 푐 + 푐 are forbidden by momentum conservation in the 푛∓ direction. In case of
exclusive 퐵 decays therefore all the soft-collinear interactions are restricted to the heavy-
to-light current. At subleading order also the collinear and soft Lagrangian ℒ푐, ℒ푠 in A.34
receive corrections, that arise from integrating out heavy-quark loops.
Heavy-to-light current
The heavy-to light current
퐽(푥) = 푒−푖푚푏푣푥
[
휓¯Γ풬] (푥) (A.36)
is derived in SCETII writing the heavy- and light-quarks in terms of the various momentum
modes
휓 = 휉푐 + 휂푐 + 휉ℎ푐 + 휂ℎ푐 + 푞푠,
풬 =
(
1 +
푖퐷/푠
2푚푏
)
ℎ푣 − 1
푛−푣
푛/−
2푚푏
(푔퐴/⊥푐 + 푔퐴/⊥ℎ푐)ℎ푣 +푂(휆4ℎ푣), (A.37)
where now the presence of the hard-collinear and collinear fields is considered explicitly,
and 휂푐, 휂hc represent their small components. The heavy-to-light current is obtained
integrating out the hard collinear quark field first, thus obtaining an expression for 휓 in
terms of soft, collinear fields, and hard-collinear gluon fields. The result is expanded in
power of 휆, so that one obtains 휓 as
휓 = 휉푐 + 휂푐 + 휉ℎ푐 + 휂ℎ푐 + 푞푠 ≡ 휓(2) + 휓(3) + 휓(4) + 휓(5) + . . . ; (A.38)
휓 has been calculated up to order 휆5, with e.g.
휓(2) = 휉푐,
휓(3) =
(
1 +
1
푖푛−∂
푔퐴/⊥푐
푛/−
2
)
푞푠, (A.39)
while for higher order terms we refer to [150]. The solution for 휓 is subsequently inserted
into the gluon field equation, so that the hard-collinear gluon is expressed in terms of soft
and collinear fields. The final result for the heavy-to-light current can be expressed as
퐽(푥) = 푒−푖푚푏푣푥
[
퐽
(0)
eff (푥) + 퐽
(1)
eff (푥) + 퐽
(2)
eff (푥) + 퐽
(3)
eff (푥) + . . .
]
, (A.40)
where the superscript indicates the 휆 suppression with respect to the lading term. One
has e.g.
퐽
(0)
eff = 휉¯푐푊푐 Γ푌
†
푠 ℎ푣,
퐽
(1)
eff = 푞¯푠푌푠풜/⊥푐
1
푖푛−
←−
∂
푛/−
2
Γ푌 †푠 ℎ푣 , (A.41)
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where 푊푐, 푌푠 are collinear and soft Wilson lines,
푊푐(푥) = 푈
†
푐 (푥) = 푃 exp
(
푖푔
∫ 0
−∞
푑푠 푛+퐴푐(푥+ 푠푛+)
)
,
푌 †푠 (푥) = 푈푠(푥) = 푃 exp
(
푖푔
∫ ∞
0
푑푡 푛−퐴푠(푥+ 푡푛−)
)
, (A.42)
necessary to have gauge invariant expressions. For higher order terms we refer again
to [150]. The SCET퐼퐼 heavy-to-light current can be used to investigate the factorization
properties of the heavy-to-light form factor at large recoil. In particular, considering the
matrix element ⟨휋∣퐽 (푛)eff ∣퐵¯⟩, one can see that nor 퐽 (0)eff , neither 퐽 (1)eff have the right quantum
number to give a matrix element different from zero. Going to higher order in the expansion
one finds that the first term which has the right quantum number appears in 퐽
(3)
eff , and
has the form
−
(
푔2
(푖푛+∂)(푖푛−∂)
푞¯푠푌푠 훾
휇⊥푇퐴푊 †푐 휉푐
)
1
푛−푣
휉¯푐푊푐 Γ
푛/−
2푚푏
훾휇⊥푇
퐴푌 †푠 ℎ푣 , (A.43)
which can be identified with the tree diagram, where a transverse gluon is exchanged
between the heavy quark and the spectator quark; the inverse differential operator is
the hard-collinear gluon propagator in position space. With these results one is able to
reproduce the well known scaling of the heavy-to-light form factor 2.9, 2.10, [148]: one
finds 퐽
(3)
eff ∼ 휆8 and, restoring the correct mass dimension and using the power counting
for the external states as in 2.60, we obtain
⟨휋(푝′)∣퐽(0)∣퐵(푝)⟩ ≈ ⟨휋(푝′)∣퐽 (3)eff (0)∣퐵(푝)⟩ ∼ 휆3 ∼ 푚푏
(
Λ
푚푏
)3/2
. (A.44)
A.3 Non-relativistic QCD
Fields and Lagrangian
Meson formed by a heavy-quark-antiquark pair, 푄¯푄, such as the charmonium states 퐻
formed by a 푐¯푐 pair, or as the bottomonium states 푏¯푏 are best described in the framework of
non-relativistic QCD (NRQCD), or in its further elaboration of potential non-relativistic
QCD (PNRQCD). These effective field theories exploit the hierarchy of scales 푚푄 ≫
푚푄푣 ≫ 푚푄푣2, which originates from the fact that in the meson rest frame the heavy
quark and antiquark are non-relativistic and move with velocity 푣 ≪ 1. 푚푄푣 and 푚푄푣2
represent the scales of the typical heavy quark momentum and kinetic energy, respectively.
The inverse of the momentum scale, 1/(푚푄푣) represents the size of the meson, while푚푄푣
2
represents also its binding energy. Typical values of 푣 are 푣 = 0.3 for the charmonium
states and 푣 = 0.1 for bottomonium states, so that the assumptions about the scale
hierarchy are very good for the 푏¯푏 systems and they are still reasonable for the 푐¯푐 systems
considered here.
NRQCD factorizes the large scale 푚푄 and the only assumption needed is 푚푄 ≫ ΛQCD.
It does not deal with the large scale hierarchy 푚푄푣 ≫ 푚푄푣2; for this reason, it has
A.3 Non-relativistic QCD 191
to be considered as the first matching step to the potential NRQCD, which is the most
appropriate framework in which perturbative heavy 푄¯푄 systems, i.e. systems which satisfy
푚푄푣
2 ≫ ΛQCD, are studied. In this regime the quark-antiquark pair develops bound states
driven by the dominance of the static Coulomb force, a feature that is not considered
explicitly in NRQCD and which is at the basis of our charmonium treatment in chapter
3.
Integrating out the heavy mass scale 푚푄 leads to the Lagrangian of NRQCD, which
in the heavy meson rest frame reads
ℒNRQCD = 휓†
(
푖퐷0 +
푫2
2푚푄
)
휓 +
1
8푚3푄
휓†푫4휓
− 푑1 푔푠
2푚푄
휓†흈 ⋅푩 휓 + 푑2 푔푠
8푚2푄
휓† (푫 ⋅푬 −푬 ⋅푫)휓
+
푑3 푖푔푠
8푚2푄
휓†흈 ⋅ (푫 ×푬 −푬 ×푫)휓 + . . .
+antiquark terms
+
∑
Γ
푑Γ
푚2푄
(휓†Γ휒)(휒†Γ휓) + . . .+ ℒlight, (A.45)
where 휓 is a four-component spinor representing the heavy quark, and 휒 represents the
heavy antiquark. The 푑푖(휇) are effective couplings which can be calculated in perturbation
theory, since 훼s(푚푐) ≃ 0.24. By adding more operators the full scattering amplitude can
be reproduced to any accuracy in an expansion in 훼s and 푣. The NRQCD Lagrangian is
similar to the HQET Lagrangian, except that here we have an antiquark field clone of the
heavy-quark field and a quark-antiquark sector which is absent in HQET. The couplings
in the single heavy-quark sector are identical to the ones in HQET to all order in 훼s,
provided the same factorization prescription is used. However, the power counting is in
general different. For instance, the kinetic energy term 흏2/(2푚푄) is of the same order
as 푖∂0, because non-relativistic 푄¯푄 systems have momenta of order 푚푄푣 and energies of
order 푚푄푣
2. Actually, because the existence of these two scales, the matching precess
is more involved than in HQET. This is because if one fixes the cut-off of the theory Λ
several times 푚푄푣, he has to calculate the effective coupling with a full dependence on 푣,
that is much more complicate with respect to the final aim of expanding the amplitude in
powers of 푣. On the other hand, choosing the cut-off Λ≫ 푚푄 instead of 푚푄 ≫ Λ≫ 푚푄푣
gives wrong results in dimensional regularization, and QCD is not matched correctly onto
NRQCD. This difficulty is related exactly to the existence of the two scales 푚푄푣 and
푚푄푣
2.
A correct expansion can be derived using the method of regions [76,77], which explains
how to construct an expansion in powers of 푣 of an on-shell scattering amplitude of heavy-
quarks with momentum 푚푄푣 and gluons with momentum 푚푄푣
2. One first has to identify
the relevant momentum regions in the loop integrals, which follow from the singularity
structure of the Feynman integrand. For non-relativistic scattering of heavy quarks one
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finds four momentum regions [123],
hard (h): 푙0 ∼ 풍 ∼ 푚푄,
semi-hard (sh): 푙0 ∼ 풍 ∼ 푚푄푣,
potential (p): 푙0 ∼ 푚푄푣2, 풍 ∼ 푚푄푣,
soft (s): 푙0 ∼ 풍 ∼ 푚푄푣2. (A.46)
Both, heavy-quarks and gluons can be hard, semi-hard and potential, but only gluons
(and eventually light quarks) can be soft2. The threshold expansion is constructed by
writing a Feynman diagram in QCD as a sum of terms which follow from dividing each
loop momentum integral into these four regions. The expansion rule is that in every region
one performs a Taylor expansion in the quantities which are small in that region. These
rules can in the end be reformulated as an effective Lagrangian. The hard subgraphs give
the dimensionally regularized couplings of the NRQCD Lagrangian, but the distinction of
semihard, potential and soft momentum implies a manipulation of the NRQCD lagrangian
that is not evident from A.45.
After the hard region is integrated out, the remaining integrals can still be semi-hard,
potential or soft. Since semi-hard heavy-quarks and gluons do not appear as external
lines for non-relativistic systems, they can be integrated out. This constitutes the second
matching step, as it is summarized in the scheme below, which leads to the construction
of the PNRQCD Lagrangian:
ℒQCD [푄(ℎ, 푠ℎ, 푝), 푔(ℎ, 푠ℎ, 푝, 푠)] 휇 > 푚푄
↓
ℒNRQCD [푄(ℎ푠, 푝), 푔(ℎ푠, 푝, 푠)] 푚푄푣 < 휇 < 푚푄
↓
ℒPNRQCD [푄(푝), 푔(푠)] 휇 < 푚푄푣
In general the PNRQCD Lagrangian can be written as
ℒPNRQCD = ℒ′NRQCD + ℒnon−local, (A.47)
where ℒnon−local collects all non-local interactions. The local interactions are exactly those
of NRQCD, but the interpretation is different, because only potential heavy quarks and
soft gluons are left over, and the interaction terms have definite velocity scaling rules. A
potential quark propagator in coordinate space scales as 푣3, and therefore a quark field in
PNRQCD scales as 푣3/2. A soft gluon field scales as 푣2.
We analyse now the relevant term in ℒPNRQCD. The leading order term scales as 푣5
and it is obtained by integrating out potential gluon exchange between a quark and an
2in the NRQCD literature the semi-hard and soft region are defined respectively soft and ultrasoft. Here
we employ the notation semi-hard and soft to match the notation adopted in the thesis, where ultrasoft
regions are never introduced.
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Figure A.2: NRQCD graph which generates the mixed non-local-soft interaction in A.50, taken
from [123]. Long- and short-dashed lines represent respectively potential quarks and gluons. The
ziz-zag line represents a soft gluon.
antiquark at tree level. The unperturbed PNRQCD is
ℒ0PNRQCD = 휓†
(
푖∂0 +
흏 2
2푚푄
)
휓 + 휒†
(
푖∂0 − 흏
2
2푚푄
)
휒
+
∫
푑3풓
[
휓†푇퐴휓
]
(풓 )
(
−훼푠
푟
) [
휒†푇퐴휒
]
(0). (A.48)
One can see that the Coulomb interaction is leading and cannot be treated as a pertur-
bation. In general, it is possible to rewrite the PNRQCD lagrangian in terms of a “tensor
field” [휓 ⊗ 휒](푡,푹, 풓), which depends on the center of mass 푹 and relative coordinate 풓.
The leading order Lagrangian describes the free propagation of particles with mass 2푚푄
in the center of mass frame. The propagation of [휓⊗휒](푡,푹, 풓) in its relative coordinate is
given by the Coulomb Green function of a particle with reduced mass 푚푄/2. Corrections
of order (훼s/푣)
푛 in the calculation of diagrams with Coulomb Green functions need to be
resummed to all orders; the remaining terms can be treated as perturbation in 푣 and 훼s
to the leading order Lagrangian. Even if the local interactions in A.47 are the same as
those in NRQCD, they have to be multipole expanded, in order to take into account the
expansion rules for soft gluons: when a soft gluon with momentum 푙 connects to a quark
line with momentum 푘 − 푙/2 for the incoming and 푘 + 푙/2 for the outgoing quark line,
the quark-gluon vertex and the quark propagator have to be expanded in 풍/풌 ≃ 푣. This
implies e.g.[
휓†퐴푖∂푖 휓
]
(푥) ≡ 휓†(푥)퐴푖(푡, 0)∂푖휓(푥) + 휓†(푥) (푥푗∂푗퐴푖(푡, 0))∂푖휓(푥) + . . . , (A.49)
and similarly for all the other terms in the Lagrangian. Skipping the detail of the
calculation, for which we refer to [123], we quote the result for the leading soft inter-
actions terms, which follows from the multipole expansion of the gauge field terms in
휓†(푖퐷0 + 푫2/(2푚푄))휓 and from the inclusion of a non-abelian non-local term which
comes from matching the graphs in figure A.2 on PNRQCD. Up to order 푣13/2 one has
ℒ푠 = 푔푠[휓†푇퐴휓](푥)퐴0퐴(푡, 0) + 푔푠[휓†푇퐴휓](푥)푥푖∂푖퐴0퐴(푡, 0)
− 푖푔푠
2푚푄
[휓†(
←
∂푖 −
→
∂푖)푇퐴휓](푥)퐴푖퐴(푡, 0) + antiquark terms
−
∫
푑3풓
[
휓†푇퐵휓
]
(푥+ 풓 )
[
휒†푇퐶휒
]
(푥)
(
−훼푠
푟
)
푔푠푓
퐴퐵퐶푟푖퐴푖퐴(푡, 0). (A.50)
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The first term scales like 푣1/2 relative to the leading 푣5 order terms in the PNRQCD
lagrangian; the other interaction terms scale like 푣3/2. Using [푥푖,흏2] = −2∂푖 and the
equation of motion at leading order in 푣, which includes the Coulomb potential, the 푣3/2
interactions combine into the cromo-electric dipole operator (up to higher order terms)
which is responsible for the soft-gluon interaction that converts the colour-octet green
function in section 3.4.2 to the colour-singlet one. Introducing the ultrasoft covariant
derivative 퐷0 = ∂0 − 푖푔푠퐴0(푡, 0), we obtain
ℒPNRQCD = 휓†(푥)
(
푖퐷0 +
흏2
2푚푄
− 푔푠푥푖퐸푖(푡, 0)
)
휓(푥) + antiquark terms
+
∫
푑3풓
[
휓†푎휓푏
]
(푥+ 풓 )푉푎푏;푐푑(푟, ∂
푖)
[
휒†푐휒푑
]
(푥), (A.51)
where
푉푎푏;푐푑(푟, ∂
푖) = 푇퐴푎푏푇
퐴
푐푑 ⋅
(
−훼푠
푟
)
+ 훿푉푎푏,푐푑(푟, ∂
푖). (A.52)
This Lagrangian is invariant under soft gauge transformation 푈(푡, 0).
Appendix B
Higgs sector in the MSSM with
large tan휷
In this appendix we review the Higgs boson couplings to quarks in the MSSM with large
tan 훽, in order to provide the elements for the derivation of the effective Hamiltonian (4.1).
The MSSM presents important loop effects in the large tan 훽 limit, because in some
cases the loop factors get multiplied by the large ratio of the two Higgs vacua, 푣푢/푣푑 ≡
tan 훽. These effects are investigated more clearly in the decoupling limit, i.e. one considers
the mass scale of the superpartners 푀SUSY to be somewhat larger than the electroweak
scale, 휇푊 ∼ 2푀푊 . In practice, this approximation works for 푀SUSY as low as a few hun-
dred GeV, while hierarchy problems require 푀SUSY ≤ 풪(10TeV). Under this assumption
one can integrate out the heavy superpartners and derive an effective low energy theory,
whose couplings are obtained matching them with the full MSSM before electroweak sym-
metry breaking, i.e. in the limit of unbroken 푆푈(2) × 푈(1) symmetry. The low energy
theory is described by a two-Higgs doublet model (2HDM), in which the up and down
Higgs bosons are coupled to both up and down quarks.
Focusing on the Higgs boson couplings to quarks, integrating out the particles in the
loops of figure B.1 one derives the following effective Lagrangian:
ℒ푑eff = −휖푖푗퐻(푑)푖 푑¯ ⋅ (Y푑 +Δ푑Y푑) ⋅ 푃퐿 ⋅ 푞푗 −퐻(푢)∗푖 푑¯ ⋅Δ푢Y푑 ⋅ 푃퐿 ⋅ 푞푗 + h.c., (B.1)
with 푃푅/퐿 = (1 ± 훾5)/2. The coupling Δ푢Y푑 arises at the one loop level, and it is not
enhanced by itself. However, when decomposing the Higgs doublets in (B.1) into their
physical states,
퐻
(푑)
1 =
푣푑√
2
+
1√
2
(
푐훼퐻
0 − 푠훼ℎ0 + 푖 푠훽퐴0 − 푖 푐훽퐺0
)
,
퐻
(푢)∗
2 =
푣푢√
2
+
1√
2
(
푠훼퐻
0 − 푐훼ℎ0 − 푖 푐훽퐴0 − 푖 푠훽퐺0
)
, (B.2)
the down quark masses receive large tan 훽 enhanced correction to their tree level value,
푚푑퐽 = −푣푑/
√
2 푦푑퐽 , due to the large ratio of the vacuum expectation values [240]: defining
the physical masses as 푚¯푑퐽 , one has
푚¯푑퐽 = 푚푑퐽 (1 + tan 훽Δ푢Y푑) . (B.3)
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Figure B.1: Vertex corrections in the 푆푈(2)×푈(1) symmetry limit, taken from [251]. Diagrams
a) and b) give rise to corrections (Δ푢Y푑)
퐽퐼 . Corrections (Δ푑Y푑)
퐽퐼 are generated by similar
diagrams with outgoing 퐻(푢) replaced by incoming 퐻(푑) and factors 휇∗ and 퐴∗푢 in diagrams a)
and b) replaced by 퐴푑 and 휇, respectively. Diagrams c) and d) give rise to corrections (Δ푑Y푢)
퐽퐼 .
Corrections (Δ푢Y푢)
퐽퐼 are generated by similar diagrams with outgoing 퐻(푑) replaced by incoming
퐻(푢) and factors 휇∗ and 퐴∗푑 in diagrams c) and d) replaced by 퐴푢 and 휇, respectively.
This relation is at the origin of the 퐻푑¯푑 coupling enhancement by one power of tan 훽,
when the Yukawa couplings 푦푑퐽 are expressed in term of the physical masses:
푦푢퐽 = 2
3/4퐺
1/2
퐹 푚¯푢퐽 , 푦푑퐽 = −23/4퐺1/2퐹
푚¯푑퐽 tan 훽
1 + 휖˜퐽 tan 훽
, 푦푙퐽 = −23/4퐺1/2퐹 푚¯푙퐽 tan 훽. (B.4)
An additional enhancement is found in the flavour-changing 퐻푑¯푑 coupling, [248, 251].
Without repeating the derivation, for which we refer to these papers, we report here the
result, which can be expressed introducing the effective Lagrangian
ℒeff = −퐺1/2퐹 21/4
{[
푋푆푑
]퐽퐼
푑¯퐽푃퐿푑퐼푆
0 + h.c.
}
, (B.5)
where 푆0 = ℎ0,퐻0, 퐴0, 퐺0 represents the physical Higgs fields. This Lagrangian include
the diagonal and off-diagonal 퐻푑¯푑 interaction expressed in [251] in (2.32), (2.33); our
normalization of the coefficients
[
푋푆푑
]퐽퐼
differs from the one given in [251], since we pull
out a factor 퐺
1/2
퐹 2
1/4, for later purposes. The explicit form of the coefficients
[
푋푆푑
]퐽퐼
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relevant for 퐵-physics is given by[
푋푆푑
]퐽퐽
=
푚¯푑퐽
1 + 휖˜퐽 tan 훽
tan 훽 푥푆diag, (B.6)
where
푥푆diag = {푐훼 + 휖˜퐽푠훼,−푠훼 + 휖˜퐽푐훼, 푖} , (B.7)
respectively for 퐻0, ℎ0, 퐴0 (the 퐺0 coupling is suppressed); the coupling (퐽퐼) = (13),
(23), (31), (32) read then
[
푋푆푑
]퐽퐼
=
푚¯푑퐽푉
3퐽∗
eff 푉
3퐼
eff 휖푌 푦
2
푡
(1 + 휖˜3 tan 훽)(1 + 휖0 tan 훽)
tan2 훽 푥0off−diag, (B.8)
with
푥푆off−diag = {푠훼−훽, 푐훼−훽 ,−푖} , (B.9)
(here the 퐺0 coupling cancels); in case of (퐽퐼) = (12),(21) one has
[
푋푆푑
]퐽퐼
= 푚¯푑퐽푉
3퐽∗
eff 푉
3퐼
eff
(1 + 휖˜3 tan 훽)
2
(1 + 휖˜0 tan 훽)4
휖푌 푦
2
푡 tan
2 훽 푥푆off−diag. (B.10)
Note that in previous equations 푉 퐼퐽eff indicates the physical CKM matrix elements, since,
similarly to the definition of the masses, the tree-level CKM matrix elements of the MSSM
lagrangian get modified by one loop corrections too, [248, 251]. These expressions are
equivalent to the ones given in (3.22), (3.26)-(3.29) in [251], apart from the normalization
factor mentioned above.
Using the effective couplings defined above, it is possible to construct effective four-
quark operators combining two flavour changing couplings from (B.8) and (B.10), giving
rise to “double penguin” operators, or a flavour changing and a flavour conserving one
from (B.6), giving rise to “penguin” transitions. The various operators can be collected
in the following effective Hamiltonian, which corresponds to the four-quark interactions
represented in the first diagram of figure 4.1:
ℋeff =
√
2퐺퐹
∑
푆=퐻0,ℎ0,퐴0
−1
푀2푆
{ [
푋푆푑
]퐽퐼 [
푋푆푑
]퐿퐾
푑¯퐽푃퐿푑퐼 푑¯퐿푃퐿푑퐾
+
[
푋푆†푑
]퐽퐼 [
푋푆푑
]퐿퐾
푑¯퐽푃푅푑퐼 푑¯퐿푃퐿푑퐾
}
+ h.c.;
(B.11)
the short-distance coefficients (4.4) are derived matching the term proportional to the
operator 푑¯퐽푃푅푑퐼 푑¯퐿푃퐿푑퐾 , with the appropriate flavour content, to the term containing
the operator 푄푞13 in (4.1).
The interactions among the neutral Higgs fields 푆0 = ℎ0,퐻0, 퐴0, 퐺0 and up-type
quarks don’t receive sizeable corrections, and are given by
ℒeff = −퐺1/2퐹 21/4
{[
푋푆푢
]퐽
푢¯퐽푃퐿푢퐽푆
0 + h.c.
}
, (B.12)
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with [
푋퐻
0
푢
]퐽
= 푚¯푢퐽 푠훼,[
푋ℎ
0
푢
]퐽
= 푚¯푢퐽 푐훼[
푋퐴
0
푢
]퐽
= 푚¯푢퐽 (푖)
(− tan−1 훽 + 휖′0 + 휖′푌 푦2푑퐽 ) ,[
푋퐺
0
푢
]퐽
= 푚¯푢퐽 (−푖) 푠훽 . (B.13)
(note that a correction similar to the one in the 3rd term is present also in the 1st and
2nd, but in those cases it is negligible). One obtains penguin-like four-quark operators
joining a flavour changing coupling from (B.8) and (B.10) with the couplings in (B.12).
The corresponding effective Hamiltonian reads
ℋeff =
√
2퐺퐹
∑
푆=퐻0,ℎ0,퐴0
−1
푀2푆
{ [
푋푆푑
]퐽퐼 [
푋푆푢
]퐾
푑¯퐽푃퐿푑퐼 푢¯퐾푃퐿푢퐾
+
[
푋푆†푑
]퐽퐼 [
푋푆푢
]퐾
푑¯퐽푃퐿푑퐼 푢¯퐾푃퐿푢퐾
}
+ h.c., (B.14)
and comparing with (B.8), (B.10) and (B.12) it is possible to see that the short distance
coefficients are enhanced only by a factor of tan2 훽, and therefore they are not included
in the analysis of chapter 4.
The interactions among the charged Higgs fields 푆+ = 퐻+, 퐺+ and quarks are given
by
ℒ푆+eff = 퐺1/2퐹 21/4
{[
푃푆푅퐿
]퐽퐼
푢¯퐽푃퐿푑퐼 푆
+ +
[
푃푆퐿푅
]퐽퐼
푢¯퐽푃푅푑퐼 푆
+
}
+ h.c.; (B.15)
again, we follow the definition in (2.39), (2.40) of [251], except for the factor 퐺
1/2
퐹 2
1/4 that
is taken out. There is only one coefficient which is tan 훽 enhanced, namely[
푃퐻퐿푅
]퐽퐼
=
√
2푉 퐽퐼eff
푚¯푑퐼 tan 훽
1 + 휖˜퐽 tan 훽
. (B.16)
This definition is equivalent to the one in (3.47) of [251], divided by the factor 퐺
1/2
퐹 2
1/4.
The short-distance coefficients in (4.6) are derived matching the operator 푄푝11 in (2.15)
with
ℋeff =
√
2퐺퐹
−1
푀+2퐻
{[
푃푆퐿푅
]퐽퐼 [
푃푆퐿푅
]퐿퐾∗
푢¯퐽푃푅 푑퐼 푑¯퐾푃푅푢퐿
}
+ h.c.. (B.17)
Appendix C
The Chang-Masiero-Murayama
model
C.1 The basic idea: Yukawa unification and dimension 5
operators
Grand unified theories develop from the idea of unifying the gauge and matter fields of
the Standard Model in simpler and more fundamental representations, as suggested by the
running of the gauge coupling constants. In these theories lepton and quark interactions
are usually related. The purpose of the CMM model is to construct a phenomenologically
viable theory, i.e., able to catch the main features of the neutrino sector, such as the large
solar and atmospheric mixing angles, and to look for effects in the quark sector, in such a
way to probe the underlying grand unified model itself.
In order to fit neutrino physics, the CMM model is based on a SO(10) group, because
in this framework right-handed neutrinos are naturally accommodated and the light Stan-
dard Model neutrinos generated through the seesaw mechanism. SO(10) breaks, in an
intermediate step, to SU(5), which finally breaks to the Standard Model Gauge groups,
풢SM. Before coming to a description of the symmetry breaking chain in the full model
we prefer to focus on the fundamental properties at the basis of the flavour structure of
the theory: the unification of right-handed down-quark and left handed charged leptons
Yukawa coupling and the way one takes into account that this unification works well only
for the third generation. These features can be described in the context of SU(5).
In a minimal SU(5), the down-quark singlet 푑푐1 and the lepton doublet 퐿 are embedded
in a 5¯ representation, while the quark doublet 푄, the up-quark and the electron singlet 푢푐
푒푐 are embedded in the 10; moreover, the two Higgs doublets of the MSSM are embedded
into two separate quintet fields:
10퐼 = (푄퐼 , 푢
푐
퐼 , 푒
푐
퐼),
5¯ = (푑푐퐼 , 퐿퐼),
1the theory contains only left-handed fields, so that e.g. 푑푐 ≡ 푑푅, 푢
푐 ≡ 푢푅, and so on.
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5퐻 ≡ 퐻 = (3퐻 ,퐻푢),
5¯퐻 ≡ 퐻¯ = (3¯퐻 ,퐻푑); (C.1)
SU(5) is broken to 풢SM by a Higgs field in the adjoint representation, 24퐻 ≡ Σ, whose
VEV is proportional to the hypercharge, ⟨Σ⟩ = 휎 diag(2, 2, 2;−3,−3). In this model, the
Yukawa couplings read
푊푌 = Y
퐼퐽
1 휖푎푏푐푑푒10
푎푏
퐼 10
푐푑
퐽 퐻
푒 +Y퐼퐽2 10
푎푏
퐼 5¯퐽푎퐻¯푏, (C.2)
where 푎, 푏, . . . are SU(5) indices, and 퐼, 퐽 flavour indices. The second coupling is at the
origin of the well-known unification of down-quark and charged lepton Yukawa couplings
Y푑,푒: if Y푑,푒 are defined in such a way that the weak doublets are on the left and the
singlets on the right, one has
Y푑 = Y
⊤
푒 , (C.3)
at the high scale 푀 ∼ 1017 GeV. This relation works well for the third generation, but
not for the lighter ones. The problem can be solved by including corrections, which are
generated by higher-dimensional Yukawa operators, suppressed by powers of the Plank
scale. With the particle content considered here, there are two operators of mass dimension
five contributing to the down-quark and charged lepton masses, namely
Y퐼퐽휎110
푎푏
퐼 5¯퐽푎
Σ푐푏
푀Pl
퐻¯푐 +Y
퐼퐽
휎210
푎푏
퐼 5¯퐽푐
Σ푐푏
푀Pl
퐻¯푎; (C.4)
when SU(5) is broken, one has to consider in (A.4) the VEV 휎 of Σ, and the relation (A.3)
is modified to
Y푑 = Y
⊤
푒 + 5
휎
푀Pl
Y˜휎2. (C.5)
Now the down-quark and the charged leptons Yukawa matrices cannot be diagonalized
simultaneously anymore; instead, in the basis where the charged leptons are diagonal, one
has
U푙D푑U
†
푟 = D푒 + 5
휎
푀Pl
Y˜휎2, (C.6)
where D푖 denotes the diagonal Yukawa matrices, and U푙 and U푟 are rotation matrices for
the down-quark fields. The good agreement of the bottom and tau masses at the GUT
scale indicates that the matrices U푙, U푟 have a nontrivial 1-2 block only,
U푙,U푟 ∼
⎛⎜⎜⎝
∗ ∗ 0
∗ 0
0 0 1
⎞⎟⎟⎠ (C.7)
The effect of this additional rotation may be seen only in observables involving the first
and second generation and in [287] it was found to be severely constrained by the precise
measurements in 퐾 and 퐵푑 physics. In case of non-leptonic 퐵 decays, they affect only
the Δ퐷 = 1 transitions, and their contribution is negligible. Our analysis in chapter 5 is
therefore focused on the effects of the large 푏푅-푠푅 mixing, that affect the Δ푆 = 1 decays.
Having analysed the central ideas at the basis of the flavour sector of the theory, we turn
now to describe how they are implemented in the CMM model.
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C.2 The model
The model is based on a SO(10) group. Being SO(10) a real group, one has to work
a bit to obtain complex representations for the matter fields, which in the end can be
accomodate into 16 spinor representations. All the matter fields, together with the right-
handed neutrinos are embedded into one 16퐼 , namely
16퐼 = (10퐼 , 5¯퐼 ,1퐼) = ((푄퐼 , 푢
푐
퐼 , 푒
푐
퐼), (푑
푐
퐼 , 퐿퐼), 푁퐼), (C.8)
where we have indicated the successive decompositions into SU(5) and then into the Stan-
dard Model multiplets. The chain of symmetry breaking goes as follows: a pair of spinor
Higgs fields, 16퐻 + 1¯6퐻 ,breaks SO(10) to SU(5), which is then broken to 풢SM by an
adjoint field 45퐻 = (24퐻 ,10퐻 , 1¯0퐻1퐻): in fact, both the SU(5) adjoint 24퐻 ≡ Σ and
the singlet 1퐻 acquire a VEV, being the latter (denoted by 푣0 ∼ 1017 GeV) one or-
der of magnitude larger than the former, (휎 ∼ 1016 GeV). 풢SM is in the end broken
by the Standard model Higgs field, contained in two 10퐻 = (∗,5퐻) = (∗, (3퐻 ,퐻푢)),
10′퐻 = (5¯퐻 , ∗) = ((3퐻 ,퐻푑), ∗) representations. The Yukawa couplings of the model read
푊푌 = 16퐼Y
퐼퐽
1 16퐽10퐻 + 16퐼Y
퐼퐽
2 16퐽
45퐻10
′
퐻
푀Pl
+ 16퐼Y
퐼퐽
푁 16퐽
1¯6퐻 1¯6퐻
푀Pl
. (C.9)
The CMM model is non-minimal, in the sense that one introduces two Higgs representa-
tions, the 10퐻 and 10
′
퐻 , to give mass to the up and down quarks, respectively, so that
there is no top-bottom Yukawa unification. Moreover, the down-quark Yukawa couplings
originate from a dimension 5 operator, which, as discussed before, stand for a series of
inequivalent effective operators in which the down quarks are coupled to both the adjoint
field Σ and the singlet of 45퐻 , so that the Yukawa matrix Y2 has to be understood sym-
bolically. This choice is necessary in order to have a nontrivial flavour structure. The
matrices Y1 and Y푁 are in fact symmetric, and in the CMM model one hypothesizes they
can be chosen diagonal (this assumption is motivated by the observed values for fermion
masses and mixing and it might be a result of family symmetries.). The remaining matrix
Y2 therefore has to be asymmetric, in order to allow for fermion mixing, and it contains
all the flavour information. The magnitude of the second mass term is determined by the
VEV of the SU(5)-singlet component of 45퐻 , 푣0, so that the strong hierarchy between the
푡 and 푏, 휏 masses follows from the 푣0/푀Pl suppression factor (the model does not require a
large tan 훽.). The smaller VEV 휎, which is proportional to the hypercharge, is important
for the modification of the light generation Yukawa couplings, as already seen.
In the basis where Y1 and Y푁 are simultaneously diagonal the superpotential can be
rewritten as
푊푌 = 16퐼D
퐼퐽
1 16퐽10퐻 + 16퐼(V
∗
푞D2V
⊤
ℓ )
퐼퐽16퐽
45퐻10
′
퐻
푀Pl
+ 16퐼D
퐼퐽
푁 16퐽
1¯6퐻 1¯6퐻
푀Pl
, (C.10)
where the matrices 퐷푖 indicate diagonal matrices as before. The second term more ex-
plicitly reads
(푄, 푒푐)⊤(V∗푞D2V
⊤
ℓ )(푑
푐, 퐿)
45퐻10
′
퐻
푀Pl
, (C.11)
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and therefore 푉푞 and 푉ℓ can be identified respectively with VCKM and VPMNS, up to
phases. As discussed in section C.1, the breaking of SU(5) by the 45퐻 Higgs field modifies
the relation (C.3) to (C.5), more precisely, one obtains
Y푑 = Y
⊤
푒 + 5
휎
푣0
Y˜휎. (C.12)
With these corrections, the large atmospheric mixing angle cannot be translated any more
directly to the quark sector. The CKM matrix diagonalizes Y푑Y
†
푑, whereas the PMNS
matrix diagonalizes Y푒Y
†
푒. The effect of the additional term in (C.12) can be taken into
account parameterizing it with the additional rotation introduced in (C.6), so that the
diagonalization of the down-quark Yukawa matrices read
Y푑 = V
∗
푞D푑R푑, (C.13)
with
R푑 = (U푟Vℓ)
⊤, (C.14)
with 푈푟 a unitary matrix. Here we follow the parametrization of [287], i.e.
U푟 =
⎛⎜⎜⎝
푈11 푈12 0
푈21 푈22 0
0 0 푒푖휙4
⎞⎟⎟⎠ =
⎛⎜⎜⎝
cos 휃푒푖휙1 − sin 휃푒푖(휙1−휙2+휙3) 0
sin 휃푒푖휙2 cos 휃푒푖휙3 0
0 0 푒푖휙4
⎞⎟⎟⎠ , (C.15)
with 휃 ∈ [0, 휋/2]. Moreover, we assume the tribimaximal form of the leptonic mixing
matrix, i.e. we assume the mixing angles 휃12 = arcsin(1/
√
3) ∼ 35∘, 휃13 = 0∘, and 휃23 =
45∘. In the up-basis one can absorb six phases from 푉푑, so that one can identify 푉푞 = 푉CKM.
The same cannot be done for 푉ℓ, because the phases would only be moved from the down-
quark Yukawa matrix to the down-squark soft breaking masses. One needs therefore to
parameterize 푉ℓ with six phases; explicitly, for 휃13 ∕= 0, one has
Vℓ =⎛⎜⎜⎜⎝
√
2
3푐13푒
푖훼 1√
3
푐13푒
푖훼2 푠13푒
푖(훿+훼3)
푒푖훼4
(
− 1√
6
− 1√
3
푠13푒
−푖훿
)
푒푖(−훼1+훼2+훼4)
(
1√
3
− 1√
6
푠13푒
−푖훿
)
1√
2
푐13푒
푖(−훼1+훼3+훼4)
푒푖훼5
(
1√
6
− 1√
3
푠13푒
−푖훿
)
푒푖(−훼1+훼2+훼5)
(
− 1√
3
− 1√
6
푠13푒
−푖훿
)
1√
2
푐13푒
푖(−훼1+훼3+훼5)
⎞⎟⎟⎟⎠ ,
(C.16)
where 푐13 ≡ cos 휃13, 푠13 ≡ sin 휃13. In 휃13 = 0, the phase 훿 drops out from 푉ℓ. From(C.14)
we obtain, for 휃13 = 0,
R푑 =
1√
6
⋅
⎛⎜⎜⎝
2푈11푒
푖훼1 − 푈12푒푖훼4 2푈21푒푖훼1 − 푈22푒푖훼4 푒푖(휙4+훼5)√
2푒푖훼2
(
푈11 + 푈12푒
푖(훼4−훼1)) √2푒푖훼2 (푈21 + 푈22푒푖(훼4−훼1)) −√2푒푖(휙4−훼1+훼2+훼5)√
3푈12푒
푖(−훼1+훼3+훼4) √3푈22푒푖(−훼1+훼3+훼4)
√
3푒푖(휙4−훼1+훼3+훼5)
⎞⎟⎟⎠ .
(C.17)
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dR,I,b d˜R,J,c
g˜A
3
= i
√
2 gs T
A
cb [Rd]IJ γ
µ(1 + γ5)
Figure C.1: The flavour-changing quark-squark-gluino coupling.
The effects of R푑 become physical due to the induced mixing in the down-squark soft
breaking masses, as shown in (5.2). As a consequence, one has flavour-changing squark-
quark-gluino vertices, whose Feynman rules are reported in figure C.1.
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